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Abstract

Efficient and accurate predictive models are highly sought after in applications such as

weather forecasting, chemical processes, and turbulent flows. Wall-bounded turbulence—

which is the focus of this work—is a notoriously difficult system to predict due to its chaotic

nature and presence of multiscale structures (i.e., eddies or vortices) that must all be resolved

in simulations. This thesis contains two main goals. The first is to gain physical insight into

wall-bounded turbulence by characterizing its structures. The second goal is to develop and

benchmark low-order models of chaotic dynamical systems such as wall-bounded turbulence,

which would be instrumental in iterative design and control of these systems due to the many

model evaluations required.

We start in Chapter 1 with a background on the theory of physical structures embed-

ded in turbulent flow—their appearance and whether they are self-similar across scales—in

addition to background on low-order modeling of dynamics on manifolds. In Chapter 2, we

present data-driven wavelets as an ideal modal basis for representing and extracting spatially-

localized, multiscale structures from data; we use this basis to discover self-similarity of

structures in one-dimensional signals of turbulent pipe flow. In Chapter 3, we develop a

physics-informed, data-driven reduced-order model (ROM) for forecasting spatiotemporally

chaotic dynamical systems. In Chapter 4, we discuss how to combine time-delay embed-

dings and attention-based neural networks to reconstruct fields from partial observations of

the state, which addresses a real-world challenge where sensors (e.g., those measuring atmo-

spheric data) do not always have full coverage. In Chapter 5, we return to using wavelets to
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characterize structures, but this time in three-dimensional turbulent channel flow. Finally,

we conclude in Chapter 6 with a general summary of the chapters and an overview of future

work towards developing a high-fidelity, low-order model of wall-bounded turbulence.
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General introduction

The primary motivation for this thesis is understanding and modeling wall-bounded tur-

bulence, which is defined as turbulent fluid flow occurring near a wall. Wall-bounded

turbulence—or wall-turbulence for short—occurs in nearly all flows of practical interest.

On the largest scale, atmospheric turbulence can affect weather patterns and pollution levels

near the earth’s surface. On the finest scales, wall-turbulence can occur in blood flow and

cause damage to vessel walls. On intermediate scales, wall-turbulence increases drag when

pumping fluids through pipes or ducts, and when operating vehicles that travel through

the air or sea—across these cases, the turbulent dissipation occurring near the wall directly

contributes to ∼ 6% of the world’s energy usage in industry and commerce [95]. Even

small improvements in turbulent drag reduction can lead to considerable energy savings and

lower CO2 emissions. With an eye towards the holy grail of controlling and reducing tur-

bulent drag, this thesis is divided into two goals: 1) characterizing the underlying physical

structures embedded in wall-turbulence, and 2) developing an efficient and accurate time

evolution model that can ultimately be applied to predicting wall-turbulence.

For the first goal of characterizing wall-turbulence structures, the aim is to obtain a

mechanistic understanding of wall-turbulence. By “structures”, we mean the vortices/eddies.

Ever since da Vinci’s drawing of turbulence from the 1500s, people have long pictured tur-

bulence as an aggregation of chaotic vortices that co-exist at many scales. Apart from the
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structures being multiscale, we are interested in their other physical properties (shape and

size) and dynamical aspects (where they are located, and how they interact with each other

or the wall). In Section 1.1, we provide necessary background on the statistical behavior of

turbulence and existing theory for the key features of eddies.

One prominent method for characterizing eddies is to perform a modal decomposition on a

wall-turbulence dataset, where the modes then directly represent the structures contained in

the dataset. Some techniques use a fixed basis that is independent of the dataset it is applied

to. Other techniques are data-driven, in the sense that the modal basis is optimized under

some metric (e.g., the variance of the data projected onto the modes is to be maximized). In

Section 1.2, we provide background on various modal decomposition techniques and discuss

the benefits and drawbacks of each of them for the purpose of unambiguously extracting and

characterizing structures in wall-turbulence datasets.

The second goal of this thesis is to develop an efficient and accurate time evolution model

for spatiotemporally chaotic dynamical systems. Chaotic dynamical systems include the

double pendulum, chemical reaction networks, and turbulence. The defining trait of a chaotic

dynamical system is sensitivity to initial conditions—a small change in the initial state

leads to solutions that diverge exponentially fast. Since wall-turbulence is both chaotic and

multiscale, making accurate time predictions is exceedingly difficult. Traditional approaches

involve discretizing and numerically solving the Navier-Stokes equations (NSE); however,

performing direct numerical simulations (DNS) of the NSE is computationally intractable

for most systems of practical interest due to the large number of grid points needed to resolve

the eddies at all length and time scales.

With large training datasets from experiments and simulations becoming more readily

available, there is great potential for using machine learning-based models as an alterna-

tive to DNS for high-fidelity prediction of turbulence [14]. We provide a survey on data-

driven methods for dimension reduction in Section 1.3 and time evolution methods in Section

1.4. By combining dimension reduction with time evolution, one can develop a data-driven
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reduced-order model (ROM) that can be evaluated with far fewer degrees of freedom than

solving the DNS. Most ROMs are black-box, as in created solely from data, so the second

goal of this thesis centers on developing a hybrid ROM that synergistically blends physics

(knowledge of the governing equations) with data. Note, the second goal of this thesis will

involve developing a hybrid ROM that will only be applied to simpler chaotic dynamical

systems, with the application to wall-turbulence being left to future work.

1.1 Wall-turbulence

We first start by defining quantities regarding turbulence in general, not just wall-turbulence.

The incompressible Navier Stokes Equations (NSE) that govern fluid flow are

∂Ui
∂t

+
∂UiUj
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2Ui
∂x2j

,
∂Ui
∂xi

= 0 , (1.1)

where Ui is the ith velocity component, ρ is the density, ν is the kinematic viscosity, and p

is the modified pressure. The Reynolds number, Re, is defined as Re = UL
ν
, where U is the

characteristic velocity of the system and L is the characteristic length. The Reynolds number

describes the ratio between inertial forces and viscous forces. At a critical Reynolds number,

a flow will transition from being laminar to being turbulent wherein structures within the

flow will arise that are chaotic and multiscale.

To ensure that the turbulent dynamics are fully captured in a DNS, all structures from the

Kolmogorov length scale to the characteristic length scale of the domain must be resolved.

One can calculate that the number of mesh points (degrees of freedom) then scales with Re9/4

[214], thus making DNS computationally intractable. While DNS finds use in academic

settings, turbulence modeling is used much more often in industry settings. A plethora

of turbulence models have been developed that can significantly speed up simulations by

trading off accuracy.

One class of turbulence models work with the Reynolds-Averaged Navier-Stokes (RANS)
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equations. Let the Reynolds decomposition be defined as Ui = Ui + ui, where an overbar

represents a time average and ui is the fluctuating velocity component. Then, the RANS

equations can be derived as

∂Ui Uj
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2Ui
∂x2j

− ∂uiuj
∂xj

,
∂Ui
∂xi

= 0, (1.2)

where uiuj is the Reynolds stress term that falls out of the nonlinear term in the NSE. In

order to solve for the mean velocity field Ui, uiuj must first be modeled or approximated—

this is the closure problem. Although many RANS models have been developed, none of

them are able to provide accurate results for all types of geometries and flow conditions.

While RANS is much faster to compute than DNS, it can only provide time-independent

solutions.

Another class of turbulence modeling is known as large-eddy simulations (LES). In

contrast to DNS, LES resolves only the larger length scales while modeling the effects of

the smaller length scales that have been filtered away. Consequently, LES provides time-

dependent solutions like DNS but at a reduced computational cost. The closure models in

the case of LES attempt to model the residual stress tensor term that appears when filtering

the NSE. Similar to RANS, LES closure models are not completely general—the development

and refinement of them often require decades of extensive domain-specific knowledge before

they become viable in industrial applications. As a result, the later parts of this thesis will

be focused on developing machine learning alternatives to traditional turbulence modeling.

The rest of this chapter is as follows. Section 1.1.1 discusses structures found in all turbu-

lent flows. Section 1.1.2 provides an overview of the attached eddy hypothesis (AEH), which

is the central theory concerning the energetically-dominant structures in wall-turbulence.

In Section 1.1.3, we discuss the AEH-inspired attached eddy model (AEM), which can aid

in predicting velocity statistics. In Section 1.1.4, we describe the spectral counterpart of

the AEM. Lastly, in Section 1.1.5, we discuss the dynamics and interactions between wall-
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turbulence structures.

1.1.1 Structures in turbulence

Big whorls have little whorls

Which feed on their velocity,

And little whorls have lesser whorls

And so on to viscosity.

— Lewis F. Richardson, 1920

This century-old rhyme by Richardson [191] provides an observation on the structures

(“whorls”) existing in all turbulent flows. The rhyme depicts a physical picture of the multi-

tude of length scales in which structures exist. Additionally, the rhyme eludes to the mech-

anism by which energy is transferred from larger-scale structures to smaller-scale structures.

This mechanism for the transfer of energy between structures at each scale is now known

today as the “energy cascade”. Broadly, the energy cascade states that energy is injected

into the large scales, transferred amongst structures at intermediate scales, and ultimately

dissipated as heat at the smallest scales.

The turbulent kinetic energy (TKE), given by 1
2
uiui, is the mean kinetic energy per unit

mass contained in all of the structures or eddies in the flow. The TKE can be expressed as

a sum of the energy density of the eddies across all length scales:

1

2
uiui =

∫ ∞
0

E(k) dk , (1.3)

where E(k) is the energy spectrum and k = 2π
λ

is the wavenumber (inverse length scale),

with λ being the wavelength.

In 1941, Kolmogorov quantified the energy cascade using statistical approaches [113].

By using scaling arguments, Kolmogorov derived that within the inertial subrange, which
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contains the intermediate range of length scales, the energy spectrum follows the scaling law

E(k) ∼ k−5/3 . (1.4)

This 5/3 power law was derived for only homogeneous isotropic turbulence (HIT), where

the velocity statistics are the same everywhere and in all directions. Kolmogorov’s second

similarity hypothesis [113], which is used to derive the the 5/3 power law, states that the

statistics of the flow for structures in the inertial subrange have a universal form and depend

only on the energy dissipation rate. In other words, the eddies in HIT are statistically

self-similar.

The 5/3 power law is one of the defining traits of turbulence, and was arguably discovered

in part due to first recognizing that turbulence is multiscale. A motif of this that will appear

later, and motivation for us, is that physically characterizing the structures can facilitate a

mechanistic understanding of wall-turbulence.

1.1.2 Attached eddy hypothesis

Before describing structures in wall-turbulence, we first define nomenclature and regions/layers

specific to wall-turbulence. Henceforth, let x, y, z refer to the streamwise, wall-normal, and

spanwise directions, respectively. Let U1, U2, U3 refer to the instantaneous streamwise, wall-

normal, and spanwise velocity components, respectively. The fluctuating streamwise velocity

component is given by the Reynolds decomposition u1 = U1 − U1, where again overbars de-

note time averages. Let δν = ν/uτ be defined as the viscous length scale, where uτ =
√
τw/ρ

is the friction velocity and τw is the wall shear stress.

There are two primary regions, the inner region and the outer region, that are present

in all wall-bounded turbulent domains. In the inner region where viscosity is important,

the mean velocity profile U1(y) scales only with y+ = y/δν—here, we use + to denote non-

dimensionalization with δν (note, we will also interchangeably call δν a “wall unit” length
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Figure 1.1: Log-law in wall-turbulence.

scale). In the outer region, viscosity is unimportant and the mean velocity scales only with

the outer length scale δo; depending on the flow geometry, δo can be the pipe radius, half-

channel height, or boundary layer thickness. The overlap of the inner and outer regions is

called the log layer. Below the log layer is the viscous layer where viscosity dominates, and

above the log layer is the wake layer where inertia dominates. Within the log layer, the mean

streamwise velocity profile follows

U1

uτ
=

1

κ
log(y+) + C , (1.5)

where κ is the von Kármán constant and C is an additive constant. Figure 1.1 shows a

depiction of the log-law. The log-law for U1 is the most prominent feature of wall-bounded

turbulence and appears for all canonical wall-bounded geometries and a wide range of Re

[182]. Although the exact values for the extents of the log layer is still disputed [7], the

general consensus is that its lower limit is y+ = 30 and its upper limit is y =∼ 0.3δo.

Townsend’s attached eddy hypothesis (AEH) [219] from 1976 is a statistical model that

has been guiding the view of wall-turbulence structures in the outer region for decades. The

AEH states that the energetically-dominant eddies randomly distributed in wall-bounded

flows are attached to the wall and self-similar. It is important to note that “attached” here

can mean physical-attachment to the wall, but it is more so a statement that these eddies
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are coherent with the wall and would behave differently if the wall was not there. The AEH

states that these attached eddies are only dominant at asymptotically high Re when the

viscous layer is infinitely thin such that the attached eddies do, in a sense, extend down to

the wall. However, as will be discussed throughout this section, attached eddies are still

relevant at non-asymptotically high Re. The result that gives the AEH its credibility is that

it can be used to derive the log-law for the second moment of the streamwise velocity U1

(i.e., the streamwise Reynolds stress u1u1) within the log layer, similarly to the first moment

derived in Equation 1.5.

The outline of the derivation for the AEH is as follows. Let δ be the height of an attached

eddy. The underpinning assumption is that eddies are self-similar in geometry, such that the

velocity field induced by each eddy scales with δ. By shifting the location of a given eddy

x = (x, y, z) around its center position xc = (xc, yc, 0) and scaling by its height, the velocity

field contributed by any eddy can be written as

Ui(x) = Uofi

(
x− xc
δ

)
, (1.6)

where Uo is a characteristic velocity scale (to be determined) and fi is the universal function

for the velocity field of component i induced by an eddy. Now, let δ1 be the height of the

smallest attached eddy, which is generally regarded to be O(100δν) [1, 217, 257]. Recall δo

is the outer lengthscale (e.g., pipe radius). The Reynolds stress can then be expressed using

the eddy intensity function Iij(y/δ) as

uiuj
U2
o

=

∫ δo

δ1

Iij

(y
δ

)
pH(δ) dδ, (1.7)

where pH(δ) is the number density of attached eddies at scale δ (this also needs to be

determined), and Iij is given by

Iij

(y
δ

)
=

∫ ∞
−∞

fi

(x
δ

)
fj

(x
δ

)
d
(x
δ

)
d
(z
δ

)
. (1.8)
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By assuming certain forms for Iij(y/δ) for small y/δo and then recognizing that the

Reynolds shear stress satisfies u1u2 ≈ −u2τ in the log layer, Townsend found that Uo = uτ

and the form for pH(δ) needs to be pH(δ) =M/δ withM being a universal constant (this

conclusion about the number density function matches our intuition, where smaller attached

eddies are more abundant than larger ones). It was then shown that within the log layer,

the streamwise Reynolds stress profile follows

u1u1
u2τ

= −A log

(
y

δo

)
+B , (1.9)

where A is the Townsend-Perry constant, and B is an additive constant. This AEH-based

derivation of the log-law for u1u1 is robust to any shape of the representative eddy as long

as its eddy intensity functions Iij(y/δ) satisfy certain asymptotic conditions for y/δo → 0

[148]. Outside of theory, the log-law for u1u1 has been widely observed in the log layer for

experiments and simulations [83, 195]. In contrast to HIT where eddies are only statistically

self-similar, here the AEH states that eddies are also physically self-similar. That said, the

exact shape of the eddies remains elusive.

1.1.3 Attached eddy model

The attached eddy model (AEM) is a kinematic model developed by [176] that was directly

inspired by the statistical model of AEH. The AEM specifies a shape for a statistically-

representative attached eddy and then constructs a random distribution of them, with the

scale progression of the attached eddies increasing by a factor of 2. Various shapes were

chosen, including a Λ-shaped vortex that is similar to the hairpin vortex that was first

proposed by [216] in 1956 to be the underlying eddy structure. The AEM assumed the

discrete form of the same number density function pH =M/δ used in the AEH. By assuming

vorticity was confined to the structure of an attached eddy at scale δ, Biot-Savart law was

used to calculate the velocity field induced by the structure of the attached eddy. Lastly,
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the velocity field was related to Iij(y/δ) and the log-law for u1u1 within the log layer was

correctly derived. Note that these results are robust as long as a reasonable shape for the

representative attached eddy is chosen, similar to the result for the AEH.

Since the AEM can predict u1u1 within the log-layer, much work has been done to

extend the AEM to predict all Reynolds stress components in both the log-layer and the

wake-layer—doing so effectively produces a RANS model that is grounded in the elegant

theory of the AEH. In [178], the AEM was extended in two ways: 1) the scale progression

of the eddies was made continuous to simplify calculations, and 2) it was modified to also

predict the profile for U1(y) in the log layer and the wake layer. To facilitate the second

modification, the number density function pH(δ) = M/δ was multiplied with a weighting

function w(δ) to increase the number of larger-scale attached eddies in the flow. One can

view this modification to pH as artificially creating a higher density of attached eddies that

have a height δ above the top of the log layer (i.e., creating packets of attached eddies). The

weighting function w(δ) used to achieve this can vary depending on the type of geometry

(e.g., pipe vs. boundary layer flow), and it is necessary to derive the correct profile for U1(y)

in the outer region [178]. In a further modification to the AEM, [175] found that w(δ) was

also necessary to derive the correct profiles for some of the Reynolds stresses in the outer

region. Furthermore, for favorable or adverse pressure gradient (FPG or APG) in a TBL

flow (which is very common in most flow applications), the velocity scale defined by Uo in

Equation 1.6 was found to not be equal to uτ and required another weighting function T (δ)

[179]. In [180], a method to find w and T separately was developed and closure was shown

to be possible (but they never proceeded to test if it worked). In [177], the work left by

[180] was tested. It was found that for APG/FPG, just having a self-similar hierarchy of

attached eddies was not enough. In order to accurately predict the Reynolds stresses, a

secondary set of self-similar, detached eddies needed to be correctly specified and considered

separately. A shape for the detached eddies (similar to upside-down hairpin vortices) was

used, and the refined AEM used in [177] showed that all Reynolds stresses were predicted
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fairly accurately in the log-layer and wake-layer. However, with two sets of eddies whose

representative shapes needed to be found through trial and error and lack of generalization

to variable flow conditions and geometries, no further efforts have been made to make the

AEM into a robust RANS model.

1.1.4 The -1 power law

Similar to how a 5/3 power law is inherent with homogeneous turbulence (see Section 1.1.1),

there is a -1 power law that is inherent with wall-turbulence. The power spectral density

(PSD) describes the energetic contribution of a signal’s spectral components as a function of

wavenumber (which is inversely proportional to scale). For 1D signals, the PSD is equivalent

to an energy spectrum. The PSD of a signal in real space is essentially the magnitude-

squared of the signal’s Fourier transform [184]. The spectral AEM developed by [178] builds

a model of attached eddies in spectral (i.e., Fourier) space instead of physical space. It will

be shown that it can be used to derive the log-law for u1u1 just like the AEM and AEH, but

the way it does so is by making a key assumption about the existence of a power law scaling

of φuu(kx) ∼ k−1x , where φuu is the PSD of a streamwise fluctuating velocity signal u1(x) and

kx is the streamwise wavenumber.

The spectral AEM relies on dimensional analysis arguments to determine wavenumber

scalings under which the PSD will be universal and collapse on each other. The schematic

of a premultiplied PSD measured at wall-normal location y/δ → 0 is shown in Figure 1.2

(the different eddy types will be discussed shortly). kxy φuu(kxy)/u2τ log(kxy) ∼ k
−5/3
x The

purpose of the premultiplication of the PSD with kx is to ensure that when a log-scale is

used for kx, equal areas under the curve correspond to equal integrated energies; moreover,

as a byproduct, a φuu ∼ k−1x scaling law will appear as a plateau region in the premultiplied

PSD.

We now show an outline of using the spectral AEM [178] to derive Equation 1.9. The

derivation relies on scaling arguments for collapsing a set of premultiplied PSD measured at
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Figure 1.2: Sketch of the pre-multiplied PSD of a fluctuating streamwise velocity signal measured
close to the wall (see text for description of the scalings and 3 eddy types). Adapted from [148].

y/δ → 0. For the outer flow scaling where kx ∼ O(1/δo), the premultiplied PSD should be

independent of y for y/δ → 0 such that kxφuu(kx)/u
2
τ is equal to a universal function h1(kxδo).

Similarly, for the inner flow scaling where kx ∼ O(1/y), kxφuu(kx)/u
2
τ is equal to a universal

function h2(kxy). Matching in the overlap I region gives h1(kxδo) = h2(kxy) = A, where A

is a constant. This implies that in the overlap region I, φuu(kx)/u
2
τ = A/kx—this is known

as the φuu(kx) ∼ k−1x law. A similar set of scaling arguments leads to the φuu(kx) ∼ k
−5/3
x

scaling law in the overlap II region. The k
−5/3
x scaling law applies to all types of turbulence

(e.g., turbulent jet flows) because turbulence energy is always dissipated at the Kolmogorov

scale; however, the k−1x scaling law is exclusive to wall-bounded turbulence because of the

consideration of a wall in the formulation here. One can write

u1u1
u2τ

=

∫ ∞
−∞

kxφuu(kx)

u2τ
d(ln kx) =

∫ ln(b/y)

ln(a/δo)

kxφuu(kx)

u2τ
d(ln kx) + C(y,Re) (1.10)

= −A ln

(
y

δo

)
+B(y,Re), (1.11)

where a and b are the constants defining the boundaries of the overlap I region in Figure

1.2, B(y,Re) = A ln(a/b) + C(y,Re), and C(y,Re) is the energy in the premultiplied PSD
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outside the overlap I region that has a slight y and viscous dependence. Equation 1.11 is

identical to Equation 1.9. To summarize, the spectral AEM directly shows that a k−1x scaling

law in the premultiplied PSD measured at y/δ → 0 is needed to derive the log-law for u1u1.

For the past few decades, there is a tense debate in the field of wall-bounded turbulence

surrounding the result of this spectral AEM. The conundrum here is that the assumed

plateau region related to the k−1x scaling law is rarely observed in experiments and simulations

[28, 166] but the log-law for u1u1 has been widely-observed. There have been many reasons

proposed for why there is this discrepancy. The primary reason is that there are other types

of structures in the flow besides attached eddies. As seen in Figure 1.2, attached eddies are

called Type-A eddies and contribute the most to the Reynolds stress (area under the curve).

So, the plateau region showing a k−1x law will only be observable at an asymptotically high

friction Reynolds number of Reτ = δo/δν of O(106) where there is enough scale separation.

Since Reτ rarely exceeds O(104) in experiments and simulations, the overlap region I

becomes smaller in width and the plateau region starts to become masked by the Type-B

eddies in the flow [4] (see Figure 1.2). Type-B eddies are very large, wall-attached structures

with height ∼ 0.3δo to 1δo and streamwise extent O(10δo) [110], and they are generally re-

ferred to as very large scale motions (VLSM). The relationship between VLSMs and attached

eddies will be further discussed later. Lastly, the Type-C eddies are the Kolmogorov-scale,

wall-detached eddies that are isotropic and viscosity-dependent (these are said to surround

the vortex structure of Type-A and Type-B eddies).

It has been recently shown that by adding a y/δo dependence for the PSD within the

framework of the original spectral AEM, a perfectly flat plateau region is not a necessary

condition for a log-law to still appear for u1u1 [89]. Regardless on whether or not the k−1x

law is a necessary feature of wall-bounded turbulence, the more demanding issue in the

pursuit of forming a cohesive picture of the structures in the outer region is to understand

the interaction of the Type-A (attached) eddies and Type-B eddies (VLSMs) and how they

change with increasing Reτ .
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1.1.5 Dynamical nature of structures in wall-turbulence

We conclude this section with a discussion on the dynamics of the structures found in wall-

turbulence. We start with turbulent structures located in the viscous layer (see Figure 1.1).

There, the structures were first discovered and characterized in terms of their shape using

a structural approach [112]. In the viscous layer, two primary structures exist: 1) streaks,

which are spanwise alternating regions of high-speed and low-speed fluid which have a univer-

sal/characteristic spacing of ∼ 100δν , and 2) quasi-streamwise vortices. As for the dynamics

and sustainment of these structures, [72] proposed the self-sustaining process (SSP). In [72],

the insight into the dynamics of the viscous layer was achieved by analyzing DNS data for

planar Couette flow in a minimal flow unit (MFU), which is a flow domain just small enough

to sustain turbulence. They found that the SSP is a cyclic mechanism that consists of the

following three steps: 1) quasi-streamwise vortices act to advect mean shear and generate

streaks, 2) streaks breakdown due to unstable, streamwise-varying Fourier modes, and 3)

nonlinear interactions of these modes strengthen/regenerate the quasi-streamwise vortices.

We see once again, here with the viscous layer, that detailed characterization of turbulent

structures is a necessary first step for paving the way to a mechanistic understanding and

modeling of turbulent dynamics—we now aim to do so for the log-layer and wake-layer as

well.

Unlike for structures in the viscous layer, there is no clear picture for the shape of the

outer region structures (Type-A attached eddies or Type-B VLSMs) and for how they are

sustained. The general consensus for the shape of Type-A attached eddies is hairpin vortices.

As for their dynamics, the general consensus is that attached eddies and VLSMs are generated

in a bottom-up process. The idea is that the fluid in the viscous layer are convected upwards

to form the smallest attached eddy of height O(100δν). Then, these attached eddies merge

with each other to form the next largest attached eddy. This merging continues until the

attached eddies reach a height of ∼ 0.3δo to 1δo and form packets, called large scale motions

(LSM), and these packets of attached eddies then merge to form long organized structures
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known as VLSMs [217, 257]. However, this bottom-up process is not universally agreed

upon. In [49], it was shown that the LSMs and VLSMs in the outer region can be sustained

even without any attached eddies being generated above the viscous layer.

A more rigorous study of the sustainment of structures in the outer region rely on an-

alyzing the NSE. Exact coherent states (ECS)—which are nonlinear invariant solutions of

the NSE that can be steady states, traveling waves, or traveling waves with a time-periodic

modulation—have been shown to represent the streaks and quasi-streamwise vortices of the

SSP structures in the viscous layer [231]. Interestingly, there has been evidence that these

ECS which correspond to SSP structures may also exist in the outer region and are self-

similar [40]. More convincing evidence of the self-similarity of SSP structures within the

outer region has been shown by overdamped, large eddy simulations (LES) that can be used

to isolate structures at a specific scale [33, 87]; in these simulations, the SSP structures were

found to be self-similar throughout the entire outer region and thus consistent with the AEH.

Note that the attached eddy in the case here is composed of the dynamically interconnected

quasi-streamwise vortices and streaks. On the largest scale, the “attached eddy” is comprised

of a streaky motion of streamwise extent 15δo and height ∼ 1δo that is surrounded by quasi-

streamwise vortices of streamwise extent ∼ 3δo and height ∼ 1δo; this aspect ratio of the SSP

structures is maintained throughout the outer region all the way down to the viscous layer at

y+ = 10. The largest streak component resembles a VLSM and the largest quasi-streamwise

vortices component resembles LSMs. Most importantly, the overdamped LES results imply

that turbulence can be sustained at each individual scale without any forcing from smaller

scales, thus lending more support against the bottom-up process discussed previously.

The understanding of the interplay between the SSP in the viscous layer (and possibly also

in the outer region) and the structures in the outer region remains elusive. Gaining insight

into this interplay between all turbulent structures necessitates a detailed characterization of

attached eddies and LSMs/VLSMs. Many classes of methods have been applied to determine

the shape and degree of self-similarity associated with attached eddies [148]. Inspired by the
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hairpin vortex structure first proposed by [216], flow visualization methods, such as particle

image velocimetry (PIV), are popular; however, although the embedded flow structures

have been observed to be attached to the wall, there is no conclusive evidence on their

shape and if they are hairpin vortices or not [42]. One reason for the inconclusiveness of the

shape of an attached eddy is that there is no well-agreed upon method to visualize vortices.

From PIV data, [98] showed that an attached hairpin vortex that was attached to the wall

was present at one moment but disappeared in the next once the threshold chosen for the

visualization is crossed. An attached eddy is just a statistically-average representation of the

spatiotemporally chaotic motions in the flow, so trying to determine its shape through flow

visualization can be misleading. In the next section, we consider a more principled method

of determining the shapes of attached eddies.

1.2 Modal-based characterization of structures in data

One promising class of techniques to extract the shape of structures from data is modal

analysis. Generally, a modal basis decomposes a vector u(x) into

u(x) =
∑
i

ciφi(x) , (1.12)

which is a sum of the product between the modal coefficients ci and the basis elements or

“modes” φi over all modal indices i. Provided the basis is orthogonal, one can calculate ci

with (u, φ), where (·, ·) denotes an inner product.

The choice in the type of basis can affect how well the structures in given dataset can be

represented and analyzed. In the context of wall-turbulence, we desire the modes in the basis

to represent attached eddies. Therefore, our data is either vorticity fields or the fluctuating

velocity fields containing signatures induced by the eddies (this work, as with many others,

only considers the latter case); in either case, the chosen basis should have three properties:

1. Learned from data
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2. Multiscale

3. Spatially-localized

The first property comes from the fact that we would like the shape of the modes to be

discovered from data, as opposed to being set a priori. The second property ensures that

the modes are multiscale, since both the AEH and AEM provide evidence that attached

eddies are multiscale. The third property comes from the fact that attached eddies are likely

spatially-localized. Although the AEH does not explicitly require spatial-localization in its

formulation, many AEM models do so; furthermore, Lumley has shown that unlocalized

structures should not be considered eddies [144, 145, 215]. In the rest of this section, we

explore various modal decomposition techniques and discuss their ability to satisfy the three

properties listed above.

1.2.1 Proper orthogonal decomposition

The most prominent modal-based method for analyzing coherent structures in turbulence

is proper orthogonal decomposition (POD) [207]. POD is known in other research areas as

the Karhunen–Loève procedure and also as principal components analysis (PCA). POD is

used to discover an orthonormal basis from data—it is well suited for the first property of a

modal basis we desire.

The first POD mode φ1 is found with the optimization problem

max
φ1

〈
|(u, φ1)|2

〉
, (1.13)

s.t. ‖φ1‖ = 1 , (1.14)

where 〈·〉 denotes an ensemble average. POD aims to maximize the variance (energy) of

the dataset projected onto the first POD mode with the constraint that the first POD

mode has unit norm. In practice, POD is found through an eigendecomposition. Let Z =
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[u(1), u(2), . . . , u(M)] be the data matrix whose columns contain M snapshots of the data

vectors u(j), j = 1, . . . ,M , where u(j) ∈ RN . The POD modes are then the eigenvectors of

the covariance matrix ZZT , where T denotes transpose.

While POD has seen success in applications to nonlinear problems such as turbulence

[80], there are limitations to POD since it is a linear process that projects data onto linear

spaces. In our case of interest, which is characterizing turbulent structures, POD has the

disadvantage that it generally returns modes that are not spatially-localized; in fact, if POD

is applied in a statistically-homogeneous direction (e.g., streamwise), only Fourier modes

(which have no spatial-localization at all) are returned [80]. Spatial-localization of basis

modes is the second property we desire, which POD generally does not provide.

1.2.2 Other modal decompositions

We discuss other notable modal decomposition techniques. The first is dynamic mode de-

composition (DMD) [222]. Let Z ′ = [u(2), u(3), . . . , u(M+1)], which is the same data matrix as

Z but with the data vectors shifted by one column (i.e., one time step if the data comes from

timeseries). DMD then calculates the linear map A = Z ′Z†, where † denotes pseudoinverse.

The eigenvectors of A are the DMD modes and the eigenvalues represent the growth/decay

rate (or purely oscillation if they lie on the unit circle in the complex plane). Unlike POD,

DMD modes are not orthogonal. Instead of being ordered by energy content, DMD modes

are frequency ordered. Moreover, if the data is stationary and zero-mean, DMD reduces to

a discrete Fourier transform [218]. DMD has ties to the Koopman operator, which will be

discussed in detail in Section 1.4.

An operator-based modal decomposition method is resolvent analysis. Resolvent analysis

expresses the nonlinear term in the NSE as an input forcing to the resolvent (linearized

NSE) to obtain the output velocity response. The linear resolvent modes have been shown

to reconstruct known coherent structures and even ECS, as well as producing reconstructed

velocity fields containing self-similar, wall-attached structures [88, 152, 162]. One challenge
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Figure 1.3: (a) Example wavelets, with Meyer (top) and db2 (bottom). (b) Scale-space de-
composition by Fourier modes (top) with corresponding Fourier modes (bottom). (c) Scale-space
decomposition by wavelet modes (top) with corresponding wavelet modes (bottom).

of resolvent analysis is finding the forcing weight coefficients to represent the nonlinear

dynamics. Overall, both DMD modes and resolvent modes are not guaranteed to satisfy any

of the three properties listed in the beginning of this section that we desire in our basis.

1.2.3 Wavelets

A wavelet is essentially a wave with finite extent, hence the diminutive suffix “-let”. Tra-

ditionally, wavelets have a pre-specified shape. Figure 1.3(a) shows two different example

wavelets. A wavelet basis merges two aspects of the two most well-known modal bases.

While a Fourier basis provides excellent wavenumber (inverse scale) resolution of a signal,

there is no spatial resolution/localization since the modes span the whole spatial domain.

A Euclidean basis has excellent spatial resolution but no scale resolution. A wavelet basis

strikes the balance between the two by using spatially-localized waves at different scales.

Figures 1.3(b) and 1.3(c) illustrate these differences between Fourier modes and wavelet

modes. As evidenced in Figure 1.3(c), a wavelet basis is composed of basis elements that are

translations and dilations of each other.

A wavelet basis satisfies two of the three properties we desire, which are multiscale and

spatially-localized. However, the third property of being learned from data is not satisfied.
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Traditionally, a wavelet decomposition requires that the shape of the wavelets be specified

a priori and self-similarity of the wavelets across every scale is then assumed. These two

features of a wavelet decomposition—which we refer to as traditional wavelet decomposition

(TWD)—are inauspicious for our goal of extracting the shape of structures from data and

trying to objectively determine their degree of self-similarity. Chapter 2 of this thesis will

explore how to combine the data-driven aspect of POD with TWD to discover self-similarity

across scales (if any) instead of having it built-in already.

Wavelets are ideal for representing multiscale structures or features, and they have been

used as building blocks for systems such as active matter, images, and networks. For example,

wavelets have been used for image compression [55]. Wavelets have also found significant

use in turbulence [3, 44–46, 104, 157, 158]. More details on wavelets can be found in [211].

A brief overview of TWD is provided here. Consider a periodic vector in RN , with N

even. The wavelet basis will consist of N vectors that are self-similar across p = log2N

stages or scales, and the decomposition to obtain the wavelet coefficients occurs one stage

at a time. Let ψ−1 be the mother wavelet—this wavelet is specified beforehand and will be

used to generate the other N − 1 basis vectors. From the mother wavelet, one can construct

the father wavelet, ξ−1. During the first stage of the decomposition, RN is split into two

orthogonal subspaces that are each of dimension N/2: the approximation subspace V−1, and

the detail subspaceW−1. V−1 is spanned byN/2 mutually orthonormal even translates of ξ−1,

andW−1 is spanned byN/2 mutually orthonormal even translates of ψ−1. Projecting a vector

in RN onto the approximation subspace V−1 yields a low-pass filtered version of the vector,

and projecting the vector onto the detail subspace W−1 yields a high-pass filtered version of

the vector (hence the nomenclature of “approximation” and “detail” subspaces); the vector is

equal to the superposition of these two projections. This splitting is performed recursively on

the approximation subspace, ultimately yielding a decomposition RN = V−p⊕W−p⊕. . .⊕W−1

(see Figure 1.4). One may think of this decomposition as the direct sum of a very coarse

approximation subspace and progressively finer detail subspaces. At each stage l, V−l and
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Figure 1.4: Subspaces formed by wavelets periodic in RN . The full space RN is composed of the
highlighted subspaces.

W−l are respectively spanned by N/2l mutually orthonormal translates of ξ−l and ψ−l. The

ψ−l wavelet is essentially a factor-of-two dilation of the previous-stage wavelet ψ−(l−1), and

similarly for ξ−l.

The orthonormality conditions for the mother wavelet ψ−1 and its even translates can be

stated in Fourier space as

∣∣∣ψ̂−1(n)
∣∣∣2 +

∣∣∣ψ̂−1(n+N/2)
∣∣∣2 = 2 , n = 0, 1, . . . , N/2− 1, (1.15)

where ˆ denotes the discrete Fourier transform (DFT). For a vector z ∈ RN , z(n) is its

nth component, indexed beginning from zero. Given a ψ−1 that satisfies (2.8), the father

wavelet ξ−1 can be constructed from ψ−1, and the entire resulting wavelet basis is mutually

orthonormal. In practice, wavelet bases are constructed using DFT calculations and filter

banks. Some discussion on filters will appear in Chapter 2, and interested readers are directed

to [55] and [50] for more details. We will equivalently refer to the TWD as a discrete wavelet

transform (DWT) throughout this thesis.

We end this section by briefly discussing other types of wavelet transforms. Similar to

DFT, there are 2D and 3D DWT; discussion on the 2D and 3D DWT will be left to Chapter

5, as the earlier parts of the thesis will only focus on the 1D DWT. One major class of

wavelet transforms is the “continuous wavelet transform” (CWT). The CWT is a misnomer



22

in that it is used to refer to both to the continuous and discretized transform (i.e., CWT

can be applied to discrete vectors). Unlike the DWT, the CWT does not provide a basis. In

DWT, there are N total coefficients across log2N scales that correspond to the coordinates

of the orthonormal basis; in CWT, there are N coefficients per scale (number of scales can

be any integer less than N), so the basis is overcomplete and the CWT wavelets are not

orthogonal to each other. DWT is used as a basis for compact representation and sees

application mostly in image compression, while CWT is mostly used to analyze timeseries

data since there is a higher frequency-resolution of N elements per scale instead of N/2l

elements per scale as with the DWT. The CWT has been used to study scale interactions

in which VLSMs modulate the amplitude and frequency of smaller-scale eddies near the

wall [5]. As a side note, a coherence metric can be used to classify eddy types. Spectral

coherence analysis (SCA) [4, 6] has been used to measure frequency coherence between a

temporal signal measured near the wall and a signal in the log-layer to inform on activity

of wall-attached eddies; similar to SCA, wavelet coherence analysis (WCA) with the CWT

can also be used but with the advantage of time resolution (due to localization of wavelets)

in addition to frequency (scale) resolution.

Up to now, we have reviewed topics surrounding characterizing coherent structures in

turbulence. For the rest of this Chapter, we will shift our focus to review topics surrounding

data-driven methods for dimension reduction and time evolution applied to spatiotemporally

chaotic dynamical systems.

1.3 Dimension Reduction

The ability to efficiently and accurately forecast complex systems is highly sought after in

engineering applications. Often times, we have partial or full knowledge of the physics of

these systems and can perform simulations by discretizing and solving the governing equa-

tions. However, directly solving the full-order model (FOM) can be computationally pro-
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hibitive for systems exhibiting multiscale, spatiotemporal chaos—the prime example being

turbulence. Moreover, the development and refinement of these physics-based models often

require decades of extensive domain-specific knowledge before they become viable in indus-

trial applications. In contrast to traditional physics-based models, machine learning-based

models are inherently black-box, in that they can be created solely from data. Recently,

data-driven methods have seen an upsurge of use in areas such as fluid mechanics [13]. Here,

we are interested in developing high-fidelity, reduced-order models (ROMs) of complex sys-

tems, which are crucial for iterative design and control of industrially relevant engineering

applications. A ROM typically consists of two steps: 1) reduce the dimension or number of

degrees of freedom of the system, and 2) evolve the dynamics of the low-order system. Here,

we first provide a survey on data-driven methods for dimension reduction before discussing

time evolution methods in Section 1.4.

1.3.1 Manifolds

For a wide variety of complex dynamical systems, the state space is nominally very high

dimensional. In the case of systems governed by PDEs, the state space is even infinite-

dimensional; however, the long-time dynamics of dissipative PDEs are expected to lie on

a finite-dimensional invariant manifold [164, 249]. In the case that the invariant manifold

contains the global attractor, it is also called an inertial manifold. Let the inertial manifold

be denoted by M, which has dimension dM. The manifold has three properties. The first

property is thatM is a Hausdorff space; for every pair of distinct points p, q ∈M, there are

disjoint open subsets U, V ⊆ M such that p ∈ U and q ∈ V . The second property is that

M is second-countable, which means there exists a countable basis for the topology ofM.

The third property is that every point inM contains a neighborhood that is homeomorphic

to a Euclidean space with dimension RdM .

A global map from the manifold to a Euclidean space of dimension RdM is not guaran-

teed; however, Whitney’s embedding theorem [66, 201] states that the embedding dimension
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is no more than twice the intrinsic dimension of the manifold, so a global map to R2dM is

guaranteed. One method of estimating the embedding dimension is the false nearest neigh-

bors algorithm [17, 108]. Since the embedding dimension is often an overestimation of the

inertial manifold dimension, a method to determine the latter is preferred. In [243, 244], the

inertial manifold dimension of the Kuramoto-Sivashinsky equation (KSE) was estimated by

analyzing spectra of Lyapunov vectors. In [39], the inertial manifold dimension of the KSE

was estimated using Floquet vectors of unstable periodic orbits. Since these methods require

access to the FOM for generating solutions to calculate the Lyapunov/Floquet modes, as

well as knowledge of existing periodic orbits for [39], they are not general enough to estimate

inertial manifold dimensions from time series data alone. The basis of a ROM is to estimate

the dimension of the underlying inertial manifold and find a coordinate mapping from the

ambient space onto the manifold.

1.3.2 Time-delay embeddings

In applications of practical interest, one often has limited access or coverage to the entire

ambient space (e.g., limited number of buoy sensors covering the sea surface). In these

scenarios, one only has partial observables up(t) ∈ Rdp . Whitney’s theorem states that there

is a diffeomorphic mapping to the manifold coordinates when dp ≥ 2dM [65]. In the case

that dp < 2dM, one can still recover this diffeomorphism to the manifold by embedding the

state and its m− 1 time delays into the delay coordinate map

ud(t) = [up(t), up(t− τ), . . . , up(t− (m− 1)τ)] ∈ Rm×dp , (1.16)

where τ is the delay spacing. Takens theorem states that for almost any choice in τ , there

exists a diffeomorphic map from ud to the manifold [201]. The delay spacing is typically

estimated by the mutual information (MI) [54]. The methods discussed in the remainder of

this section assume that one has full state space observations.
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1.3.3 Principal component analysis

Assuming that one knows the inertial manifold dimension, we now examine methods for

performing dimension reduction. The most widely used linear dimension reduction technique

is principal component analysis (PCA). PCA is known in the fluid mechanics community

as proper orthogonal decomposition (POD) [81], which was described in Section 1.2.1. In

PCA, data are projected onto a subset of a modal basis ordered by energy content. The

advantages of PCA is that there is an interpretable ordering of modes and a simple way to

transform the data to and from the truncated basis/representation; however, for data that

are more complex or nonlinear, many PCA modes often need to be retained to maintain

model fidelity, thus limiting the amount of dimension reduction that can be performed.

Additionally, invariant manifolds will often not be linear subspaces, so PCA cannot in general

reduce the representation to even the embedding dimension.

There are various alternative methods to PCA that are nonlinear. Nonlinear methods

that globally perform dimension reduction include kernel PCA [202] and diffusion maps [31],

which are able to find more compact representations than PCA. Some nonlinear dimen-

sion reduction techniques use local computations, including locally linear embedding [196],

Laplacian eigenmaps [9], isometric feature mapping [213], t-distributed stochastic neighbor

embedding (tSNE) [78], and multiscale SVD [139]. The complication of all these nonlinear

techniques, however, is that they either do not provide a way to project out-of-sample data

onto the manifold representation, and/or they do not provide a coordinate system in which

to transform to and from the manifold representation.

1.3.4 Autoencoders

One dimension reduction technique that can transform out-of-sample data points and provide

a coordinate system for the reduced representation is the undercomplete autoencoder [60, 79].

An autoencoder uses a deep feedforward neural network to map data u from the state space

to a low-dimensional latent space h, and another neural network for the reverse mapping.
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The forward mapping is performed with an encoder E and the reverse mapping is performed

with a decoder D. The encoder (and similarly for the decoder) is typically a deep feedforward

neural network, which is composed of multiple layers. Each layer multiplies the input vector

with a weight matrix, adds on a bias weight vector, and evaluates the final result with a

scalar activation function to introduce nonlinearities.

An autoencoder is trained by minimizing the reconstruction error of the autoencoder

(AE) with the loss function

LAE = 〈‖u−D(E(u; θE); θD)‖22〉 , (1.17)

where θE and θD are, respectively, the neural network parameters of the encoder and decoder

networks and 〈·〉 denotes an ensemble average over a batch of training snapshots. The neural

network parameters or weights are optimized through stochastic gradient descent. Hyper-

parameter tuning can consist of changing the learning rates, batch size, number of epochs,

and strength of L2 weight regularization (if any). According to the universal approximation

theorem [82], a sufficiently expressive neural network is able to approximate any continuous

function. Consequently, the latter parts of this thesis related to data-driven reduced-order

modeling will leverage this property of neural networks.

Autoencoders have been used to reduce dimension in turbulent flows [161, 168, 208] and

other chaotic PDE systems [115, 120]. In addition to dimension reduction, Autoencoders

have also been used to estimate the inertial manifold dimension of chaotic systems. In [128,

131], the inertial manifold dimension of the KSE was estimated by incrementally increasing

the latent space dimension of the autoencoder until a sharp drop is observed in the state space

reconstruction error; however, this methodology requires training multiple autoencoders with

different bottleneck dimensions, and the drop is less distinct as the domain size increases

[128].



27

1.3.5 Implicit rank-minimizing autoencoders (IRMAE)

A related technique uses a variant of an autoencoder called implicit rank-minimizing autoen-

coder (IRMAE) [97, 253]. Let Z be the data matrix with columns containing the snapshots.

IRMAE estimates the inertial manifold dimension by employing linear layers in its archi-

tecture, where the linear layers contain only the weight matrix multiplication and no bias

term or nonlinear activation. It has been shown in [97] that the linear layers act to drive

the covariance of the latent space of the data, ZZT , to have minimal rank—a sharp drop in

the singular value spectra of ZZT then gives the rank or estimate of the inertial manifold

dimension of the data. Unlike normal autoencoders, one only needs to train a single IRMAE

model with a sufficiently large bottleneck dimension, and the dimension estimate is more

distinct [253]. However, even with IRMAE, obtaining a robust estimate of the inertial man-

ifold dimension for more complex systems remains challenging, as seen with IRMAE applied

to 2D Kolmogorov flow in [185].

With normal autoencoders, the latent space coordinates represent the coordinates on the

manifold if the training data lives on the inertial manifold (i.e., transients in time series are

removed). With IRMAE, the latent space coordinates are found by projecting the data onto

the singular vectors whose singular values are large in magnitude.

1.4 Time evolution

We now turn to discussing various neural network-based methods for time evolution, either

for the state space or a latent space found with an autoencoder. The methods we will

discuss are trained on time series data of full observations of the state u ∈ Rdu , where

du is the dimension of the state space. We assume observations are sampled at discrete

time intervals with uniform data spacing τ (though some methods can handle non-uniform

spacings).

Let the underlying (ground truth) autonomous dynamical system for the time series data



28

u(t) be written as

du

dt
= f(u;µ), (1.18)

where f is a vector field that depends on physical parameters µ (e.g., domain length). Some

methods discussed here will try to approximate the function f , while others do not.

1.4.1 Common methods

Here, we discuss common neural network-based forecasting methods that are solely data-

driven. Two widely-used data-driven methods for time evolution are recurrent neural net-

works (RNNs) [226, 227] and reservoir networks [171]. More recently, transformers have

been used for time series forecasting [59, 208, 236] due to their ability to learn long-range

dependencies. Although these networks have high predictive capabilities, they are inherently

non-Markovian techniques. The state space of dissipative dynamical systems may or may

not be Markovian; however, if one assumes that there is a coordinate representation where

they are, then a Markovian method for time evolution would suffice. Moreover, reservoir

networks often have a latent space with dimensionality higher than the original state space,

which makes the models not reduced-order.

One dynamical systems-based approach to develop continuous-time models for forecasting

is the sparse identification of nonlinear dynamics (SINDy) method [12]. SINDy learns the

vector field f in Equation 1.18 as a sparse linear combination of functions derived from

a user-defined dictionary of candidate functions. A limitation of SINDy is that specifying

a suitable dictionary (especially for complex systems) can be challenging without domain

knowledge of the data. Moreover, SINDy generally requires time-derivative data of the state

for training, which are either provided or estimated through finite differences. In the latter

case, state data would need to be sufficiently small and noise-free; however, variations on

SINDY [220, 237] have been shown to relax this requirement. SINDy has also been combined

with autoencoders in [20], which allows one to learn the vector field on a reduced-dimensional
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latent space.

Another approach for time evolution is with the Koopman operator [15], which is a linear,

infinite-dimensional operator for evolving observable functions of a nonlinear, finite dimen-

sional dynamical system. The Koopman operator has ties to dynamic mode decomposition

(DMD) [197, 222], which is a data-driven method to find a best-fit linear time evolution

operator for the state; however, for general nonlinear problems, DMD provides a poor ap-

proximation of the Koopman operator. In extended DMD (EDMD) [240], the observable

functions are learned from a prespecified dictionary of observables on the data, which allows

for better generalization to nonlinear systems. In EDMD-DL (dictionary learning) [122],

the dictionary is learned with a neural network. The advantage of these Koopman-based

methods is that the dynamics are evolved with linear functions, which can help with control;

however, linear finite-dimensional systems, no matter the dimension, cannot capture the

chaotic behavior that is of our interest here.

1.4.2 Neural ordinary differential equations

The last method for data-driven forecasting that we discuss here is neural ordinary differential

equations (NODEs) [22]. The NODE is the basis for the work in Chapter 3, and more details

will be provided there. Given a state u at time ti, the time prediction at time τ in the future

is given by

û(ti + τ) = u(ti) +

∫ ti+τ

ti

fd(u(t′); θg) dt′, (1.19)

where û(ti + τ) is the NODE prediction of the state at the next sampled time instant, and

fd is the data-driven approximation of f .

The function fd is typically modeled with a deep feedforward neural network, and its

parameters θfd are optimized with the loss function

LNODE = 〈‖û(ti + τ)− u(ti + τ)‖22〉 . (1.20)
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The gradient of this loss with respect to the network parameters can be determined either

by backpropagating through the ODE solver using automatic differentiation or with a more

memory efficient adjoint method [22]. Here, the reconstruction loss for an integration time

horizon spanning only a single data spacing interval τ is depicted. While one could consider a

multi-step loss with a longer time horizon, doing so typically does not improve the results and

only serves to slow down the NODE training. Lastly, unlike discrete-time maps, the NODE

learns the continuous-time dynamics. Therefore, one has the option to evaluate a NODE

model with an integration time step that is smaller or even larger than the data spacing

τ . In recent work [16], it has been shown that EDMD-DL with a projection step onto the

state is equivalent to a nonlinear discrete-time flow map (e.g., NODE) in state space—with

this projection step, the evolution functions are no longer linear and the main advantage of

Koopman-based methods is lost. This equivalence between a NODE and EDMD-DL with

projection shown in [16] also demonstrates that a NODE can be structured as a method

that learns a set of high-dimensional features (dictionary elements), and then constructs the

vector field as a linear combination of them. An advantage of the NODE over SINDy is that

instead of prescribing a dictionary for the RHS, the NODE rather learns one. Additionally,

unlike SINDy, the data points of the state used for the NODE training can be spaced far

apart in time and non-uniformly.

1.4.3 Learning PDE solutions

The data-driven forecasting methods discussed so far have been based on a dynamical systems

approach. We now discuss methods that take a PDE approach, which aim to output the

solution of a PDE at a given time and spatial coordinate. These methods may or may not

be supplemented by the physics (i.e., the governing equations).

A widely used class of methods for combining physics and machine learning for learning

solutions to PDEs is physics-informed neural networks (PINNs) [101, 188], which have been

applied in areas such as fluid mechanics [189], nano-optics [25], and solid mechanics [70].
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PINNs use a physics-based loss term to learn PDE solutions that are physically consistent.

The physics-based loss term penalizes the residual of the PDE at collocation points, which

acts as a soft constraint to satisfy the PDE. While PINNs may also include a supervised

loss on the initial and boundary conditions from data measurements, the solution is mostly

influenced by the purely physics-based loss—therefore, PINNs are often regarded as ODE

or PDE solvers that are not data-driven. That said, the use of a PINN-like loss term in

data-driven frameworks is quite common. One example is in physics-informed deep learning

[187], where the data-driven loss is placed on points outside of the initial and boundary

conditions.

Since a soft constraint is used in PINNs, conservation laws are not exactly respected. To

satisfy specific conservation laws exactly, one can modify the architecture of the neural net-

work; some examples of enforcing these hard constraints include Hamiltonian structure [62]

and the divergence-free condition [163]. In [11], architecture-constrained neural networks are

used to enforce a set of hard constraints more generally by first linearizing them (which may

introduce approximation errors) and including them as fixed layers in the neural network.

Compared to traditional numerical methods, PINNs are effective in solving ill-posed and

inverse problems, and they are mesh-free (though collocation points could be considered as

a mesh). Recently, [100] demonstrated a machine learning-free method for solving inverse

problems that is faster and more accurate than PINNs. One disadvantage of PINNs is

that they are trained on a single set of initial conditions, boundary conditions, and PDE

parameters—retraining is necessary if any of these change. (Though this limitation is true for

most neural network-based methods.) Furthermore, PINNs typically do not have a natural

way to generate extrapolated PDE solutions outside the time horizon of the collocation

points. This ability to easily extrapolate in time is of interest to us when developing physics-

informed ROMs (which we will discuss later).

Another class of neural network-based methods for learning PDE solutions is neural

operators (NOs) [125, 142]. Unlike PINNs, NOs are data-driven (with the data generally
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coming from a PDE) and do not include physics-based information at collocation points (at

least in the original formulation). NOs aim to learn the PDE solution operator parametrized

to a family of PDE parameters and initial and boundary conditions, which addresses a

key weakness of PINNs. Similar to the universal function approximator property of neural

networks [82], there is a universal approximation theorem for operators [24]. While neural

networks learn a function to map an independent variable to a dependent variable, NOs

learn an operator that maps functions to functions.

The first NO, called DeepONet [142], maps the initial condition or forcing functions to

the PDE solutions at desired spatio-temporal coordinates. DeepONet has a dual architecture

that contains a branch net that extracts features from the input functions and a trunk net

that extracts features from the solution coordinates. In the case of kernel integral-based

NOs [126], the features are extracted from the input functions integrated with a kernel

function, which enables the NO to be discretization-invariant (i.e., the input functions can

be discretized on different meshes). In the Fourier NO (FNO) method [125], the kernel

function is restricted to a convolution, thereby allowing faster evaluations of the integral

using Fourier transforms. As a result of the FNO learning features based on the larger

wavenumber information of the data, it was shown to be capable of zero-shot super-resolution

of 2D turbulence data; however, obtaining this resolution-invariant property of the FNO

may be more difficult for datasets containing energy spectra that are not as broadband.

An extension of DeepONet, called L-DeepONet [114], applies DeepONet to a latent space

learned by an autoencoder. Work has also been done on physics-informed NOs [127, 234],

which include a PINN-like loss term on the PDE residual.

As a result of being trained on input functions that span a certain range of space-time

coordinates, NOs (like PINNs) cannot produce accurate solutions at extrapolated time in-

stances without special modifications to the architecture. To allow extrapolation in time,

[125] considered a variant of FNO that processes the input functions only at spatial coor-

dinates while the time component was accounted for with an RNN architecture; however,
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it was stated in [125] that the overall network became less expressive and more difficult to

train when using this RNN structure.

In general, the main selling point for PINNs and NOs is that they offer a faster alter-

native to traditional PDE solvers. While PINNs are generally regarded to be slower than

traditional solvers [63], NOs are often purported to be faster; however, the systematic re-

view conducted by [151] suggests that most NOs (at least in their current state) are still

slower than traditional solvers. In this thesis, we opt to take an approach more grounded in

dynamical systems for developing data-driven reduced-order models.

1.5 Outline of this work

As stated in the beginning of this chapter, this thesis is divided into two goals: 1) character-

izing the underlying physical structures embedded in wall-turbulence, and 2) developing an

efficient and accurate time evolution model that can ultimately be applied to predicting wall-

turbulence. We realize the first goal by developing a modal basis that satisfies the properties

of being learned from data, spatially-localized, and multiscale. In Chapter 2, we develop such

a basis by combining the energetic optimality of POD with traditional wavelet analysis to

form a data-driven wavelet decomposition (DDWD) [50]. We adapt and use DDWD to pro-

vide unambiguous evidence that one-dimensional (1D) signals of an experimentally-measured

turbulent pipe flow contain coherent structures (represented by the discovered wavelets) that

are self-similar across a wide range of scales—this result corroborates the AEH.

Towards the second goal, we develop a hybrid ROM that leverages physics-based informa-

tion to improve on a data-only ROM consisting of an autoencoder and a NODE. In Chapter

3, we apply the hybrid ROM to a chaotic dynamical system that is simpler than the NSE

but still exhibits spatiotemporal chaos. We show the hybrid ROM vastly outperforms the

data-only ROM in timeseries predictions. The hybrid ROM developed in Chapter 3 serves

as a proof-of-concept that physics and data can be blended together to synergistically model
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complex, chaotic systems.

The remaining chapters serve as supports for the two goals mentioned before. In Chapter

4, we explore field reconstruction using autoencoders in the case of sparse sensors—in this

realistic scenario, one only has partial access to the field of interest and needs to reconstruct

the entire field (e.g., reconstructing atmospheric data at all spatial positions from only a

sparse number of available sensors measuring quantities such as velocity or temperature).

We demonstrate that combining time delay embeddings with attention mechanisms across

space-time encodings allows superior field reconstruction of dissipative dynamical systems.

Lastly, in Chapter 5, we further adapt and extend DDWD for extracting multiscale structures

in three-dimensional (3D) turbulent channel flow. We discover a 3D orthogonal modal basis

that is self-similar in all three spatial directions for a wide range of scales.

We conclude this thesis in Chapter 6 with a brief summary of each chapter before dis-

cussing future work. First, we provide preliminary results on using convolutional autoen-

coders to discover the manifold coordinates of 2D HIT. We then show guidelines on using

the 3D modal basis developed in Chapter 5 as an “attached eddy basis”, which shows po-

tential to vastly reduce the number of degrees of freedom for modeling Reynolds stresses

and instantaneous velocity fields, as well as obtaining a picture of a representative attached

eddy’s appearance. Finally, we discuss approaches for merging both aspects of this thesis

(wavelet-based representation of physical structures, and hybrid ROM for forecasting) into

a cohesive ROM for wall-turbulence that is both structural- and physics-informed.
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2

Characterizing 1D structures in

turbulent pipe flow 1

This study aims to extract and characterize structures in fully developed pipe flow at a fric-

tion Reynolds number of Reτ = 12 400. To do so, we employ data-driven wavelet decompo-

sition (DDWD) [50], a method that combines features of proper orthogonal decomposition

and wavelet analysis in order to extract energetic and spatially localized structures from

data. We apply DDWD to streamwise velocity signals measured separately via a thermal

anemometer at 40 wall-normal positions. The resulting localized velocity structures, which

we interpret as being reflective of underlying eddies, are self-similar across streamwise ex-

tents of 40 wall units to one pipe radius, and across wall-normal positions from y+ = 350 to

y/R = 1. Notably, the structures are similar in shape to Meyer wavelets. Projections of the

data onto the DDWD wavelet subspaces are found to be self-similar as well, but in Fourier

space; the bounds of self-similarity are the same as before, except streamwise self-similarity

starts at a larger length scale of 450 wall units. The evidence of self-similarity provided in

this study lends further support to Townsend’s attached eddy hypothesis, although we note

that the self-similar structures are detected beyond the log layer and extend to large length

1The text of this chapter is adapted from the publication A. Guo, D. Floryan, and M. D. Graham,
Self-similar, spatially localized structures in turbulent pipe flow from a data-driven wavelet decomposition,
Journal of Fluid Mechanics, 971:A9, 9 2023 [68]
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scales.

2.1 Introduction

While statistical approaches dominated the first half of the 20th century in understanding

the dynamics of turbulence, the increasing availability of experimental and direct numeri-

cal simulation (DNS) data has enabled structure-based approaches to yield useful insights.

For example, in the viscous sublayer of wall-bounded flows, turbulent structures coherent in

space and time were discovered and characterized using hydrogen bubble visualization [112].

These structures consisted of streaks, which are spanwise-alternating regions of high-speed

and low-speed fluid, and quasi-streamwise vortices. From this characterization of the sub-

layer structures, the self-sustaining process (SSP) was developed and is now a widely accepted

model for how these structures sustain themselves [72, 96, 230]. It is evident that the detailed

characterization of turbulent structures is a necessary first step toward a mechanistic under-

standing and modeling of wall-bounded turbulence. Structures in wall-bounded turbulence

are reviewed by [193], [1], [94], and [152]. Proper orthogonal decomposition (POD), provides

one well-known approach to extracting flows structures from data, but has the drawback that

for systems with homogeneous directions, the resulting POD structure in those directions is

constrained to be purely sinusoidal, precluding direct identification of structure or localiza-

tion [80]. In the present work, we extend and apply a recently-developed data-driven wavelet

decomposition (DDWD) [50], which combines aspects of POD and orthogonal wavelet bases,

to experimental observations in high-Reynolds number pipe flow.

With an eye toward a structural model of wall-bounded turbulence, Townsend proposed

the attached eddy hypothesis (AEH) for asymptotically high-Reynolds number flows [219].

The AEH supposes that the main, energy-containing motion is made up of contributions

from attached eddies. Attached eddies are persistent flow patterns in the log layer whose

size scales linearly with their distance from the wall; they span the entire range of scales in
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the log layer and—critically—are presumed to be geometrically self-similar. The AEH makes

specific predictions for how the normal components of the Reynolds stress vary with distance

from the wall, which are borne out by experimental [83, 85, 116, 149, 241] and numerical

data [121]. Townsend did not commit himself to a particular form for the attached eddies in

his statistical AEH model. Inspired by [112], Townsend considered a physical, double-cone

model; unfortunately, it was inconsistent with the AEH, and Townsend’s modeling efforts

ended there.

Inspired by the flow visualization results of [76], [176] specified a shape for the attached

eddies, leading to their attached eddy model (AEM). In addition to making the same pre-

dictions as the AEH for the normal components of the Reynolds stress, their AEM also

yields the log law for the mean flow and predictions for streamwise spectra. They found that

all eddy shapes yield similar first- and second-order statistics, but predictions beyond basic

statistics are dependent on the shape of the eddy. A key point is that attached eddies, how-

ever they look, are spatially localized. More details on the AEM and subsequent refinements

are reviewed by [148].

Partly spurred by the success of the AEH, an increasing abundance of investigations have

explored whether self-similar coherent motions are present in wall-bounded turbulence. [217]

found that the spanwise length scales of conditionally averaged low-speed structures grew

linearly with distance from the wall, as attached eddies are supposed to. [36] found that, on

average, the spanwise and streamwise length scales of vortical structures grow roughly lin-

early with distance from the wall. [141] concluded the same for sweep and ejection structures,

and [86] concluded the same for structures of positive or negative velocity fluctuations. These

studies show that the length scales of various structures grow, on average, with distance from

the wall.

Evocative results were published by [37]. By conditionally averaging their three-dimensional

particle image velocimetry measurements based on spanwise swirl strength at a chosen dis-

tance from the wall, they extracted a structure with the shape of a horseshoe vortex. Re-
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peating the analysis at several distances from the wall, they found a similar shape at each

distance whose size grew with distance from the wall. The authors suggested that the shape

would make a sensible choice of a ‘representative eddy.’ Although the analysis was qualita-

tive and performed in the outer layer, it provided exciting hints of the presence of self-similar

coherent structures.

Recalling that Townsend’s eddies constitute the main energy-containing motions, [77]

used proper orthogonal decomposition (POD) to explore the existence of self-similar eddies in

turbulent pipe flow. These results were also highly evocative as the leading (most energetic)

POD modes collapsed on top of each other when scaled by their size. The self-similar POD

modes spanned a decade in wall-normal length scales, and the largest structures extended

into the outer region.

Although POD provides an approach to extract energetic structures from data, it has

the drawback that in homogeneous directions, the POD modes are constrained to be Fourier

modes, precluding direct identification of structure or localization [80]. Lumley has espoused

the view that such unlocalized structures should not be considered eddies [144, 145, 215].

A well-known formalism incorporating localization is that of wavelets. A wavelet basis

consists of elements localized in both space and scale. Traditionally, the basis elements are

formed by translations and dilations of a pre-specified vector called the mother wavelet; this

construction makes wavelets perfectly self-similar across scales. Due to their localization

and the space-scale unfolding they produce, wavelets have found much use in turbulence

[3, 43–46, 104, 105, 157, 158, 167, 198, 242]. More information about wavelets is available in

the brief review article by [211] and in the books by [35], [160], [147], and [55].

In applications, a drawback of wavelets is that there are many possible choices for the

mother wavelet. Naturally, one may wonder which wavelet is best suited for a particular

application. [103] considered this question in the context of atmospheric turbulence. Moti-

vated by the AEH, they sought to decompose flow variables into contributions from attached

(energy-containing) eddies and detached (negligible-energy) eddies. Katul and Vidakovic
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used an entropy-minimizing scheme developed by [30] to select the optimal wavelet from a

library of known wavelets. We emphasize that the shapes of the wavelets are still pre-specified

and that they are perfectly self-similar across different scales. These two features—common

in any traditional wavelet analysis—are undesirable if one’s goal is to extract structure from

data and to determine the degree of self-similarity of the data.

Motivated by the preceding discussion, [50] developed a technique called data-driven

wavelet decomposition (DDWD). DDWD integrates the data- and energy-driven nature of

POD with the space and scale localization properties of wavelets without imposing self-

similarity across scales. [50] applied DDWD to homogeneous isotropic turbulence and found

that the structures in the data (represented by the data-driven wavelets) were self-similar

for scales corresponding to the inertial subrange, reminiscent of the Richardson cascade.

Our goal in this work is to leverage DDWD as a data-driven basis of energetic, spatially

localized, multiscale vectors for characterizing the shape and self-similarity of structures in

wall-bounded turbulence. We extend and apply the technique to experimental measurements

in high-Reynolds number pipe flow. As we will show, we identify strongly self-similar, spa-

tially localized, energetic structures across a range of scales—candidate eddies. We describe

the experimental setup and measurements in Section 2.2. We then briefly review DDWD

in Section 2.3 and describe extensions to accommodate the presently analyzed experimental

measurements. Section 3.3 describes the structures that we identify, and we end by placing

our results in the context of the literature in Section 2.5.

2.2 Experimental setup

The analysis in this work is based on data acquired in the Princeton Superpipe facility, a

facility capable of creating fully developed pipe flow at high Reynolds numbers. The data

were acquired at a Reynolds number of ReD = UbD/ν = 608 000, with a corresponding

friction Reynolds number of Reτ = uτR/ν = 12 400, using a cross-wire thermal anemometry
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Figure 2.1: Wall-normal positions of the measurement probe.

probe. Here, Ub is the bulk velocity, D = 2R is the pipe diameter, ν is the kinematic viscosity

of the fluid, and uτ =
√
τw/ρ is the friction velocity, where τw is the wall shear stress, and

ρ is the density of the fluid. The pipe is hydraulically smooth for this operating condition

[154]. Details of the facility can be found in [248], and details of the data we use and the

measurement probe can be found in [56]; we recapitulate below.

The data consist of long time series of the streamwise velocity component measured at

40 distances from the pipe wall, with two time series taken at each distance. The mea-

surements at different distances from the wall were not simultaneous. The positions y of

the measurement probe are shown in Figure 2.1, with a superscript + denoting wall units

(non-dimensionalized by ν/uτ ). The measurements were acquired in three regions of the

flow: (I) the power-law region, (II) the log-law region, and (III) the wake region. Although

the log-law region is classically taken to start at y+ = 30 [183], experiments in the Superpipe

suggest that the mean streamwise velocity follows a power law for 50 < y+ < 600, with the

log law not taking hold until y+ = 600 [153].

Each time series consists of roughly 1.67 × 107 samples, sampled at Fs = 300 kHz, and

filtered using an analog 8-pole Butterworth filter at 150 kHz. We convert the temporal signals

to spatial signals using Taylor’s frozen field hypothesis, in which case distances between

consecutive samples range from 2.6 wall units at the measurement position closest to the

wall to 4.0 wall units at the measurement position furthest from the wall. The measurement
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Figure 2.2: Premultiplied PSD of u, measured at y+ = 350, without and with filtering at 25 kHz.

probe had a volume of 42 µm × 42 µm × 50 µm, or 8.0 × 8.0 × 9.5 wall units3. The length

of the wires in the measurement probe was 60 µm, or 11.4 wall units.

Since the time series were filtered at the Nyquist frequency of 150 kHz during collection,

the energy at the largest wavenumbers k corresponding to the measurement noise remains

unattenuated. We filter each time series again with a 2-pole Butterworth filter at 25 kHz.

Figure 2.2 shows the effect of this filter on the premultiplied power spectral density (PSD)

of the signal measured closest to the wall at y+ = 350 (the rest of the time series are affected

similarly by the same filter). The PSD, φuu, was estimated using segments that contained

219 elements, overlapped by 50%, and windowed with the Hamming window.

Before describing the method we will use to analyze the structure of the Superpipe data,

we estimate the largest coherent structure—or eddy—we can expect to find. The largest

eddies in a flow are usually referred to as the very-large-scale motions (VLSMs), and their

sizes can be obtained from the PSD of the streamwise velocity. Specifically, the initial peak

in the premultiplied PSD is taken to correspond to the VLSM [111]. Selecting this peak

can be difficult, however, since producing a good estimate of the PSD involves a tradeoff

between using longer data segments (yielding greater resolution in k) and more segments

(yielding less variance in the PSD estimate). Even though our time series are rather long,

the PSD in Figure 2.2 is the best we can produce without relying on using a moving-average



42

Figure 2.3: Heat map of the time correlation function at all wall-normal positions. Nτ = τFs is
the number of points needed to capture a time lag of τ [s], and τUb/R is the dimensionless eddy
turnover time.

filter in k-space. Estimating the location of the initial peak in the premultiplied PSD can

be fraught with uncertainty. To avoid the tradeoff involved in estimating PSDs, we opted to

use the time correlation function to estimate the largest expected coherent structure. The

heatmap of the time correlation function at all 40 wall-normal positions is shown in Figure

2.3, and it suggests all 40 time series are correlated up until 10 eddy turnover times. Since

Ub = 5.4 m/s and the mean velocity U only ranges from 4.2 to 6.4 m/s over the range of wall-

normal positions considered here, one can effectively say the structures at all wall-normal

positions are correlated in the streamwise direction up until O(1R) to O(10R). VLSMs have

previously been estimated to be O(10R) in length [111].

2.3 Data-driven wavelet decomposition

Data-driven wavelet decomposition was introduced by [50], and has its roots in POD and

wavelet analysis. First, we provide a conceptual overview of DDWD and its connections to

POD and wavelet analysis—for full details, we refer the reader to [50] and to Section 2.6.

We then describe the pre-processing steps and modifications needed to analyze the long time

series described in Section 2.2.
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2.3.1 Overview and connections to POD and wavelet analysis

We consider periodic vectors z ∈ RN , with N even, and a dataset {zi ∈ RN}Mi=1. Wavelets,

POD, and DDWD construct different orthonormal bases for RN . We interpret the basis

elements as structures. Wavelet basis elements are localized structures that are independent

of the data being analyzed. POD basis elements, on the other hand, tend to be global

structures, and they derive from the data under consideration. Specifically, POD basis

elements are constructed via an energy maximization problem and are thus interpreted as

energetic structures present in the data. DDWD combines the main features of wavelets and

POD, producing basis elements representing energetic, localized structures present in the

data.

For our purposes, the most useful way to think about wavelets is by the associated

subspaces. A wavelet basis splits RN into two orthogonal subspaces of dimension N/2: the

approximation subspace V−1, and the detail subspaceW−1. Subspace V−1 is spanned by N/2

mutually orthonormal even translates of the father wavelet, ξ−1, and subspaceW−1 is spanned

by N/2 mutually orthonormal even translates of the mother wavelet, ψ−1. (By “even”, we

mean the translates are shifted by an even number of mesh points.) The mother wavelet can

be constructed from the father wavelet, and vice versa. Traditionally, projecting a vector

in RN onto the approximation subspace V−1 yields a low-pass filtered version of the vector,

and projecting the vector onto the detail subspace W−1 yields a high-pass filtered version

of the vector (hence the nomenclature of “approximation” and “detail” subspaces). Since

V−1 and W−1 are orthogonal complements, the vector is equal to the superposition of these

two projections. The splitting of subspaces is performed recursively on the approximation

subspace, ultimately yielding a decomposition RN = V−p ⊕W−p ⊕ . . . ⊕W−1 for N = 2p,

illustrated in Figure 2.4. One may think of this decomposition as the direct sum of a

very coarse approximation subspace (V−p) and progressively finer detail subspaces (W−p to

W−1). At each stage l, V−l and W−l are respectively spanned by N/2l mutually orthonormal

translates of ξ−l and ψ−l. In a traditional wavelet basis, one specifies the mother wavelet,
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Figure 2.4: Subspaces formed by wavelets periodic in RN . The full space RN is composed of the
highlighted subspaces.

Figure 2.5: Haar wavelets on R8, following the style of Figure 2.4. The Haar basis for each
subspace is shown.

ψ−1, and all other basis elements derive from the mother wavelet. An example—the Haar

wavelet basis—is shown in Figure 2.5. Note two salient features of wavelet bases: spatial

localization of the basis elements, and self-similarity across stages (the wavelets at coarser

stages are essentially simple dilations of the mother wavelet).

POD can be considered in a similar light as wavelet analysis. Letting {uj}Nj=1 denote the

ordered set of POD basis elements, we have the following decomposition: RN = span(u1)⊕ . . .⊕ span(uN).

That is, POD decomposes RN into a direct sum of one-dimensional subspaces. Whereas

wavelet subspaces are ordered by scale, POD subspaces are ordered by energy content;

whereas wavelet subspaces are determined by the choice of the mother wavelet, POD sub-

spaces are determined from data.

DDWD combines POD and wavelet analysis. Namely, it maintains the subspace structure
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of a wavelet basis (shown in Figure 2.4, where each subspace is spanned by mutually orthonor-

mal translates of a single wavelet), but the wavelet at each stage is determined from data

by an energy maximization principle. Letting E(·) denote the energy of a dataset contained

in a subspace, orthogonality of the subspaces implies that E(V−l) = E(V−l−1) + E(W−l−1).

That is, whenever a subspace is split, the energy contained in it is also split. Motivated by

the observation that large-scale (or coarse) structures tend to be the most energetic ones in

fluid flows, each time we split a subspace, we design the subsequent subspaces so that the

approximation subspace contains as much of the dataset’s energy as possible. An analogous

approach is to progressively minimize the energy in the detail subspaces. The design of

the subspaces can be framed as an optimization problem. Consider an ensemble of M data

vectors forming the dataset Z = [z1 z2 . . . zM ] ∈ RN×M . The mathematical formulation for

finding the first-stage DDWD wavelet is

min
ψ−1

1
‖Z‖2F

N/2−1∑
m=0

‖ZTR2m(ψ−1)‖2︸ ︷︷ ︸
ME1

+λ2Var(ψ−1)

s.t. ψT−1R
2m(ψ−1) = δm0, m = 0, . . . , N/2− 1,

(2.1)

where Rq is the linear operator that circularly shifts its input by q (e.g., for ψ−1 = [a, b, c, d]T ,

R1(ψ−1) = [d, a, b, c]T ). Above, E1 denotes the mean energy of the data vectors projected

onto W−1, and F denotes the Frobenius norm. The first term in (2.1) is the fraction of the

dataset’s energy in the finest detail subspace (which typically contains the smallest scale).

The circular variance of the wavelet, which is bounded between 0 and 1, is penalized in the

second term to encourage the wavelet to be spatially localized. The results are robust to the

strength of the penalty parameter λ2, with the penalty term hardly affecting the wavelets’

ability to capture energy [50]. The reason is that the penalty term manipulates the phases of

each Fourier component of a wavelet to achieve spatial localization while essentially leaving

the magnitudes untouched. Moreover, we find that the shape of the wavelet found by DDWD
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is generally robust to the choice of λ2 across several orders of magnitude (see Section 2.6.2).

For the results in this work, we have used λ2 = 10−4.

The wavelets at later stages are found recursively. To find ψ−2, we project the dataset

onto V−1, replace N by N/2 and R2m by R4m in (2.1), and decrease λ2 by a factor of 4

[50]. In the end, DDWD produces an energetic hierarchy of spatially localized orthonormal

structures.

We emphasize two differences between DDWD and traditional wavelet analysis. The first

is that the concept of energy is built into DDWD. Whereas the stage of the decomposition

induced by a traditional wavelet basis is synonymous with the scale of the wavelets, this

is not necessarily the case for a basis produced by DDWD since energy is also taken into

account. Scale and energy are often related in fluid flows, however, in which case the energetic

hierarchy of structures found by DDWD will also be a hierarchy of scales.

The second difference is that self-similarity across stages is not built into DDWD. It bears

repeating that only energy is taken into consideration when finding structures at each stage

of the decomposition, and a separate optimization problem is solved at each stage. For data

that are not self-similar, neither are the basis elements produced by DDWD. The converse

is also true: self-similarity in the data manifests itself in self-similar basis elements. In [50],

DDWD applied to data from homogeneous isotropic turbulence produced self-similar basis

elements in the range of scales corresponding to the inertial subrange, while when it was

applied to white noise and data generated by the Kuramoto–Sivashinsky equation, the basis

elements were not self-similar. Determining the degree of self-similarity of structures in the

Superpipe data will feature prominently later in this work.

2.3.2 Pre-processing and modifications for long time series

Like POD, DDWD uses an ensemble of vectors (the data). Here, however, we have two long

time series of data (for each wall-normal position, which will be analyzed separately). We

form an ensemble by breaking the two time series into many shorter segments, as is done
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when estimating the PSD. Doing so introduces a number of issues that must be addressed:

how long should the shorter segments be; how can border effects be minimized; and how can

we efficiently capture very small and very large structures?

Data segmentation

We first address how to segment a long time series into an ensemble of shorter segments of

length N = 2p. The segments need to be long enough to capture the length of the largest

coherent structure—or eddy—in the flow. Figure 2.3 suggests we need p ≥ 15 to capture

the largest correlated structure; however, the last 2–3 stages of any wavelet basis contain

wavelets that are not spatially localized. We set p = 18 to ensure the largest spatially

localized wavelet represents the largest correlated/coherent structure.

Border effects

Following the classical discrete wavelet transform, DDWD implicitly assumes that signals are

periodic. Of course, this is not true for our segmented data. If a segment of data is treated as

periodic, there will generally be a discontinuity when the end of the segment is wrapped back

around to the beginning. A wavelet decomposition of a signal with a discontinuity generally

has high energy in the small-scale wavelets localized around the discontinuity. This border

effect could greatly distort the data-driven wavelets found by DDWD.

To circumvent distortions due to border effects, we turn to PSD estimators. PSD estima-

tors based on the discrete Fourier transform also implicitly assume periodic signals, so they

are also subject to border effects. To minimize border effects, estimators window the data

vectors before taking discrete Fourier transforms of them [184]. Windowing data consists

of multiplying the data by a function w that rises from zero to a peak of one and then

falls back to zero. We do the same, windowing our data vectors with a 50% Tukey window

before performing DDWD on them. [157] similarly windowed his non-periodic data before

performing a wavelet analysis. We have tested this procedure on windowed and unwindowed
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periodic data, finding that windowing does not affect the shapes of the data-driven wavelets.

The type of window used also does not have a significant impact. We double the number

of data vectors by overlapping the segments by 50%; this is a common practice to decrease

variance when estimating spectra [184] and doing so allows almost every part of the signal

to appear in our dataset unattenuated by the 50% Tukey window.

Since windowing data attenuates the signal, PSD estimators compensate for this atten-

uation in order to calculate accurate estimates of the energy contained within each Fourier

mode. For a window w ∈ RN , the attenuation caused by the windowing is counteracted by

dividing the energy in each Fourier mode by wTw/N , which is bounded between zero and

one [184]. Each DDWD subspace contains basis elements that (as a whole) span the entire

spatial domain, just like individual Fourier modes. Consequently, we can account for the

attenuation from the windowing by dividing the energy in Z and each DDWD subspace by

wTw/N . We account for the segment overlapping, which doubles our number of data vectors,

by further dividing the energy by 2. The additional factor arises for the following reason.

For the long time series u (before segmenting it), its energy is uTu. After we segment it with

50% overlap, we store the resulting segments in a data matrix Z. Each entry of u appears

twice in Z due to the 50% overlap (except entries near the beginning and end of u). Then the

energy in Z is ‖Z‖2F ≈ 2uTu. Note that multiplying the data by a constant does not affect

the optimization problem in (2.1) because of how the first term in the objective function is

normalized. Hereafter, l will denote the stage and El will denote the stage-l energy with the

factor of 2wTw/N accounted for.

Capturing disparate scales

An important issue is how to efficiently capture very small and very large scales. The very

smallest scales in the data will be of a size on the order of one element (2.6 to 4.0 viscous

lengths, depending on the wall-normal position) in our data segments, and the very largest

scales will be of a size on the order of 218 elements (55R to 85R). The constrained optimiza-
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tion problem in (2.1) is converted to an unconstrained optimization problem (see [50]) and

solved using the BFGS algorithm. The optimization problem scales poorly since evaluating

the converted objective function once has computational complexity O(N2 log2N + N2M)

and the number of iterations it takes the BFGS algorithm to converge grows with N (al-

though the rate of growth is unclear). This makes the problem intractable for data vectors

of length 218.

We solve this problem by exploiting the iterative nature of a wavelet decomposition and

the spatial localization of data-driven wavelets. In the first stage of DDWD, we find the

lowest-energy (typically finest-scale) structures. Since these first-stage structures tend to be

highly localized, we do not need long data vectors to capture them. Thus, we can perform

DDWD on an ensemble of short vectors of length Ns � N to capture the smallest-scale

structures.

The result of the first stage of DDWD will be wavelets of length Ns, which form part of

a basis for RNs . Ultimately, we need to work our way up to full-length vectors of length N

since we seek a basis for RN . Taking advantage of the spatial localization of the wavelets, we

simply pad them with zeros until their length is N . With the full-length first-stage wavelets

in hand, we use them to coarsen the full-length data vectors by projecting the data onto the

approximation subspace V−1 (see Figure 2.4). The projected data have length N/2 and are

simply coarsened versions of the original data. We proceed iteratively, performing one stage

of DDWD at a time on shortened segments of the coarsened data. The technical details are

in Section 2.6.1.

Note that once we have our data-driven wavelets, performing a wavelet decomposition

with them scales well with the length of the data vectors. It is only the algorithm used to

find the data-driven wavelets that scales poorly.
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Enforcing zero mean and validating against synthetic data

In traditional wavelet bases, ξ−18 from stage p = 18 is always a vector of ones and represents

the mean component of all elements in RN . Due to orthogonality, all wavelets ψ−l and their

translates must have zero mean. When using DDWD to generate a wavelet basis for a given

dataset, one can introduce a hard constraint to enforce zero mean on ψ−l [50]; however,

this hard constraint is generally not needed since the energetically minimal ψ−l that DDWD

finds also tends to have nearly zero mean. Nonetheless, we choose to enforce zero mean

on ψ−l in this work to mitigate a numerical issue that causes the wavelets in stages 13

and up to have artificially high wavenumber content. This numerical issue was found by

validating DDWD against synthetic signals composed of known wavelets (see Section 2.6.2

for details). Synthetic data were also used to demonstrate DDWD’s ability to uncover many

types of wavelets, its robustness to the variance penalty parameter λ2 across multiple orders

of magnitude, the necessity of windowing, and the validity of the modification to DDWD

described in Section 2.3.2.

2.4 Results

We apply DDWD to the Superpipe data described in Section 2.2. Starting with the mea-

surements made nearest to the wall (y+ = 350), in Sections 2.4.1 and 2.4.2 we respectively

examine the streamwise shape and degree of self-similarity of the localized structures we

compute. Extending the analysis to all wall-normal positions, in Section 2.4.3 we discuss

the computed structures’ streamwise self-similarity and the similarity across different wall-

normal positions. In Section 2.4.4 we examine projections of the data onto the computed

wavelet subspaces. Lastly, in Section 2.4.5 we derive how spectral power law scalings trans-

late to wavelet space and search for the presence of such scaling laws.



51

2.4.1 Shape of localized structures at y+ = 350

Figure 2.6a shows the wavelets contained in the 18-stage DDWD basis. For comparison, we

have also plotted Meyer wavelets. Each plot corresponds to a different stage of the wavelet

decomposition, showing the corresponding wavelet. The plot corresponding to “Stage 18a”

shows the basis element for the coarsest approximation subspace, V−18. For the first 15

stages, the range of the horizontal axis is progressively dilated by a factor of two. For

ease of comparison, we have shifted the wavelets and, in some cases, reflected them about

their horizontal axes (equivalent to multiplying the wavelet coefficients by −1). Although a

stage-l wavelet only has translational invariance with respect to shifts by 2l (i.e., the spacing

between its translates), shifting it by any integer is justifiable here since the translational

invariance of the data causes the energy contained in the subspace W−l to remain the same

no matter the shift value. We observe that the scale and stage of the DWWD wavelets are

synonymous. Note that for stages 15 to 18, the wavelets (from all bases) are not spatially

localized or self-similar because their scale approaches the length of the data segments.

Figure 2.6b shows the shapes of the stage-8 DDWD wavelet and the Meyer, Fejér-

Korovkin 6 (fk6), and Daubechies 2 (db2) wavelets; we chose these wavelets for comparison

since they have varying length scales (which we will quantify later) even within the same

stage. Figure 2.6c quantifies the similarity of these three known wavelets to the DDWD

wavelet with the inner product

α
(b1,b2)
l =

〈
ψ

(b1)
−l , ψ

(b2)
−l

〉
, (2.2)

where ψ
(b1)
−l is the stage-l wavelet belonging to basis b1 and similarly for ψ

(b2)
−l (in Figure 2.6c,

b1 is always the DDWD basis while b2 changes between the three known wavelet bases). The

absolute value of the inner product is bounded between 0 and 1. The DDWD wavelets ob-

tained from the Superpipe data are quantitatively most similar to Meyer wavelets. This sim-

ilarity was also noted when wavelets were computed from data from homogeneous isotropic
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(a)

(c)(b)

Figure 2.6: Comparing the 18-stage DDWD basis at y+ = 350 to three known wavelet bases.
(a) Superimposed wavelets (only DDWD and Meyer shown for clarity). (b) Stage-8 wavelets. (c)
Similarity between DDWD basis and known wavelet bases.
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turbulence [50]. Two potential reasons that the most energetic wavelets in these two datasets

are similar to Meyer wavelets, as opposed to fk6 or db2, is that Meyer wavelets are smoother

and have a larger length scale at any given stage. Velocity fields are smooth, so smooth basis

functions should give a better representation. As for the larger length scale, that may be a

consequence of the combination of smoothness and the orthogonality condition, or may be

connected to the fact that there is always a nonlocal aspect to incompressible flows because

of the global pressure constraint.

Note that at a given stage, wavelets across different bases can appear very different in

shape and width but still have an inner product close to 1 due to having similar Fourier

content. In what follows, we consider shapes to be similar when α
(b1,b2)
l & 0.95.

2.4.2 Self-similarity of localized structures at y+ = 350

We analyze the similarity of DDWD wavelets across stages, which reflects the streamwise

self-similarity of the velocity signal. To do so, we must introduce the scaling operator S. The

scaling operator is used when constructing a traditional wavelet basis, with ψ−l = Sψ−(l−1)

for all stages. The scaling operator defines our notion of self-similarity: we say that wavelets

across a stage are exactly self-similar when ψ−l = Sψ−(l−1), as is the case for traditional

wavelets. This operator essentially dilates its input wavelet by a factor of 2, as is evident

by comparing the Meyer wavelets from one stage to the next in Figure 2.6a (a precise

mathematical definition of S is given in [50]). In Figure 2.7a, the stage-l DDWD wavelets

ψ−l are plotted with solid red curves and the dilated, previous-stage wavelets Sψ−(l−1) are

plotted with dashed blue curves. The wavelets are apparently strongly self-similar across

adjacent stages.

To quantify the degree of self-similarity, we compute the inner product

αla,lb =
〈
ψ−la , S

la−lbψ−lb
〉
, la ≥ lb, (2.3)
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(a)

(b) (c)

Figure 2.7: (a) 18-stage DDWD basis at y+ = 350; solid red curves are ψ−l (or ξ−18 for stage 18a),
and dashed blue curves are Sψ−(l−1) (or Sξ−17 for stage 18a), where S essentially dilates its input
wavelet by a factor of 2. (b) Self-similarity across adjacent stages (i.e., inner product between the
normal and dilated wavelets), where the gray region covers the range of values encountered across
10 DDWD initializations. (c) Self-similarity across stages 1 through 15, where the dashed triangle
indicates the region of high self-similarity (αla,lb & 0.95).
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analogous to (2.2). Figure 2.7b shows αla,lb for la = l and lb = l − 1, which is the inner

product between the solid and dashed wavelets appearing in each subplot in Figure 2.7a. A

high degree of self-similarity (αl,l−1 & 0.95) across adjacent stages occurs in stages 2 through

11 and then in stages 14 and 15. The drop in self-similarity between stages 11 and 14 is

physical—spatially localized structures are no longer self-similar at these stages. However,

since the wavelets in the last 2–3 stages (stages 16 and beyond here) of any basis span the

whole spatial domain, we disregard them hereafter. Finally, we note (but do not show here)

that the drop in self-similarity at stage 11 is robust to decreasing the total number of stages

from p = 18 to p = 14.

Figure 2.7c shows αla,lb for la > lb, la ∈ [2, 15], quantifying the degree of self-similarity

across multiple stages. The results in Figure 2.7b appear along the main diagonal in Figure

2.7c. One can see that high self-similarity of ψ−l occurs in stages 2 through 11 across all

stages, not just adjacent stages.

Altogether, DDWD reveals that coherent velocity structures (induced by eddies) are

highly self-similar in stages 2 through 11. Defining a length scale λx for a wavelet as the region

centered about the origin that contains 90% of its energy, this range of stages corresponds

to λ+x = 20 through λx/R = 1.26. (Note, our definition for λx is justified in Section 2.6.3

and is unrelated to the Fourier wavenumber k.) Not only does DDWD give direct evidence

of streamwise self-similarity of localized structures in wall-bounded turbulence, but it also

reveals a surprisingly much larger range of self-similarity when compared to many statistical

and structural approaches. Section 2.5 includes a more detailed discussion comparing the

results obtained using DDWD to those in the literature.

2.4.3 Self-similarity of localized structures in wall-normal direc-

tion

Figure 2.8a shows DDWD bases for three wall-normal positions (one for each region defined in

Figure 2.1): y+ = 350, y/R = 0.10, and y/R = 0.59. The wavelets are shown as functions of
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(a)

(b) (c)

Figure 2.8: (a) DDWD bases at y+ = 350, y/R = 0.10, and y/R = 0.59. (b) Similarity across
adjacent stages for each basis. (c) Similarity across bases, where b1 is for the signal closest to the
wall and b2 is for the signal either in region II or III (regions defined in Figure 2.1).

time scaled by the eddy turnover time (using the mean streamwise velocity at y+ = 350). We

plot in time instead of space to avoid the slight dilation of the wavelets that would occur from

using Taylor’s hypothesis. For all wall-normal positions, stage is synonymous with scale for

the DDWD wavelets. For each wall-normal position, Figure 2.8b quantifies the self-similarity

of the wavelets across adjacent stages. Our observation of strong streamwise self-similarity

at y+ = 350 extends to the other wall-normal positions in the range of l ∈ [2, 11]. Figure

2.8c quantifies the self-similarity of the DDWD wavelets across wall-normal positions by

plotting the inner product in (2.2) computed between the wavelets at y+ = 350 and at the

other wall-normal positions. A high degree of wall-normal self-similarity is present for stages

l ∈ [1, 11].

Finally, we quantify the simultaneous self-similarity of the DDWD wavelets in the stream-
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ref

Figure 2.9: Self-similarity between the reference wavelet at lref = 8 and y+ref = 350 and all other
wavelets. Dashed horizontal lines separate the wall-normal regions defined in Figure 2.1. Solid
white lines are isolines of the streamwise length scale λx of the wavelets.

wise and wall-normal directions. To do so, we first choose a reference wavelet at stage lref = 8

and wall-normal position y+ref = 350. Then, we calculate the inner product between this ref-

erence wavelet and all spatially localized wavelets (l ≤ 15) at all wall-normal positions. We

denote this inner product as αref(l, y). Note that either the reference wavelet or the wavelet at

(l, y) is scaled up to stage max(l, lref) using the scaling operator S before computing αref(l, y)

(which is done in time, not space, to avoid slight dilations resulting from Taylor’s hypothe-

sis). Figure 2.9 plots αref(l, y). In Section 2.4.2, the DDWD wavelets at y+ = 350 exhibited

strong self-similarity for l ∈ [2, 11]; however, based on the criterion αref & 0.95, Figure 2.9

suggests a range of l ∈ [3, 10] for all wall-normal positions. The slight discrepancy in the

range of l is caused by the slight difference between αla,lb and αref(l, y); we will use the latter

range of l ∈ [3, 10] henceforth. Figure 2.9 suggests that DDWD wavelets, which form spa-

tially localized, energy-containing motions, are self-similar between streamwise length scales

of λ+x = 40 to λx/R = 1 and between wall-normal length scales of y+ = 350 to y/R = 1.

Here, the self-similarity of the data has been assessed by the self-similarity of the DDWD
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basis. In the next section, a (perhaps) more direct method is explored where we assess the

self-similarity of the data projected onto DDWD subspaces of different scales.

2.4.4 Self-similarity of wavelet projections

The stage-l wavelet projection Plzi denotes the projection of zi ∈ RN onto the detail subspace

W−l and is given by

Plzi =

N/2l−1∑
m=0

〈
R2lm(ψ−l), zi

〉
R2lm(ψ−l). (2.4)

Henceforth, Plu denotes the stage-l wavelet projection of the velocity signal u (or rather its

segments) onto the DDWD subspaces.

Wavelet projections, just like wavelets themselves, are multiscale. Larger-scale wavelet

projections occupy the smaller-k range, and vice versa. For y+ = 350, Figure 2.10 shows

the PSDs of u, Plu, and the wavelets themselves, ψ−l. As an aside, Figure 2.10 provides

another potential reason why DDWD uncovers Meyer-like wavelets: the lower spatial lo-

calization (and thus higher spectral localization) of Meyer-like wavelets allows a narrower

range of wavenumbers to be removed from the broadband velocity signal during the energy

optimization.

We assess the self-similarity of the wavelet projections in Figure 2.10 by comparing their

PSDs. Figure 2.11a shows the PSDs when scaled in k by 2l in order to account for the dyadic

progression of scales; they are also normalized to have unit norm. The self-similarity of Plu

is quantified by γla,lb , which is the inner product between the scaled and normalized PSDs

of scale la and lb; Figure 2.11b plots this inner product. Just as with α, we take γ & 0.95

to indicate a high degree of self-similarity. Unlike DDWD wavelets, the projections are not

highly self-similar until a much later stage of l = 6.

Similar to the approach used in Section 2.4.3, we calculate the self-similarity of wavelet

projections simultaneously in stage and wall-normal position by choosing a reference projec-

tion. We choose lref = 8 at the wall-normal position y+ref = 350 again, and denote this inner
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Figure 2.10: PSDs of u, its stage-l DDWD wavelet projections Plu, and the DDWD wavelets ψ−l
at y+ = 350. Note that the PSDs of the wavelets are manually shifted to be at the same height.

(a) (b)

Figure 2.11: (a) Scaled and normalized PSDs of the DDWD wavelet projections in Figure 2.10
for l ∈ [3, 13]. (b) Inner product between the curves in (a), where the dashed triangle indicates the
region of high self-similarity (γla,lb & 0.95). Highly self-similar projections of scales l ∈ [6, 11] in (a)
are colored red based on the triangular region in (b).
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(a) (b) (c)

ref ref ref

Figure 2.12: Same as Figure 2.9, except with the inner product γ, which quantifies the self-
similarity of the PSDs of wavelet projections using the (a) DDWD, (b) Meyer, and (c) db2 basis.
Solid white lines are isolines of the streamwise length scale λx of the wavelets.

product as γref(l, y); note that this inner product is done in frequency, not wavenumber,

to avoid slight dilations resulting from Taylor’s hypothesis. Figure 2.12 plots γref(l, y) for

the DDWD, Meyer, and db2 bases. DDWD wavelet projections are self-similar in y from

y+ = 350 to y/R = 1 and self-similar in x (across stages) up until wavelets of wavelength

λx/R = 1, exactly like DDWD wavelets (see Section 2.4.3). The only difference, however,

is the lower bound of self-similarity in x—DDWD wavelets are self-similar starting from

λ+x = 40, while the projections are self-similar starting from λ+x = 450. The reason for the

difference is that by comparing the spectra of the projections, we simultaneously account for

the shapes of the wavelets and the spectral content of the data, which yields a more stringent

criterion for self-similarity. Figures 2.12b and 2.12c show that projecting the data onto tradi-

tional wavelet bases (with pre-defined and exactly self-similar shapes across scales) leads to

overprediction of γref in x by several stages since only spectral content is taken into account:

γref & 0.95 for l ≥ 6 (λ+x ≈ 300) when using Meyer wavelets and for l ≥ 4 (λ+x ≈ 60) when

using db2 wavelets. So even though Meyer wavelets may closely resemble DDWD wavelets

(see Figure 2.6), this result shows one advantage to using the DDWD basis rather than a

prescribed wavelet basis for performing tasks such as projections.

We now tie the results back to the AEH, which states that eddies in the log layer grow

in size with distance from the wall and are self-similar. The energy-optimality principle of

DDWD allows the shape of the DDWD wavelets and the DDWD wavelet projections to be
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each used as a criterion for measuring the self-similarity of the velocity. Our method defines

self-similarity somewhat indirectly—if two quantities (e.g., wavelets) across different stages

are strongly similar (i.e., have an inner product value & 0.95), we say they are self-similar.

The critical (and often-made) assumption is that self-similar fluctuating velocity signatures

arise from self-similar eddies. In x, DDWD shows that eddies have a high degree of self-

similarity from scales of λ+x = 40 (based on the wavelets) or λ+x = 450 (based on the wavelet

projections) up to λx/R = 1, which is the streamwise extent of LSMs. VLSMs of streamwise

extent λx/R = O(10R) may also be self-similar, but to a lesser degree. In the wall-normal

direction y, our results suggest that eddies are self-similar not just in the log layer but below

and well above it.

The self-similarity of the velocity in x may correspond not only with attached eddies, but

also with eddies associated with the energy cascade. In the next section, we determine the

range of stages that accompany two spectral scaling laws: the k−5/3 law related to the energy

cascade, and the k−1 law related (loosely) to self-similarity of wall-bounded turbulence.

2.4.5 Energy and spectral scaling laws

The log law for the streamwise turbulence intensity, uu, is a key feature of wall-bounded

turbulence that has been widely observed in experiments and simulations [83, 121, 149,

195, 241]. There are three models that have derived this log law. The first is Townsend’s

AEH [219], which was a statistical model that assumed the contributions to the turbulence

intensity from attached eddies were self-similar. The second is the AEM [176], which was

a physical model inspired by the AEH that assigns a shape to the attached eddies. The

third is the spectral AEM [178], which relied on scaling and dimensional arguments to argue

that the PSD of u should exhibit a k−1 power law in an intermediate range of wavenumbers;

integrating the PSD gives a log law for uu. So, the spectral AEM shows that a k−1 power

law in the PSD of u is consistent with the existence of a log law for uu. Transitively, one

could then say that the existence of a k−1 power law would be consistent with the existence



62

of geometrically self-similar eddies proposed by the AEH.

Here, we attempt to search for a k−1 scaling in wavelet space instead of k-space. As

discussed in Section 2.3.1, the energy contained in a signal is partitioned into the highlighted

wavelet subspaces in Figure 2.4. The mean energy of our dataset (segments of u) contained

in subspace l is

El =
1

M

M∑
i=1

‖Plzi‖2 =
1

M

M∑
i=1

N/2l−1∑
m=0

∣∣∣〈R2lm(ψ−l), zi

〉∣∣∣2 . (2.5)

For a signal of length N = 2p, El is defined for stages l ∈ [1, p] (the detail subspaces) and

stage pa (the final approximation subspace). At stage pa, ψ−l in (2.5) is replaced by ξ−p.

We call the distribution of energy amongst these subspaces the wavelet energy distribution

(WED).

The key difference between the PSD and the WED is that the PSD gives the energy per

unit wavenumber, while the WED gives the energy contained in a range of wavenumbers.

Assuming self-similar wavelets, El gives the energy across a range of wavenumbers ∆kl ∼ 2−l

(see Figure 2.10). Therefore a quantity analogous to the PSD, which we call the wavelet

power spectrum (WPS), is Ẽl = El/∆kl ∼ 2lEl, as used by [157]. Meneveau’s definition of

the WPS was carefully normalized to match the energy contained in the continuous signal.

The normalization does not change how El scales with l, which is our main interest.

We now discuss the equivalence of power laws between the PSD, WED, and WPS. Since

the wavelength λx of a wavelet is proportional to both 2l and 1/k (k being the central

wavenumber of the wavelet), a power law of φuu(k) ∼ k−γ in the PSD will appear either as

Ẽl ∼ (1/λx)
−γ ∼ (1/2l)−γ ∼ 2γl or El ∼ 2(γ−1)l. The power law scaling for the WED can

also be derived by integrating a power law for the PSD across wavenumbers corresponding

to adjacent stages:

El ∼
∫ 2−(l+1)

2−l
k−γ dk =

21−γ − 1

1− γ
2(γ−1)l. (2.6)

Henceforth, we work with the WED. Therefore γ = 5/3 and γ = 1 lead to El ∼ 22l/3 and
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(a) (b)

Figure 2.13: (a) Wavelet energy distribution (WED) of the signal measured at y+ = 350 calculated
using the DDWD basis and 3 known wavelet bases (the green and purple curves overlap). (b) Two
versions of the DDWD WED from (a), one of which is premultiplied. Note, error bars are standard
errors.

El ∼ 20 ∼ constant, respectively.

As before, we first discuss the WED results for the velocity signal measured closest to

the wall. Figure 2.13a shows the WED for this signal when El is computed with the DDWD

basis and three traditional wavelet bases. As seen in Figure 2.13a and its inset, El is lower

in the DDWD basis until stage l = 14, which is the most energetic (but not the largest)

stage. The reader will note that the WED at stage 18a (which corresponds to the squared

mean) is non-zero despite u having zero mean. The reason is that, like the PSD, the WED

is estimated from an ensemble of segments of u which may themselves have non-zero mean.

By appropriately multiplying the WED of the DDWD basis, the two power laws in Figure

2.13a appear as plateau regions in Figure 2.13b. Note that the WED plotted on the right

vertical axis in Figure 2.13b is the same as that in Figure 2.13a, except plotted with a linear

scale for the vertical axis to better discern whether a plateau region exists. A plateau region

corresponding to a k−5/3 scaling is not significant, which is common for measurements close

to the wall [195, 223]. Nonetheless, one can still say that the inertial subrange occurs around

stages 6 through 9, and that the self-similarity results found previously for these stages may

also be attributed to the energy cascade and not solely to the energy-containing motions from

Townsend’s AEH. A plateau region corresponding to a k−1 scaling is even less apparent.
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Figure 2.14: (a) Wavelet energy distribution (WED), calculated using the DDWD basis, at all
wall-normal positions. This plot is analogous to a premultiplied PSD spectrogram.

Figure 2.14 shows El (calculated with the DDWD basis) at all wall-normal positions.

This plot is analogous to a premultiplied PSD spectrogram, where a k−1 scaling would

manifest as a flat region. There is a relatively flat region for y+ . 1000 and 12 ≤ l ≤ 15.

In the premultiplied PSD spectrograms of other studies, a flat region appears at a similar

location and is referred to as the “outer peak” [83, 84]. In [84], they propose that the outer

peak corresponds to the presence of VLSMs, which is consistent with our data since l ≈ 13

corresponds to λx = O(10R) (see Figure 2.7a). The spectral AEM [178] states that the k−1

law associated with attached eddies exists at length scales in the overlap of the O(y) region

(stages 6 through 11 here) and the O(R) region (stages 11 through 15 here)—therefore,

although a somewhat flat region appears at l ≈ 13 in Figure 2.14, it occurs at length scales

that are too large to be considered a true k−1 law that is associated with attached eddies.

A k−1 power law is rarely observed in experiments and simulations [28, 166, 195]. One

possible reason for the frequent absence of a k−1 power law is that it is only expected to

appear when there is enough scale separation in the flow, which occurs at high friction

Reynolds numbers. [148] estimate that Reτ = O(106) is required to observe even a small

region with k−1 scaling, which is not achievable except in the atmospheric boundary layer.

Since our Superpipe data has Reτ = O(104), a k−1 power law is not expected to appear
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clearly. Moreover, [89] showed that even without the presence of a k−1 power law, the

framework of the spectral AEM can still successfully yield a log law for uu, which is a key

feature of wall-bounded turbulence. Therefore, within the context of the spectral AEM, the

existence of a k−1 power law may not be a necessary feature of wall-bounded turbulence.

As for whether geometric self-similarity is a feature of eddies in wall-bounded turbulence, a

consensus has not been reached. In the next section, we compare the self-similarity results

found by DDWD to the results of other methods.

2.5 Comparison of ranges of self-similarity

Several turbulent structures have been found and studied in the literature, many of them

displaying self-similarity across a range of scales. Here, we compare the ranges of self-

similarity for these structures and for the localized structures found herein via DDWD.

Hairpin vortices, first proposed by [216], may be attached eddies. These coherent struc-

tures are theorized to be generated in a bottom-up process [1, 217, 257]. At the smallest

scale, hairpin vortices of height O(100δν), where δν is a wall unit, are generated in the viscous

layer. Then, these hairpin vortices merge with each other in a pairing process to give larger

hairpin vortices, which in turn form packets of hairpin vortices (e.g., LSMs and VLSMs) with

height ∼ 0.3δ to 1δ, where δ is the turbulent boundary layer (TBL) height. However, this

bottom-up generation process is not universally agreed upon. [49] showed that the structure

and dynamics of LSMs and VLSMs in the outer region were not affected upon suppressing

the generation of hairpin vortices in the viscous layer. Furthermore, [258] used correlation

methods to show that the accumulation of streaks in the buffer layer is not necessary for

the generation of LSMs. On the other hand, a top-down process was found in which LSMs

induced the spanwise drift of streaks.

Another candidate for attached eddies is the structures related to the SSP [72, 231],

namely quasi-streamwise vortices and streaks. Although SSP structures are generally con-
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sidered to exist only in the buffer layer, [40] found exact coherent states (ECS; see [106] and

[61]), corresponding to SSP structures, that exist in the outer region and are self-similar. Fur-

ther support of SSP structures being self-similar is found in [87] and [33], where overdamped

large-eddy simulations (LES) were used to isolate structures at a specific scale. In these

simulations, the SSP structures representing attached eddies were found to be self-similar;

note that an “attached eddy” in this case is composed of the dynamically interconnected

quasi-streamwise vortices and streaks. The largest self-similar attached eddy was found to

be comprised of a streaky motion of streamwise extent 15h (h is the channel half-height) and

height ∼ 0.15h that is surrounded by quasi-streamwise vortices of streamwise extent 3 ∼ 4h

and height 0.75h ∼ 1h. This aspect ratio of the self-similar SSP structures is maintained

throughout the outer region all the way down to the viscous layer at O(10δν). The largest

streak component resembles a VLSM and the largest quasi-streamwise vortices component

resembles LSMs. Furthermore, the overdamped LES results imply that turbulence can be

sustained at each individual scale without any forcing from smaller scales, thus lending more

support against the bottom-up generation of vortices discussed previously.

An operator-based method called resolvent analysis was shown to produce reconstructed

velocity fields containing self-similar, wall-attached structures [88, 152, 162]. Resolvent anal-

ysis expresses the nonlinear term in the NSE as an input forcing to the resolvent (linearized

NSE) to obtain the output velocity response. Results show that the velocity response modes

are self-similar, and the reconstructed velocity field contains self-similar structures that are

attached to the wall [152]. These structures are confined to the log region and interestingly

show a quadratic scaling of streamwise extent with distance from the wall instead of a linear

scaling as proposed in the AEH.

A method to isolate coherent structures that are physically attached to the wall is spectral

coherence analysis (SCA) [4, 6]. SCA uses the magnitude of the cross-spectrum of a two-

point streamwise fluctuating velocity signal (one measured at the wall, and one measured

in the log layer) to measure the coherence of structures with the wall at each scale 1/k. By
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arguing that a self-similar hierarchy of attached structures manifests in a certain pattern

in the cross-spectrogram, it was shown that a TBL flow contained self-similar attached

structures for heights 80δν to 0.71δ and streamwise wavelengths O(1000δν) to ∼ 10δ. These

extents were found to be universal for a friction Reynolds number range of O(103) to O(106).

The aspect ratio and range of attached-eddy heights found using SCA correspond closely to

those of the self-similar SSP structures found using overdamped LES in [87] and [33].

Modal decomposition techniques, like DDWD, aim to represent coherent structures with

modes. In [77], the radial POD modes of pipe flow were found to be self-similar for heights

150δν to 0.6R. In [233], three-dimensional POD modes of a turbulent channel flow were

decomposed into individual eddies called “POD eddies;” the wall-attached POD eddies were

found to be physically self-similar for heights O(100δν) to 0.4h. In [73], a wavelet decompo-

sition in time (using db20 wavelets) and POD in space were performed on TBL flow, which

yielded modes that were self-similar up to height ∼ 0.5δ.

Table 2.1 compares the ranges of self-similarity found by the methods discussed above

to the ranges DDWD finds. Compared to the studies above, our DDWD results suggest

similar ranges of self-similarity of eddies: streamwise extent starting from 40δν (based on

the wavelets) or 450δν (based on the wavelet projections) up to 1R (and possibly O(10R)),

and heights starting from 350δν to 1R. Since the closest measurement of the velocity was

at 350 wall units, the true lower bound for the self-similarity in the wall-normal direction

of the flow experiment may be smaller like in other studies. Finally, we note that while the

DDWD wavelet projections give a lower bound of streamwise self-similarity that matches

well with other studies, the same cannot be said about DDWD wavelets—one reason could

be that DDWD wavelets are uncovering self-similarity of coherent structures related to the

energy cascade, rather than the AEH, at these smaller scales.

2.6 Additional details about use and validation of DDWD



68

Method x1/δν x2/δo y1/δν y2/δo Reτ Type Data

Flow
visualization
[1, 217, 257]

varies varies O(100) ∼0.3–1 varies varies varies

Overdamped
LES: streaks [87]

1000 15 10 0.15 1000–2000 channel sim.

Overdamped
LES: vortices [87]

200–300 3–4 50–70 0.75–1 1000–2000 channel sim.

Spectral
coherence
analysis [6]

1120 10 80 0.71 2000–
1.4× 106

TBL varies

POD [77] n/a n/a ∼150 ∼0.6 1300-2500 pipe exp.

POD eddies [233] ∼600 ∼1.5 ∼130 ∼0.4 2000 channel sim.

POD + wavelet
transform [73]

∼200 ∼2 ∼50 ∼0.5 235 TBL exp.

DDWD: wavelets 40 ∼1 350 1 12400 pipe exp.

DDWD: wavelet
projections

450 ∼1 350 1 12400 pipe exp.

Table 2.1: Comparison of DDWD to other methods in estimating the range of streamwise self-
similarity, [x1, x2], and wall-normal self-similarity, [y1, y2], of attached eddies in simulation (sim.)
and experimental (exp.) datasets of wall-bounded turbulence. δν is a wall-unit, and δo is the outer-
length scale.
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2.6.1 Details of obtaining an 18-stage DDWD basis

As mentioned in Section 2.3.2, one iteration of the optimization problem has a computational

complexity of O(N2 log2N + N2M), and the number of iterations required for the BFGS

algorithm to converge grows with N . The optimization problem is intractable for N = 218.

To make the problem tractable, we use the fact that wavelets are spatially localized.

The principal idea behind drastically reducing the computation time of DDWD is to find

shortened wavelets of length Ns � N , and then pad them with zeros until they have length

N . As long as a wavelet of length N is localized within a region of length less than Ns, it can

be accurately represented by a wavelet of length Ns. Reciprocally, a wavelet of length Ns

that is localized can be extended to a wavelet of length N by padding it with zeros. Since the

spatial extent of a wavelet increases with the stage l roughly as 2l, our idea will seemingly

only work for the early stages of the wavelet hierarchy corresponding to small-scale wavelets.

We circumnavigate this issue by working with filters (also called wavelet generators) instead

of directly working with wavelets. In what follows, we provide a minimal background on

how filters are used to produce a wavelet basis (further details appear in [50]), and how we

modify the approach to create an optimization problem that is tractable for large N .

We work in the space RN . A first-stage wavelet basis for RN is an orthonormal basis of

the form

{R2mu1}N/2−1m=0 ∪ {R2mv1}N/2−1m=0 . (2.7)

That is, RN is spanned by N/2 mutually orthonormal even translates of u1, v1 ∈ RN . The

two sets in (2.7) are respectively bases for the subspaces V−1 and W−1 that appear in Fig-

ure 2.4. The vectors u1 and v1 are called filters, with u1 being equal to the father wavelet

ξ−1 introduced in Section 2.3.1, and v1 being equal to the mother wavelet ψ−1. A key point

is that wavelets can be constructed from the filters, and working directly with the filters

confers computational advantages.

The orthonormality conditions for v1 and its even translates can be stated in Fourier
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space as

|v̂1(n)|2 + |v̂1(n+N/2)|2 = 2 , n = 0, 1, . . . , N/2− 1, (2.8)

where ˆ denotes the discrete Fourier transform (DFT). For a vector z ∈ RN , z(n) is its

nth component, indexed beginning from zero. The same conditions hold for u1, and addi-

tional conditions are needed to ensure that the even translates of u1 and v1 are mutually

orthonormal. Given a v1 that satisfies (2.8), u1 can be constructed from v1 (and vice versa)

so that (2.7) is an orthonormal basis.

For N = 2p, one can construct a pth-stage wavelet basis for RN corresponding to the p

stages of the wavelet hierarchy in Figure 2.4. To do so, we require p sets of filters. Since the

dimension of subspaces V−l and W−l is N/2
l, the filters become progressively shorter at later

stages; specifically, ul, vl ∈ RN/2l−1
. The filter vl at stage l must satisfy the orthonormality

constraints in (2.8) (with N replaced by N/2l−1), and ul can be constructed from vl.

Given the filters, the wavelets at stage l are given by

ψ−l = u1 ∗ U(u2) ∗ U2(u3) ∗ . . . ∗ U l−2(ul−1) ∗ U l−1(vl), (2.9)

ξ−l = u1 ∗ U(u2) ∗ U2(u3) ∗ . . . ∗ U l−2(ul−1) ∗ U l−1(ul), (2.10)

where ∗ denotes convolution and U is the upsampling operator. The upsampling operator

doubles the length of its input and is defined by U(z)(n) = z(n/2) for n even and 0 for n

odd. The N/2l translates by 2l of ψ−l and ξ−l span subspaces W−l and V−l, respectively.

Since the wavelets are constructed by repeated convolutions of the filters, localized filters

yield localized wavelets. For traditional wavelets, the stage-l wavelet has a fixed length N

and is localized over a length proportional to 2l. Conversely, the corresponding filters have

varying lengths of N/2l−1 but are localized over constant lengths. We will make use of this

feature for our modified DDWD algorithm.

In DDWD, we find optimal filters stage by stage. At the first stage, the filters have length

N , making the optimization problem intractable for N = 218. At stage l, the filters have
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(a) (b)

Figure 2.15: Filter v1 (equivalently, wavelet ψ−1) from the Meyer and stretched Meyer basis in
real space (a) and Fourier space (b).

length N/2l−1, making the optimization problem easier as we move to later stages. Thus for

large N , only the initial stages are intractable, so only the initial stages need to be modified.

In the initial stages, the length over which filters are localized will be Ns = 27 or less;

the reason is as follows. Figure 2.15 shows v1 = ψ−1 and its PSD for a Meyer wavelet

in blue. One can confirm orthogonality of the first-stage Meyer basis, since each pair of

PSD values located symmetrically around the frequency bin n = N/4 satisfies Equation

2.8. Generally, wavelets less spatially-localized are more localized in Fourier space; from

this idea, we can construct the “stretched Meyer” wavelet shown in Figure 2.15, which is

the most spatially-localized wavelet in Fourier space that still satisfies the orthogonality

condition. The stretched Meyer wavelet is computed using Fourier modes with magnitudes

as depicted in Figure 2.15b and phases matching those of the normal Meyer wavelet. Figure

2.15a suggests that v1 from any orthogonal wavelet basis for RN will have a spatial extent

less than 26 = 64 (or Ns = 27 = 128 to be safe), provided the phases of v̂1 are manipulated

to decrease spatial-localization of v1 (which is what the variance penalty term in Equation

2.1 does).

We now discuss the modified DDWD algorithm. Let Z ∈ RN×M contain an ensemble of

M data vectors of length N . The wavelets (and corresponding filters) at the first stage will

be highly localized, permitting us to use data vectors of length Ns � N to find them. In

this work, we use Ns = 2ps = 27. The first step is to resize Z into Zs ∈ RNs×MN/Ns so that

Zs contains the shortened data vectors. Standard DDWD is then applied to Zs to solve for
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v1s ∈ RNs , which has computational cost O(N2
s logNs + N2

s (MN/Ns)) per iteration of the

BFGS solver. Moreover, the BFGS solver requires far fewer iterations to converge for a lower-

dimensional problem. Then, the filter v1s is padded with zeros until it has length N to give

the full-length filter v1. In general, padding yields a filter v1 that is slightly non-orthogonal

to its even translates. This is easily remedied by multiplying the Fourier coefficient pairs

that appear in (2.8) by the unique positive real number that will make condition (2.8) hold,

restoring the orthonormality property. Next, v1 is used to project Z onto the subspace V−1

to form Z1 ∈ RN/2×M . The coarsened data matrix Z1 is used to calculate the filter at the

next stage, v2, the same way Z is used to calculate v1. Note that as we move on to the next

stage, the dimension of the coarsened dataset is halved, making the optimization problem

increasingly tractable. We repeat this process recursively until stage l = p− ps + 1, at which

point the coarsened dataset has dimension 2ps without being shortened. From this stage

onward, DDWD without modifications is performed.

In the end, the modified algorithm returns the full p-stage DDWD basis for RN but with

vastly reduced computing time. The computational savings are enabled by only ever directly

using data vectors of maximal length Ns � N . Crucially, presupposed localization of the

wavelets allows us to use shortened data vectors without distorting the resulting wavelets,

and the validity of this presupposition can be checked after the fact (we have checked that

Ns = 27 is indeed sufficient).

2.6.2 DDWD validation using synthetic, self-similar signals

To validate the results produced by DDWD, we test whether the algorithm can correctly

recover the shape of a wavelet from a synthetic signal that is a superposition of a known

wavelet across many scales and locations.

We construct the synthetic signal so that it mimics the velocity measurement at y+ = 350

in the Superpipe. The synthetic signal, usynth, has length 224. We generate usynth by specifying

values for its wavelet coefficients and then perform an inverse discrete wavelet transform. The
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(a)

(b)

(c)

Figure 2.16: Robustness of DDWD to the strength of the variance penalty parameter λ2 for
synthetic signals composed of (a) Meyer, (b) fk6, and (c) db2 wavelets (b1 is the corresponding
wavelet basis and b2 is the DDWD basis). Refer to Figure 2.6b for the shapes of these wavelets.

coefficients corresponding to each wavelet subspace are sampled from a normal distribution

and then normalized such that the energy in each wavelet subspace matches the WED in

Figure 2.13a (we choose to match the WED of the Meyer wavelet in that figure). The energy

in stages l ∈ [19, 24] is set equal to zero. We create a dataset of vectors of length 218 from

this signal the same way that we created a dataset from the Superpipe velocity signal.

First, we test the robustness of DDWD to the strength of the variance penalty parameter

λ2. To measure the ability of DDWD to uncover the wavelet from which the synthetic dataset

is built, we calculate the inner product α
(b1,b2)
l from (2.2) between the DDWD wavelets and

the pre-specified wavelet. As in Section 3.3, α
(b1,b2)
l & 0.95 is considered highly accurate.

Figure 2.16a shows that DDWD is accurate for stages 1 through 14 across two orders of

magnitude of λ2 when the synthetic dataset is constructed from Meyer wavelets.

Next, we test the accuracy of DDWD when applied to synthetic datasets constructed from

fk6 or db2 wavelets. Figures 2.16b and c show that DDWD is able to accurately recover the

underlying wavelets. Furthermore, the results are extremely robust to the value of λ2. In

what follows, we fix λ2 = 10−4, which is the value that we use when applying DDWD to the

Superpipe data.

Finally, we test the robustness of DDWD to the energy distribution of the synthetic

signal. The synthetic dataset is constructed from Meyer wavelets and matches the WED
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...

Figure 2.17: Results of DDWD applied to a synthetic dataset generated from Meyer wavelets
using the WED of the Superpipe signal measured at the centerline. Label “normal” indicates that
a zero mean was enforced for the DDWD wavelets. Plotted are (a) wavelets at relevant stages and
(b) accuracy at each stage with b1 as the true basis and b2 as the computed DDWD basis.

of the Superpipe velocity at y/R = 1 (see Figure 2.14). Figure 2.17 shows that DDWD is

accurate for stages 1 through 14 when the wavelets are enforced to have zero mean (labelled

“normal”). A zero mean was enforced for the previous tests and for the application to the

Superpipe data. When a zero mean is not enforced, the results are less accurate. The

accuracy begins to decrease past stage 12, which is where the energy peaks. Similarly, the

accuracy in Figure 2.16 begins to decrease past stage 14, which is where the energy peaks for

the corresponding dataset. The results produced by DDWD seem to be most reliable in the

range of scales where the energy monotonically increases with scale, which is likely related

to DDWD minimizing energy scale by scale. As is shown, the results become more accurate

as the amount of data increases. Overall, the validation results here indicate that DDWD is

accurate for all wall-normal positions from stage 1 through stage 14.
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2.6.3 Defining the length scale of a wavelet

There is no consensus for how to measure the length scale of a wavelet, which we denote

with λx. (Note, our definition for λx here is unrelated to the Fourier wavenumber k.) The

most common approach is to calculate the center wavenumber of the wavelet, kc, which is

the wavenumber corresponding to either the peak or the first moment of the wavelet’s PSD.

However, we find that the center wavelength, λc = 2π/kc, is usually too small. For example,

the stage-11 wavelet in Figure 2.7a has λc ≈ 0.6R, which we find to not be reflective of

the length scale of the wavelet since λc covers approximately one oscillation while a wavelet

consists of several oscillations.

Our method for measuring λx involves centering an interval about the center of a wavelet

and shrinking the support of the interval from both ends until it contains only 90% of the

wavelet’s energy; the length of the interval is λx. The 90% threshold is not arbitrary. We

calculate the wavelet energy distribution (WED), which is the energy in the detail subspaces

at each stage, and plot it with stage converted to 2π/λx—a 90% threshold leads to the best

overlap with the premultiplied PSD. (See more details on the WED in Section 2.4.5.) As

seen with the stage-11 wavelet in Figure 2.7a, our method for calculating λx = 1.26R seems

to better reflect its length scale than λc.

2.6.4 Extending DDWD to 2D and 3D data

While we only work with 1D data in this paper, we briefly discuss how DDWD can be

extended to 2D and 3D analyses. In 1D, we maximize the energy in the approximation

subspace (contains low-wavenumber information) at each stage. For each stage in 2D, we

have two options for the energy maximization. The first option is to maximize the energy

in the 2D subspace containing low-wavenumber information in both directions. The second

option is to perform 1D DDWD in each direction, then take a tensor product of the 1D bases

to get a 2D DDWD basis.
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2.6.5 Relation between wavelet projection and filtering

Insert this sentence into Section 2.4.4: DDWD wavelets act similarly, but not equivalently, to

band-pass filters (see Section 2.6.5 for how a wavelet projection can deviate non-linearly from

a filtering operation). Here, we interpret the properties of the wavelets found by DDWD.

The first observation is that DDWD wavelets are less localized in real space when compared

to traditional wavelets at the same stage (see Figure 2.6b), which means they are more

localized in k space. The second observation is that Figure 2.10 suggests a wavelet projection

projection is equivalent to a filtering operation, since the convolution theorem states that

the filtering of two signals in real space is the same as element-wise multiplication of them in

k-space. These two observations imply that for the Superpipe signal measured closest to the

wall, its wavelet projections have minimal energy (area under the curve) when the wavelets

are narrow in k space – which seems intuitive. One might wonder if DDWD applied to any

broadband signal will return wavelets that are narrow in k space – the answer is no (example

shown at end of this section) due to dissimilarites between wavelet projections and filtering.

We will show that performing a wavelet projection of a signal is similar, but not equiva-

lent, to filtering the signal with the wavelet. Consider a signal u partitioned into segments

{zi ∈ RN}Mi=1. The definition for the wavelet projection onto the detail subspace W−l, re-

peated from the main text in Section 2.4.4, is

Plzi =

N/2l−1∑
m=0

〈
R2lm(ψ−l), zi

〉
︸ ︷︷ ︸

c
(1)
l (m)

R2lm(ψ−l), (2.11)

(As stated in the main text, Plu will be used interchangeably with Plzi; we also drop the

subscript on zi henceforth for simplicity.)

The result of filtering z with ψ−l (or vice-versa) is the cross correlation cl = ψ−l ?z, where
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the jth component of the vector cl ∈ RN is given by

cl(j) =
〈
Rj(ψ−l), z

〉
. (2.12)

Not sure to include or not: As a side note, cl is referred to in the wavelet community as

the Continuous Wavelet Transform (CWT) of z using wavelet ψ−l; the CWT, which is not

aptly named since it can refer to either the analog or digital transform, uses (typically) non-

orthogonal wavelets at non-dyadic scales in an overcomplete mapping. cl is, by definition,

the result of a filtering operation; further evidence of this fact can be shown in Fourier space

as follows. By using the convolution theorem along with the Fast Fourier Transform (FFT),

cl can be quickly computed with

cl = z ∗ ψ̃−l =
(
ẑ ˆ̃ψ−l

)∨
, (2.13)

where the ∗ denotes convolution, the ˜ denotes conjugate reflection, the ˆ denotes Fourier

transform, and the ∨ denotes inverse Fourier transform. Figure 2.18a confirms that the cross

correlation of z and ψ−l (or convolution of them but with one of them conjugate reflected)

in real space is equivalent to element-wise multiplication of them in Fourier space. Figure

2.18a suggests the wavelet projection Plu and cl look very similar in k space when ψ−4 is

a DDWD wavelet (although not shown, Plu and cl also look very similar in real space) –

Plu may also be the result of filtering z with ψ−4. But in Figure 2.18b, with ψ−4 being a

db2 wavelet, one can clearly see nonlinear effects that suggest the wavelet projection isn’t

exactly analagous to a filtering operation.

We now investigate how the wavelet projection is similar to a filtering operation. Let

c
(1)
l ∈ RN/2l−1 be the vector whose components are the coordinates of the wavelet basis

spanning W−1 (see Equation 2.11). We can write c
(1)
l = D

(1)
l cl, where D

(1)
l : RN → RN/2l is
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(a) (b)

Figure 2.18: Results for Superpipe signal u(x) at y+ = 350. Plotted are the PSD (e.g., for u,
plotted is |û|2) of various quantities calculated using a stage-4 (a) DDWD and (b) db2 wavelet. See
text for the definitions of the quantities.

the first (of two) downsampling operator we define by

(
D

(1)
l cl

)
(m) = cl(2

lm) , m = 0, 1, . . . , N/2l − 1. (2.14)

For every 2l components of its input, D
(1)
l takes the first and skips the other 2l − 1. As will

be needed later, we define a second downsampling operator D
(2)
l : RN → RN that is similar

to the first; for every 2l components of its input, D
(2)
l still takes the first component, but

now zeros-out the other 2l − 1 components. Let c
(2)
l = D

(2)
l cl, where D

(2)
l is formally defined

with (
D

(2)
l cl

)
(j) =


cl(j) , j

2l
∈ N0

0 otherwise

, j = 0, 1, . . . , N − 1. (2.15)

Let Ψ−l be the square matrix containing Rj(ψ−l) in its (j+1)th column for j = 0, 1, . . . , N−1.

Since Ψ−l is a circulant matrix that is diagonalized by Fourier modes, an alternative form of

the DWT projection in Equation 2.11 is

Plz = Ψ−l c
(2)
l = F−1 diag(ψ̂−l)F c

(2)
l =

(
ψ̂−l

ˆ
c
(2)
l

)∨
= ψ−l ∗ c(2)l , (2.16)

where F is the DFT matrix. One can see from Figure 2.18 and Equations 2.13 and 2.16 that



79

cl results from filtering z with ψ−l (i.e., convolution of z with ψ̃−l), while Plu results from

filtering
˜
c
(2)
l with ψ−l.

We now investigate how the wavelet projection deviates from a filtering operation. Let

fN be the Nyquist frequency of cl. When computing c
(1)
l = D

(1)
l cl, the f > fN/2

l frequencies

become heavily aliased into the f ≤ fN/2
l frequencies (see Figure 2.18). Putting zeros in

between the components of c
(1)
l to get c

(2)
l makes

∣∣∣∣ ˆ
c
(1)
l

∣∣∣∣2 repeat 2l times with alternating

directions (I don’t know how to mathematically show this). Finally, Plu is obtained by using

ψ−l to convolve c
(2)
l (or to filter

˜
c
(2)
l ). Clearly, computing a wavelet projection there are non-

linear effects in addition to a filtering operation when one computes a wavelet projection.

We return to the original question of whether broadband signals will always have wavelet

projection with minimal energy (minimal area under the PSD) when using wavelets narrow

in k space. are used – the answer is no. To see this, we first make a (lengthy) comparison

of wavelet projections to filtering. Consider a synthetic signal made of db2 wavelets, which

we generate following the procedure in Section 2.6.2, with a WED mirroring that of the

Superpipe signal closest to the wall. DDWD correctly uncovers db2 wavelets as having

minimal energy (see Figure 2.16c). Figure 2.19 shows various PSDs but for the synthetic

signal (note that c
(1)
l is flat in k space due to being sampled from a normal distribution in the

procedure described in Section 2.6.2). This result for the broadband synthetic signal suggests

a wavelet wider in k space can help minimize the energy of wavelet projections better than

one narrower in k space – this counterintuitive result is due to the wavelet projection not

being exactly analogous to a filtering operation.

2.7 Conclusions

DDWD was used to extract energetic, spatially localized structures from experimental mea-

surements of the streamwise velocity in a fully developed turbulent pipe flow in the Princeton

Superpipe. The structures—which we interpret as being reflective of underlying eddies—were
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(a) (b)

Figure 2.19: Results for a synthetic db2 signal constructed with El taken at y+ = 350. Plotted
are the PSD (e.g., for u, plotted is |û|2) of various quantities calculated using a stage-4 (a) db2
(what is found by DDWD) and (b) near-top-hat wavelet (taken from Figure 2.18). See text for the
definitions of the quantities.

found to be self-similar across streamwise extents of 40 wall units to one pipe radius, and

across wall-normal positions between y+ = 350 to y/R = 1. We found that the structures

were similar in shape to Meyer wavelets. An analysis of the spectra of projections of the data

onto DDWD subspaces yielded the same bounds for self-similarity except with streamwise

self-similarity starting at a larger length scale of 450 wall units. This wavelet projection

metric might be more accurate since it considers both the shape of the wavelet (learned from

data) and the Fourier content of the data, and since some studies [6, 87] propose the lower

bound of streamwise self-similarity starting at O(100)–O(1000) wall units.

While our bounds for streamwise self-similarity are consistent with the literature, the

large range of wall-normal self-similarity seems contrary to the AEH [219], which states that

attached eddies are self-similar only in the log layer; however, self-similarity of structures

well beyond the log layer has been observed in other studies as well [6, 77, 87].

Characterizing attached eddies is an important first step in gaining mechanistic insight

for how they are generated and sustained. In our previous work with HIT data [50], DDWD

returned self-similar, Meyer-like wavelets for stages corresponding to the inertial subrange.

For the Superpipe data, the inertial subrange corresponds to stages 6 through 9 (450 wall

units to ∼0.3 pipe radii); however, here we see self-similar, Meyer-like wavelets starting from
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stage 3 and ending at stage 10 or 11 (note, wavelet length scales increase by a factor of ∼2

with stage). While it is interesting that DDWD returns Meyer-like wavelets for two different

types of turbulent flows, two caveats should be made. First, for both datasets, our 1D

wavelets can only speak to 1D self-similarity of structures, and thus cannot provide detailed

information about 3D structure (e.g., degree of isotropy). Second, for the Superpipe data,

DDWD cannot differentiate between velocity structures induced by anisotropic attached

eddies and those induced by isotropic eddies corresponding to the energy cascade—especially

since the mechanisms governing these two types of eddies are likely coupled and complex.

DDWD wavelets are a natural choice for extracting spatially localized, multiscale velocity

structures (induced by eddies) from data. In search for eddies that are physically attached

to the wall, future efforts will be directed toward applying DDWD to multi-dimensional data

and developing a DDWD analog of the spectral wall-coherence method given in [4, 6].
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3

Hybrid reduced-order modeling 1

While data-driven techniques are powerful tools for reduced-order modeling of systems with

chaotic dynamics, great potential remains for leveraging known physics (i.e. a full-order

model (FOM)) to improve predictive capability. We develop a hybrid reduced order model

(ROM), informed by both data and FOM, for evolving spatiotemporal chaotic dynamics on

an invariant manifold whose coordinates are found using an autoencoder. This approach

projects the vector field of the FOM onto the invariant manifold; then, this physics-derived

vector field is either corrected using dynamic data, or used as a prior that is updated with

data. In both cases, the neural ordinary differential equation approach is used. We consider

simulated data from the Kuramoto–Sivashinsky and complex Ginzburg–Landau equations.

Relative to the data-only approach, for scenarios of abundant data, scarce data, and even an

approximate FOM (i.e. erroneous parameter values), the hybrid approach yields substantially

improved time-series predictions.

3.1 Introduction

The ability to efficiently and accurately forecast complex systems is highly sought after in

many applications. Sometimes we know the full physics of these systems and can perform

1The text of this chapter is adapted from the publication A. Guo and M. D. Graham, Blending data and
physics for reduced-order modeling of systems with spatiotemporal chaotic dynamics, arXiv, 7 2025 [67]
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simulations by discretizing and solving the governing equations—this is the case where we

have an exact “full-order model" (FOM). Since multi-query tasks such as control or design

demand the FOM to be evaluated many times, directly solving the FOM is computation-

ally prohibitive for systems exhibiting multiscale, spatiotemporal chaos. Moreover, using

the FOM to calculate adjoint models and/or Jacobians (as for downstream tasks such as

optimization or finding invariant solutions) is even more computationally intractable than

simply time-integrating the FOM. Often times, however, we only have partial knowledge of

the physics (e.g. flows of complex fluids)—this is the case where we only have an approxi-

mate FOM, and the discussion on how fast it is to evaluate/use for high-fidelity modeling

becomes moot. For these reasons, here we are interested in developing high-fidelity, compu-

tationally efficient reduced-order models (ROMs) of the long-time dynamics of systems with

complex spatiotemporal chaotic behavior. In this work, we combine data-driven methods

with a physics-based FOM (which can be exact or approximate) to develop a hybrid ROM

for forecasting spatiotemporally chaotic systems, demonstrating that using even an approx-

imate FOM can substantially enhance predictive performance relative to an approach using

only data.

Perhaps the simplest approach for hybrid data-physics ROMs for systems governed by

partial differential equations, is the “proper orthogonal decomposition (POD)-Galerkin"

method [81]. POD, also known as principal component analysis (PCA), uses data to dis-

cover an orthogonal basis ordered by variance (energy in the case of fluid flow): I.e. the

first basis vector points in the direction of maximal variance in the data set, and so on.

In POD-Galerkin, the governing equations are projected onto a subset of the POD basis,

yielding evolution equations for the POD amplitudes. This approach has been applied to the

Navier-Stokes equations in an effort to develop low-dimensional models of turbulent flows

[58, 81, 221]. A significant limitation of POD-Galerkin is that it implicitly takes the data to

lie on a linear subspace of the full state space (i.e. a flat manifold), which is not generally

a good assumption, and may lead to a very large number of POD modes being required to
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yield good performance.

Nevertheless, while data from a high-dimensional system such as the Navier-Stokes Equa-

tions (NSE) may not lie in a linear subspace, it is expected at long times to lie on a finite-

dimensional invariant manifold because of energy dissipation [164, 249]. The foundation

of the present work is in using simulation data to find a coordinate representation of this

invariant manifold, and then finding the vector field that determines the dynamics on this

manifold. For the first step of finding a nonlinear coordinate transformation to an invari-

ant manifold, one can use an undercomplete autoencoder [60, 79]. An autoencoder uses a

feedforward neural network to map data from the state space to a low-dimensional latent

space, and another neural network for the reverse mapping. AEs have been used to reduce

dimension in turbulent flows [161, 168, 208] and other chaotic partial differential equation

(PDE) systems [115, 120]. For the second step of learning the dynamics on the manifold

coordinates, one can use the neural ordinary differential equations (NODEs) [22] method.

Using the time-dependent data, a NODE learns the vector field (right hand side, or RHS)

of the dynamical system governing the data as a neural network. The latent space coor-

dinates found using an autoencoder can also be forecasted with recurrent neural networks

(RNNs), as demonstrated in [150, 228]); more general approaches for reduced-order, dynam-

ical modeling can be found in [19, 48, 140]. We denote the approach of using a NODE to

time-evolve the low-dimensional latent space given by an autoencoder as “data-driven mani-

fold dynamics" (DManD) [128]. Altogether, DManD is a purely data-driven ROM. DManD

has been previously used for reduced-order modeling of several chaotic dynamical systems

[52, 53, 91, 129, 131, 135, 137, 246, 250, 251]. Incorporating symmetries in DManD sub-

stantially aids in training efficiency and predictive performance [92, 173, 186]. Linot and

Graham [134] found that with fewer than 20 degrees of freedom, a DManD model of weakly

turbulent plane Couette flow quantitatively captured key features of the flow that required

1000 degrees of freedom in a POD-Galerkin approach, despite the DManD approach having

no information about the underlying governing equations. The present work illustrates how
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to augment DManD with a FOM.

Dimension reduction aside, a widely used method for combining physics and machine

learning for learning solutions to PDEs is physics-informed neural networks (PINNs) [101,

188]. PINNs use a physics-based loss term that penalizes the residual of the PDE at collo-

cation points to learn PDE solutions that are physically consistent. While PINNs may also

include a supervised loss on the initial and boundary conditions from data measurements,

the solution is mostly influenced by the purely physics-based loss—therefore, PINNs are

often regarded as ODE or PDE solvers that are not data-driven. Nonetheless, the use of a

PINN-like loss term in data-driven frameworks is quite common. One example is in physics-

informed deep learning [187], where the data-driven loss is placed on points outside of the

initial and boundary conditions. In [127, 234], a PINN-like loss term is used with neural

operators [125, 142], which are data-driven techniques for learning PDE solution operators.

For the most part, PINNs are not designed to produce accurate solutions outside the time

horizon of the collocation points used in training, though some work [109] has been done to

address this issue. By contrast, predicting forward in time over an arbitrarily long horizon

is the central topic of the present work. Because PINNs are not necessarily data-driven, not

reduced-order, and not designed for time-series prediction, we do not consider this approach

further.

We now arrive at the physics-based method on which our hybrid ROM described later is

based. This method is called Manifold Galerkin (MG) [120]. MG is an accurate FOM-based

method that nonlinearly projects the governing equations onto a manifold learned from data

in the form of an autoencoder. That is, Manifold Galerkin is similar to POD-Galerkin,

just with a nonlinear rather than linear coordinate transformation to a lower-dimensional

manifold. The approach of using MG assumes an exact FOM is known. Although the MG

model provides the vector field in a reduced-dimensional space (which can then be time-

integrated for trajectory predictions), it is often more expensive to integrate than the FOM

because the vector field must still be evaluated in the original high-dimensional state space
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at each time step. The authors of [120] suggest hyper-reduction approaches (i.e. reducing

the mesh size on which the FOM is evaluated) to address this problem of MG, which has

been demonstrated in [194]. MG will be discussed in more detail in Section 3.2.2.

To the best of our knowledge, [204] is the only work besides ours that uses MG as a

physics-based method to inform a data-driven forecasting model. In that work, the authors

developed a hybrid physics-informed NODE (PINODE) method, which applies a soft con-

straint to the vector field on an autoencoder latent space learned by a NODE; this soft

constraint drives the RHS learned by the NODE to the RHS of the MG model, where the

former is more efficient to integrate than the latter. Our hybrid ROM (described next)

differs from the PINODE method [204] in a few key ways, which are described in Section

3.2.3. Another hybrid method is presented in [172], where the FOM (subject to some ap-

proximation error) is directly combined with a reservoir computing network to forecast the

state space of a chaotic system; however, since reservoir networks have a hidden state with

dimensionality higher than the original state space, this hybrid method is not a ROM. Addi-

tionally, reservoir networks are inherently non-Markovian techniques (which is also true for

RNNs [226, 227] and transformers [59, 208, 236]) that use past history information to make

time series predictions. For data that comes from a memoryless dynamical system such as

differential equation, these approaches do not maintain this dynamical systems structure.

Our aim is to develop reduced-order models that maintain a differential equation structure.

In this paper, we combine the purely data-driven approach DManD with the physics-

based MG method to develop a hybrid ROM framework that we call physics-informed

DManD (PI-DManD). We describe our methods for constructing the hybrid ROM in Section

3.2. In Section 3.3, we apply the approach to the prediction of spatiotemporal chaos in the

Kuramoto–Sivashinsky equation when varying the amount of training data and the accuracy

of the physics-based prior information provided by MG. Section 3.4.3 includes results for

the complex Ginzburg–Landau equation (CGLE) [2, 205], another system exhibiting spa-

tiotemporal chaos. In all cases, PI-DManD leads to substantial improvements in predictive
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capability relative to the data-only DManD approach.

3.2 Methods

We work with state space data u ∈ Rdu , where du is the state space dimension, sampled with

uniform data spacing τ . Given time series data of u generated from a PDE or experiments,

we aim to develop a ROM that can be used for time evolution predictions. Besides reducing

the number of degrees of freedom in the system, we desire the ROM to give accurate short-

time predictions and long-time predictions that capture key statistical features of the true

attractor.

Here, we use a single long time series of u as the dataset. Initial transients are removed,

so the data lies on an attractor that is embedded in an invariant manifold of the underlying

dynamical system. We denote this dataset as {ui}Mi=1, where ui = u(ti) is the snapshot of

the state at time instant ti and M is the number of snapshots. The time series data come

from the underlying (ground truth) autonomous dynamical system

du

dt
= f(u;µ) , (3.1)

where f is the true vector field that depends on physical parameters µ (e.g. domain length).

Unless the data are from simulations, f and µ are generally not known. Still, one often

has some knowledge or model of the underlying physics. Assume that we know a full-order

model (FOM) of the true dynamical system in Equation 3.1, written as

du

dt
= fFOM(u;µFOM) , (3.2)

where fFOM is the vector field for the model and µFOM are the physical parameters of the

FOM. The field fFOM may only be approximate due to the lack of full first-principles knowl-

edge of the system, while µFOM may only be approximate if the data are from experiments
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and there is uncertainty in the parameters.

In Section 3.2.1, we start by describing a solely data-driven ROM. Then in Section 3.2.2,

we discuss how the MG method [120] uses the FOM in Equation 3.2 to create a physics-based

time evolution method. Lastly, we present our hybrid ROM in Section 3.2.3, which uses the

MG method to incorporate physics knowledge, while also using data to correct for the FOM

approximation errors that are not addressed by MG.

3.2.1 Data-driven manifold dynamics (DManD)

We first find a low-dimensional, high-fidelity latent representation of u for which to build

the ROM. To do so, we will use an undercomplete autoencoder [78] to discover a coordinate

transformation to (and from) a low-dimensional latent space representation h ∈ Rdh , where

dh < du. As mentioned in the Introduction, dissipative systems often have long-time dynam-

ics that lie on an invariant manifold with dimension dM � du. While it is generally difficult

to determine dM, there are a variety of methods for estimating it [39, 253] (see Section 3.4.3

for a discussion of one such method and how we applied it to the CGLE). Since we consider

data ui living on an attractor that is embedded in an invariant manifold, an autoencoder can

in principle be trained to find a latent space whose components represent the coordinates on

this manifold. We note that finding the coordinates on the invariant manifold and learning

the dynamics on it can become complicated with the presence of noise, though some work

[220] has been done to address this challenge.

An autoencoder consists of two back-to-back neural networks. The encoder E nonlinearly

maps ui to hi = E(ui). The decoder D performs the reverse mapping ũi = D(hi), where ũi is

the reconstructed snapshot. We minimize the reconstruction error of the autoencoder (AE)

with the loss function

LAE = 〈‖ui −D(E(ui; θE); θD)‖22〉i , (3.3)

where θE and θD are, respectively, the neural network parameters of the encoder and decoder
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networks and 〈·〉i denotes an ensemble average over a batch of training snapshots. Here, and

elsewhere, we use stochastic gradient descent to minimize the loss function.

With the autoencoder in hand, the DManD approach to reduced-order modeling learns

a dynamical system in the latent space:

dh

dt
= g(h) , (3.4)

where g is the true vector field in the manifold coordinates. We train a neural ODE (NODE)

[21] to approximate this function. Given a latent state h(ti), one can calculate

ĥDManD(ti + τ) = h(ti) +

∫ ti+τ

ti

gd(h(t′); θgd) dt′ , (3.5)

where ĥDManD(ti + τ) is the NODE prediction of the latent state at the next sampled time

instant, and gd is the data-driven approximation of g. We model gd with a deep feedforward

neural network and optimize its parameters θgd with the loss function

LDManD = 〈‖ĥDManD(ti + τ)− h(ti + τ)‖22〉i . (3.6)

Here, we only consider the reconstruction loss for an integration time horizon spanning a

single data spacing interval τ . While one could consider a multi-step loss with a longer

time horizon, we find that, for the systems studied here, doing so does not improve the

results and slows down training. Nevertheless, the use of a multi-step NODE loss may be

helpful in some situations, such as for time-delay embeddings of partially observed data

[246]. In the results, we will increase the data spacing τ used in the NODE training. Lastly,

we note that it has been recently shown [16] that the NODE approach is equivalent to a

Koopman-operator-based method called extended dynamic mode decomposition with dictio-

nary learning (EDMD-DL) [122] with a projection step onto the state.

Overall, this combination of an autoencoder and a NODE to build a ROM is coined
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(a) (b)

(c)

+ =
Figure 3.1: Data-driven manifold dynamics (DManD) is a data-driven ROM that reduces dimen-
sion of the state u with an autoencoder (a) and evolves trajectories with a vector field on the latent
space h learned by a neural ODE (b). (c) Physics-informed DManD (PI-DManD) is a hybrid ROM
that uses Manifold Galerkin to project the vector field on the full order model (FOM) fFOM onto
that of the latent space, learns a neural network approximation of the latent space vector field as
gmn, and either uses a corrective neural ODE gc to fix numerical and FOM approximation errors
(PI-DManD-c) or uses gmn as a Bayesian prior for training a DManD model (PI-DManD-B).

data-driven manifold dynamics (DManD) [128]. A schematic of DManD is depicted in Figure

3.1(a) and 3.1(b). As a side note, NODE models can be stabilized for long-time predictions by

following [136], in which the integrand gd(h; θgd) in Equation 3.5 is modified to gd(h; θgd)−ah,

where a > 0. Although [136] found that adding the linear damping term ah primarily benefits

the case where there is no dimension reduction (i.e. a NODE is used to approximate fFOM),

we include the damping term nonetheless when learning gd since doing so also has no negative

effects (we use a = 10−3 for this paper). The size of the damping term does not affect the

performance of the ROM as long as it is a few orders of magnitude smaller than the magnitude
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of the data (order 1 here). Lastly, we note that it is possible to simultaneously learn a latent

space and a NODE model; however, we find that jointly training an autoencoder and a

NODE model often requires more expressive networks, leads to slower training convergence,

and does not yield improved performance.

3.2.2 Manifold Galerkin

We now present the formalism for the Manifold Galerkin (MG) method proposed in [120],

which directly expresses the vector field fFOM in the manifold coordinates h. Using the chain

rule and substituting u = D(h; θD) into the FOM in Equation 3.2 yields

dh

dt
=
dE(u)

du

du

dt
=
dE(u)

du
fFOM(D(h; θD);µFOM) , (3.7)

Let the Jacobian of the coordinate transformation between u and h be expressed as

∂E(u)

∂u
= JE(D(h; θD); θE) . (3.8)

Since E(u) is a neural network, automatic differentiation can be used to easily compute JE .

Substituting this expression for JE into Equation 3.7 yields the final equation for MG:

dh

dt
= gm(h; θE , θD, µFOM),

gm = JE(D(h; θD); θE) fFOM(D(h; θD);µFOM) .

(3.9)

As discussed in Section 3.2.1, the autoencoder is trained on data living on the invariant

manifold. As a result, assuming the FOM and its parameters are exact (i.e. fFOM = f and

µFOM = µ), the full vector field is tangent to the invariant manifold coordinates found by

the autoencoder. Then, we also have that gm(h) given by MG is the true vector field on the

invariant manifold, expressed in the manifold coordinates h.

Although MG in Equation 3.9 has the appearance of a ROM since it provides the vector



92

field in the latent space h, it is in fact even slower to solve than the FOM. At each timestep,

MG not only retains the expense of computing fFOM, but must also first decode h to u and

evaluate a Jacobian (which, for JE , involves another encoding step). Work has been done

to accelerate the MG method using hyper-reduction techniques [194], which aim to perform

approximate FOM computations that are independent of the ambient dimension du. Overall,

MG is a physics-based method (but not a ROM) that projects the physics of the FOM onto

the manifold coordinates found with a data-driven autoencoder.

The run-time expense of MG can be overcome by using a neural network to learn an

approximation of the function gm(h). Since we know the functional form of fFOM(u), we can

use the data points ui to generate fFOM,i = fFOM(ui). If the data come from simulations

of the FOM, then fFOM,i is already computed at each time step of the simulation, so we

can store it instead of recomputing it. Otherwise, the step to generate fFOM,i from ui for

i = 1, . . . , N only needs to be performed once as a preprocessing step. We then calculate the

MG output data gm,i = JE(ui)fFOM,i for all i. We denote the neural network for mapping

the inputs hi = E(ui) to the MG outputs gm,i as gmn, and we train it with the loss

LMG-N = 〈‖gmn(hi; θgmn)− gm,i)‖22〉i . (3.10)

Here, only the parameters θgmn are learnable (i.e, gm,i are constants and do not depend on

the network parameters of the autoencoder). One can substitute gm(h) in Equation 3.9 with

gmn(h) to get

dh

dt
= gmn(h; θgmn) . (3.11)

Since gmn(h; θgmn) is a neural network approximation of gm(h), we call this method MG -

neural network (MG-N). As will be shown in Section 3.3, the MG-N model in Equation 3.11

is much faster to integrate than the MG model in Equation 3.9. Note that the dynamic

nature of the data set is not used in development of MG/MG-N, so if the autoencoder is

accurate, but the FOM is not, these approaches will model an incorrect vector field, albeit
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on a correct set of manifold coordinates.

3.2.3 Physics-informed data-driven manifold dynamics (PI-DManD)

Now we describe how we integrate MG-N with DManD to create two physics-informed

DManD (PI-DManD) methods. Figure 3.1(c) shows a schematic of these approaches. When

using MG-N alone as a ROM, there are three sources of errors: numerical and test error

in the autoencoder that influence the training of gmn, test error in gmn(h) itself, and lastly,

errors in the FOM. The last type of error grows as the physics-based approximation of the

physics fFOM(u, µFOM) deviates further from the true underlying physics f(u, µ) governing

the data. FOM error can occur if fFOM 6= f and/or µFOM 6= µ; the latter case may occur

if there is uncertainty in the physical or PDE parameters (e.g. domain length), which will

often arise if the dataset comes from experiments.

In our first PI-DManD approach, denoted PI-DManD-c, we account for all three types

of errors by adding a correction term, gc(h), to the vector field from MG-N to get our final,

reduced-order dynamical model in the latent coordinates:

dh

dt
= gmn(h; θgmn) + gc(h; θgc) . (3.12)

We learn gc(h; θgc) using a NODE approach with loss

LPI-DManD-c = 〈‖ĥPI-DManD-c(ti + τ)− h(ti + τ)‖22〉i , (3.13)

where

ĥPI-DManD-c(ti + τ) = h(ti) +

∫ ti+τ

ti

[gmn(h(t′); θgmn) + gc(h(t′); θgc)] dt′ . (3.14)

Here, only the weights θgc are trainable (the MG-N weights θgmn are kept frozen). Altogether,

PI-DManD-c learns a function gmn + gc for the latent space dynamics. While MG-N is a
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physics-informed ROM that can be heavily biased by the FOM approximation, PI-DManD-c

is a hybrid ROM that is less susceptible to this bias, as will be illustrated in the results later.

Note, if the physics-based information is accurate, the MG-N vector field gmn will be close

to g (the exact vector field in the latent space determined from data) and the difference

g˘gmn = gc will be small; also, in the limit of an exact gmn (and no numerical errors with

the autoencoder or MG-N), NODE training with weight decay will lead gc to vanish. If the

physics-based information is not accurate, PI-DManD-c will just learn a larger correction

gc—given that the information encoded in gmn would still be relevant as the NODE for gc is

being trained in this case, PI-DManD-c will not simply reduce to DManD.

The second PI-DManD approach, denoted PI-DManD-B, uses the MG-N model as a prior

for training the NODE model. Specifically, we aim to learn a NODE model for the RHS of

dh

dt
= gB(h; θgB) , (3.15)

with the loss

LPI-DManD-B = 〈‖ĥPI-DManD-B(ti + τ)− h(ti + τ)‖22〉i + λB‖θgB − θgmn‖22 , (3.16)

where

ĥPI-DManD-B(ti + τ) = h(ti) +

∫ ti+τ

ti

gB(h(t′); θgB) dt′ . (3.17)

The difference here as compared to a DManD model lies in the additional regularization term

‖θgB−θgmn‖2, which acts to penalize deviations of the NODE weights from the MG-N weights.

The prefactor λB controls the strength of the regularization. By using this regularization

term, the NODE model learns the vector field from data while also being softly constrained

to the physics-derived vector field from MG-N—as compared to the correction NODE used

in PI-DManD-c, this NODE for gB is more natural in learning from the data and physics

simultaneously, which yields benefits as will be shown later. Another difference is that here
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the NODE gB must have the same architecture as the MG-N network, which is mostly a

minor restriction. In addition to the regularization term, we perform a transfer learning

step of initializing the weights of gB to those of MG-N. So, the PI-DManD-B model uses the

MG-N model gmn as a physics-based prior.

The loss used by PI-DManD-B can be viewed as being motivated from a Bayesian frame-

work. To see this, consider the regression problem y = m(x; θm), where θm are the model

parameters. According to Bayes’ theorem, we can write the posterior distribution for the

parameters θM given the data y as

p(θm|y) =
p(y|θm)p(θm)

p(y)
. (3.18)

Assuming a normal distribution for the likelihood p(y|θm) ∝ exp(−(y − m)2/2σ2
m) as well

as for the prior p(θm) ∝ exp(−(θm − θp)/2σ2
p), maximizing the log likelihood corresponds to

minimizing the loss function

L =
1

2σ2
m

〈(y −m)2〉+
1

2σ2
p

‖θm − θp‖22 . (3.19)

This expression is very similar to Eq. 3.16, motivating the description of PI-DManD-B as a

Bayesian approach. Nevertheless, we emphasize that while its loss function can be motivated

from Bayes’ theorem, the PI-DManD-B model is deterministic and we are not employing a

Bayesian inference framework.

It must be noted that PI-DManD bears similarities to the PINODE method of [204]. PI-

DManD and PINODE use knowledge of the governing equations to get the physics-derived

vector field on the latent space and combines that with a NODE; however, our method differs

in several key ways. First, PI-DManD only requires a dataset composed of a time series of

data points ui, while PINODE requires additional data points called “collocation points”

that are user-specified. Second, PI-DManD calculates vector field information fFOM,i only

from the state ui (which is the only data we work with), while PINODE calculates fFOM,i
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only from the user-specified collocation points and not the state data ui. Third, PI-DManD

front-loads the FOM evaluations required by MG into a preprocessing step before training the

intermediate MG-N neural network, whereas PINODE performs these generally expensive

FOM evaluations during their NODE training—as a result, PI-DManD would generally

train faster than PINODE. Fourth, unlike PINODE, we will later consider a case where

only an approximate FOM is available for supplying the physics-based information. Lastly,

PINODE was only applied to systems with relatively simple long-time dynamics; systems

with substantially higher complexity are considered here.

PI-DManD builds a ROM solely from timeseries data of the state ui (from experiments or

simulations) supplemented with information from a FOM (which may or may not be exact).

In general, PI-DManD is intrusive in the sense that code modification may be required

to calculate the vector field fFOM,i from ui before proceeding with MG/MG-N. One could

consider the case where no FOM is known; then, if the state data is closely spaced and has

low noise, one could take numerical derivatives of the state space data to estimate the vector

field fFOM,i and proceed with training a PI-DManD model. However, while this approach

is non-intrusive, it is not generally applicable because of the limitations just mentioned. In

our previous work [133] and this work (see Section 3.3.2), we show that DManD/PI-DManD

works well even when the data spacing is half of a Lyapunov time.

3.2.4 Architecture and training details

A summary of the architectures used for all neural networks introduced in Section 3.2 is

provided in Table 3.1. Training is performed in PyTorch [170]. The first 80% of the times

series is used for training, and the remaining 20% for testing. For all neural networks, we

use an AdamW optimizer with a multistep learning rate scheduler that starts the learning

rate at 10−3 and halves it 7 times until ≈ 10−5. By default, we use a weight decay of 10−4;

however, for the networks trained in the scarce data case in Section 3.3.2 we increase the

weight decay strength from 10−4 to 10−3–100 (a sweep is done to decide on the value).
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Network Function Layers Activations

Encoder E du:4du:2du:dh ReLU:ReLU:Linear

Decoder D dh:2du:4du:du ReLU:ReLU:Linear

NODE (DManD) gd dh:256:256:dh GeLU:GeLU:Linear

Neural network (MG-N) gmn dh:256:256:dh GeLU:GeLU:Linear

NODE (PI-DManD-c) gc dh:256:256:dh GeLU:GeLU:Linear

NODE (PI-DManD-B) gB dh:256:256:dh GeLU:GeLU:Linear

Table 3.1: Neural network architectures for the autoencoder, DManD, MG-N, and the two PI-
DManD methods.

For the autoencoder used to learn E and decoder D (see architectures in Table 3.1), the

dimension of the latent space h needs to be determined. For the KSE system considered

in this paper, the dimension of the invariant manifold at L = 22 is known to be dM = 8

[39, 128, 132, 253]. For the CGLE system considered in Section 3.4.3, we estimate the

dimension of the invariant manifold using an implicit rank-minimizing autoencoder [97, 253]

(see Section 3.4.3 for details). For the autoencoder, we use a batch size of 64 and train for

2000 epochs. For the neural network used to learn gmn(h) for MG-N (see architecture in

Table 3.1), we use a batch size of 256 and train for 2000 epochs.

The training details for the NODEs gd, gc, and gB (see architectures in Table 3.1) are as

follows. We use the 5th order Dormand-Prince (dopri5) adaptive time-step integrator in the

torchdiffeq package [23] with default tolerances. For all NODE training, we use a batch

size of 64 and train for 100,000 iterations. While the terms “iterations” and “epochs” are

often used interchangeably in the research community with regards to NODE training, the

former is the nomenclature used in the original NODE paper [21]. In an iteration, weights

are updated by randomly sampling a single batch (size 64 in our case) from the entire dataset

and performing a forward and backward pass, while a single epoch performs many iterations

until the entire dataset is sampled. The published NODE code in [21] uses iterations, so we

do too in our adapted code. For training the NODE model correction gc for PI-DManD-c in
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particular, we use near-zero weight initialization (all other neural network training is with

Pytorch’s default Xavier weight initialization); this choice is motivated by the fact that gc

would be zero if gmn in Equation 3.12 were exact (i.e. if there were no FOM approximation

error). Lastly, for PI-DManD-B, we use λB = 10−5 (see Equation 3.16) for the strength of

the regularization parameter. For the systems considered in this paper, we found that the

results (even if the FOM is not exact) are robust to the value of λB as long as it is less than

10−3; in the limit of λB = 0, where PI-DManD-B is still robust, the method just involves the

transfer learning step of initializing the NODE weights to those of the physics-based prior

(which suggests that the main advantage of PI-DManD-B comes from the initialization).

3.3 Results

We work with data generated from the Kuramoto–Sivashinsky equation (KSE), which is a

1D PDE exhibiting spatiotemporal chaos and is widely used as a test bed for data-driven

methods [128, 172, 244]. The KSE has been used to model physical systems such as the

instabilities in flame fronts and thin liquid films [118, 165], and is given by

∂v

∂t
= −v ∂v

∂x
− ∂2v

∂x2
− ∂4v

∂x4
. (3.20)

We use a domain length of L = 22 with periodic boundary conditions, wherein the solution

exhibits chaotic dynamics and has a Lyapunov time τL of 22.2 time units [39, 41]. For this

KSE system, the dimension of the invariant manifold is empirically known to be dM = 8

[39, 128, 132, 253]; therefore, we will use dh = 8 as the dimension for the autoencoder. We

generate a long trajectory using an exponential time-differencing RK4 (ETD-RK4) solver

[102] in the Fourier domain. We remove the transient and use M = 500, 000 snapshots of

state space vectors u discretized on du = 64 uniformly spaced grid points, separated by

τ = 0.25 time units (though we will vary this spacing later for some cases). We use the first

80% of the dataset for training, so that the number of training snapshots N is 400,000. The
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last 100,000 snapshots are for testing (even when we do not use the whole training dataset,

as in Section 3.3.2). See Section 3.2.4 for other training details.

We test whether the hybrid ROMs (PI-DManD-c and PI-DManD-B) can outperform the

DManD ROM, which is solely data-driven. In Section 3.3.1, we train the methods using

the whole time series. In Section 3.3.2, we consider three subcases of using a subset of the

time series (note, for one subcase, we will generate and use a new time series dataset with

N = 400, 000 and τ > 0.25). In Section 3.3.3, we consider the case when the parameters

used in the FOM do not match the simulation parameters used to generate the data—this

models the situation when the FOM is not exact. (In Section 3.4.3, we repeat the tests

reported here for the 1D CGLE.)

3.3.1 Abundant data, exact FOM

Here, we use the entire training dataset and the exact physics (fFOM = f) for the MG/MG-

N methods. We gauge model performance on how well the model predictions (latent space

trajectories that have been decoded back to the full space) track the true solution over a time

horizon of 3τL—any good method should be able to make reasonably accurate predictions

over at least τL. We calculate the ensemble-averaged, normalized tracking error

ε(t) =

〈
‖u(t)− û(t)‖2
‖u(t)‖2

〉
, (3.21)

where û(t) is the model prediction trajectory, and the ensemble average 〈·〉 is calculated

using 300 non-overlapping trajectories whose initial conditions are from the testing dataset.

In Figure 3.2(a), we plot the tracking error ε(t) for DManD, the physics-informed methods

(MG and MG-N), and the two hybrid methods. Here, all non-DManD methods perform

similarly and display much smaller error than DManD—at t = τL, their error is smaller

by a factor of two; this result suggests that including physics aids in model predictions

when the provided physics are exact. Figure 3.2(b) shows space-time plots of representative
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Figure 3.2: KSE, L = 22 (for both data and FOM), N = 400, 000, τ = 0.25. (a) Ensemble-
averaged short-time tracking error for all methods. (b) Representative trajectories of ground truth
and model predictions (contours at u = ±1). (c) Difference plots between ground truth and model
predictions (contours at difference values of ±1). Representative trajectories and difference plots
for other models look similar to those of PI-DManD-c. (d) NODE training convergence for purely
data-driven and hybrid methods.

trajectories for ground truth and the DManD and PI-DManD-c model predictions. The

differences between the ground truth and model trajectories in Figure 3.2(b) are plotted in

Figure 3.2(c), indicating that noticeable differences arise sooner for DManD than for PI-

DManD-c. (Representative trajectories and difference plots for other models, not shown,

look similar to those of PI-DManD-c due to similar error curves ε(t)—see Figure 3.2(a).) In

this case where we have a large amount of closely spaced training data and the FOM is exact,

all physics-informed and hybrid methods outperform DManD in short-time forecasting.

We now turn to the time used to train and evaluate the ROMs. Figure 3.2(d) shows

the evolution of ε(t = τL) during the course of NODE training, for DManD and the two

PI-DManD variants. Most notably, the correction vector field gc learned by PI-DManD-

c converges several orders of magnitude faster than the vector field gd learned by DManD.

However, since PI-DManD-c (and PI-DManD-B) are derived from MG-N, the MG-N training

time to learn gmn must also be accounted for—in this case, the time to just train MG-N is

around 4 times longer than the time to train DManD (see details in Section 3.4.1). While the
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combined training time for PI-DManD-c is longer than for DManD, it still has the benefit

of better predictive performance. As for the inference time, all models perform comparably

(a few seconds) except MG—since MG is not a ROM, it takes 9 to 48 times longer to

evolve an initial condition than the other methods (see Tables 3.2 and 3.3 in the Section).

Although neural network-based ROMs require a relatively long time to train (a few hours

in the case here), they still offer many advantages over using a FOM. First, as discussed

in the Introduction, it is often the case (e.g. flows of complex fluids) that there is no exact

FOM, where the point about how fast the FOM can be solved is not relevant; in this case,

our hybrid ROMs can still be trained with timeseries data supplemented by approximate

knowledge of the physics (we demonstrate this case later by using mismatched parameters

between data and FOM). Second, the initial training time for these ROMs is easily offset

once many evaluations of the ROM (or calculations of its Jacobians or adjoints) is performed.

Lastly, we comment that for the 1D PDE systems we consider in this paper (which we are just

using as benchmarks), the ROM is not necessarily faster than the FOM, since the amount of

dimension reduction from the ambient space dimension to the invariant manifold dimension

is moderate—by contrast, for systems such as a chaotic 2D or 3D flow where there is a vast

amount of dimension reduction (e.g. ambient space dimension of about 100,000 to manifold

dimension 18), the speedup of a ROM would be more noticeable [32, 134, 186? ].

In Section 3.4.2, we evaluate how well the solution trajectories stay on the true attractor at

long times by calculating the joint probability density function (pdf) of some key quantities.

There, we show that all five methods captured this long-time statistic equally well.

3.3.2 Scarce data, exact FOM

While still using the exact FOM, we now study the effect of having less data (training data

size N < 400, 000), data spaced further apart (τ > 0.25), or both. We apply this data-scarce

training for the autoencoder, the MG-N network, and all NODEs. To prevent overfitting,

the weight decay strength in all neural network training is increased here (see training details
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in Section 3.2.4).

We first fix the data spacing at τ = 0.25 and vary the training data size fromN = 400, 000

to 100, 000, 25, 000, and 10, 000. In other words, we use a shorter part of our time series

data. Figure 3.3(a) shows the ensemble-averaged tracking error ε at one Lyapunov time for

these four values of N . Above each group of bars in Figure 3.3(a), we report the percent

error for the autoencoder (AE) reconstruction

εAE =

〈
‖ui − ũi‖2
‖ui‖2

〉
i

× 100% , (3.22)

and the percent error for MG-N in approximating the MG vector field

εMG-N =

〈
‖gm(hi)− gmn(hi)‖2

‖gm(hi)‖2

〉
i

× 100% , (3.23)

where 〈·〉i is an ensemble average across all snapshots (indexed by i) in the testing dataset.

The base case of N = 400, 000, which corresponds to Figure 3.2(a), shows that DManD

has higher tracking error, by a factor of two, than the other methods. Within the error

bars, MG-N and the two hybrid methods perform comparably to DManD for N < 400, 000.

The reason that NODE test error ε increases with decreasing N for all methods is due to

increasing autoencoder reconstruction error.

Next, we fix N = 400, 000 and increase τ from 0.25 to 1, 5, and 10. As mentioned

earlier, here we need to generate new time series data that cover a longer time interval

than the originally used time series data of N = 400, 000 and τ = 0.25. As seen in Figure

3.3(b), the autoencoder, MG-N, and NODE tracking errors do not vary much with τ . Across

the three increased τ values, PI-DManD-B has up to 30% lower error than DManD. Note

that the missing PI-DManD-c bar in Figure 3.3(b), replaced by an asterisk, has an error of

about unity and is omitted to improve clarity in the vertical axis (and similarly for bar plots

elsewhere). Note that a spacing of τ = 10 corresponds to ≈ 0.5 Lyapunov times, and all

approaches will ultimately fail as τ becomes comparable to the Lyapunov time; we find that
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(a) (b)Fixed sampling, shorter time series Coarser sampling, longer time series

Coarser sampling, fixed time series length

Figure 3.3: KSE, L = 22 (for both data and FOM). Short-time tracking error at one Lyapunov
time for scarce data in terms of (a) less data with N ≤ 400, 000 and τ = 0.25 (i.e. shorter time
series), (b) widely spaced data with τ > 0.25 and N = 400, 000, and (c) increasing τ and decreasing
N proportionally. Here and elsewhere, error bars show standard error, and all subplots follow the
legend in (a). Note the different vertical axis limits for each subplot. Missing PI-DManD-c bars,
denoted with asterisk, in (b) and (c) have errors of about 1 (i.e. much larger than the case shown)
and are omitted to improve clarity in the vertical axis.
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PI-DManD-c fails first. Unlike the previously considered scenario with just decreasing N ,

here we see sizable improvements of PI-DManD-B over DManD.

In the final subcase here, we simultaneously increase τ and decrease N by downsampling

the original time series dataset (N = 400, 000 and τ = 0.25). In Figure 3.3(c), we show

the tracking error for downsample factors of 4, 20, and 40; here, only PI-DManD-B has a

tracking error that remains comparable to that of DManD (and is slightly lower in the case

of τ = 1, N = 100, 000). Across these three subcases of data-scarce training, PI-DManD-B

has equal or lower error than DManD while PI-DManD-c sometimes has a higher error than

DManD.

3.3.3 Approximate FOM

An exact FOM is not available for many physical systems, either because of a lack of first-

principles knowledge of the governing equations, or uncertainty in the parameter values used

in the FOM. Here we test the robustness of our hybrid methods to model error by purposely

using an incorrect domain length L = 20 in the FOM instead of the correct value of L = 22

used to generate the data (i.e. µFOM 6= µ). In other words, the model manifold vector field gm

is generated from fFOM with incorrect parameter values. Figure 3.4(a) shows the space-time

plots of example trajectories for L = 22 and L = 20. With the smaller domain length, the

dynamics display intermittent/bursting-like behavior that is very different from that found

at L = 22. To be clear, we never generate data with L = 20 for any training or testing of

our models—we only use the L = 22 dataset. The parameter L = 20 comes into play only

when we feed the L = 22 dataset into the L = 20 FOM.

To make the comparisons in this section, we use abundant training data (N = 400, 000

and τ = 0.25). Figure 3.4(b) shows the tracking error for all methods. Since DManD does

not use any knowledge of the FOM, its short-time tracking performance is comparable to

that in Figure 3.2(a) (these two NODE models for DManD only differ by the random weight

initialization). As expected, the solely physics-informed MG and MG-N methods have poor
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Figure 3.4: KSE, N = 400, 000, τ = 0.25. Effects of using an erroneous parameter (L = 20) in
the FOM to model data generated with L = 22. (a) Ground truth trajectory (left) and example
trajectory with erroneous parameter (right). (b) Ensemble-averaged short-time tracking error. (c)
NODE training convergence for purely data-driven and hybrid methods.

short-time tracking due to only trying to learn the vector field in the latent coordinates from

the FOM (see Equation 3.9) and not from the data. Since PI-DManD-c uses data to correct

for FOM errors, its tracking error is lower than that of MG-N; as shown in Figure 3.4(c),

the NODE training convergence for gc of PI-DManD-c converges slower as compared to the

exact FOM case in Figure 3.2, indicating that correcting FOM errors requires more training

iterations than only correcting for numerical errors. While PI-DManD-c does not outperform

DManD in short-time tracking, PI-DManD-B does. This result indicates that even if the

FOM of the physics-based prior is highly erroneous, the hybrid PI-DManD-B ROM can

still substantially outperform the solely data-driven DManD ROM in short-time tracking.

The mechanism for this result is essentially transfer learning, where the initialization with

a physics-based vector field (even if it is from an approximate FOM) is much better than a

random guess when training a NODE. As for long-time statistics, both hybrid ROMs perform

similarly to DManD (see Section 3.4.2).
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3.4 Additional information

3.4.1 Training and testing speed for methods applied to KSE

Here, we examine the cost of training and evaluating each method. As shown in Figure

3.2(d), the NODE gc learned by the PI-DManD-c model trains orders of magnitude faster

than the DManD model—PI-DManD-c requires only about 10 training iterations for con-

vergence, while DManD requires > 104 iterations (PI-DManD-B also takes a similar number

of iterations as DManD). However, the PI-DManD-c model adds gc to the MG-N model gmn

(see Equation 3.12), so the time to obtain an MG-N model needs to be considered in addition

to the NODE training time. We define training time for the hybrid ROMs as the time needed

to obtain a trained MG-N model plus the time needed to train the NODE. We also define

training time for MG-N as the network training time plus the time for preprocessing the MG

vector field output data from the data of the vector field on the state space (0.1 hours for

KSE). Table 3.2 shows the training time for all methods. One can see that the total time

for training either hybrid methods is greater than that of DManD; however, as seen in the

last row of Table 3.2, MG-N and the hybrid methods are comparable to DManD in regards

to how fast a test trajectory can be evaluated for 100 Lyapunov times. While MG requires

no training time to obtain the vector field on the manifold, it is over an order of magni-

tude slower to evaluate than the other methods—as discussed in Section 3.2.2, the reason

is that MG needs to decode h, solve the FOM, and evaluate a Jacobian (which involves an

encoding step) for each function evaluation of gm. So, MG is clearly not a ROM. Although

the MG-N and hybrid methods require a longer time to train than DManD, they all take a

similar amount of time to evaluate/test and have the added benefit of substantially better

short-time tracking of the true solution.
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DManD MG-N MG PI-DManD-c PI-DManD-B

Train time (hr) 2.2 8.3 n/a 13.1 12.0

Test time (s) 8.3 8.2 102 11.4 7.7

Table 3.2: Comparing computation time for methods applied to KSE. First row is time (in hours)
for training. Second row is computation time (in seconds) for testing, where an initial condition is
integrated for 100 Lyapunov times. Calculations were run on an Intel Xeon E5-2640 CPU.

3.4.2 Long time statistics results for KSE

Besides the short-time tracking results described in Section 3.3.1, we also gauge model per-

formance based on how well a predicted trajectory stays on the true attractor at long times.

Since for KSE at L = 22 the invariant manifold for the long-time dynamics is 8-dimensional,

we simplify the comparison of the long-time statistics by choosing two relevant quantities

and calculating a joint probability distribution function (pdf). The time-evolution of the

“energy” u2/2, where · denotes average over the spatial domain, has a growth (“production")

term proportional to ||u2x||2 and a decay (“dissipation") term proportional to u2xx, where the

subscript x denotes spatial derivative. Based on this observation, we use the joint pdf of

ux and uxx to characterize the attractor. We calculate joint pdfs using the entire testing

dataset (100,000 snapshots spaced by τ = 0.25 time units), where model predictions use

the first snapshot as an initial condition. Figure 3.5(a) shows the joint pdfs for long-time

trajectories corresponding to the ground truth, DManD, and PI-DManD-c. The joint pdfs

for PI-DManD-B and the two physics-informed methods are not shown since they are vir-

tually identical to the joint pdfs that are shown. To quantitatively compare the pdfs of the

model predictions to the pdf of the ground truth trajectory, we calculate the earth mover’s

distance (EMD), also known as the Wasserstein-1 distance [181]. Let µ and ν be two discrete

distributions calculated from normalized histograms with nµ and nν bins, respectively. The

EMD between these two distributions is the minimal cost of transforming one distribution
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Figure 3.5: KSE, L = 22 (for both data and FOM), N = 400, 000, τ = 0.25. (a) Comparison of
joint pdfs. (b) Earth movers distance (EMD) quantifying the difference between pdfs of the ground
truth and model predictions, where the dashed red line is the baseline EMD calculated with the
pdf of another ground truth trajectory. Joint pdfs for models not shown look similar to joint pdfs
of models with similar EMD values.

to the other, and is given by

EMD(µ, ν) = min
γ

∑
i,j

γi,j
∥∥µ(i) − ν(j)

∥∥
2

(3.24)

s.t. γ1 = µ, γ>1 = ν, γ ≥ 0 , (3.25)

where 1 is a column vector of ones and γ ∈ Rnµ×nν is a transport plan with γi,j dictating

the amount of probability mass to move from bin µ(i) to bin ν(j). The EMD represents the

minimal work (amount of mass moved multiplied by distance) needed to execute the optimal

transport plan. Throughout this paper, the EMD value is calculated with respect to the pdf

of the ground truth trajectory in the testing dataset, which we call µt.

We first show the long-time statistics reconstruction for the case of abundant data and

exact FOM (see Section 3.3.1). In Figure 3.5(b), we plot the EMD between µt and the model

prediction pdf for all five methods. Note that the dashed red line in Figure 3.5(b) represents

the baseline EMD, which is calculated between µt and the pdf of a ground truth trajectory

in the training dataset. Since all methods have a EMD value similar to this baseline EMD,

they perform equally well in capturing the long-time statistics, at least for the joint pdf

quantities chosen here.
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Figure 3.6: KSE, N = 400, 000, τ = 0.25. Effects of using an erroneous parameter (L = 20) in
the FOM when making model predictions on the data generated with L = 22. (a) Comparison of
joint pdfs. (b) Earth movers distance (EMD) quantifying the difference between pdfs of the ground
truth and model predictions, where the dashed red line is the baseline EMD calculated with the
pdf of another ground truth trajectory. Joint pdfs for models not shown look similar to joint pdfs
of models with similar EMD values.

Next, we show the long-time statistics reconstruction for the case of abundant data and

inexact FOM (see Section 3.3.3). In Figure 3.6(a), we plot the joint pdfs for the ground

truth trajectory and the MG and PI-DManD-c model predictions. In Figure 3.6(b), we plot

the EMD value (see Equation 3.25) between pdfs of a model prediction and the ground truth

test trajectory; again, the baseline EMD (dashed red line in the figure) is calculated between

two ground truth trajectories. (Pdfs for models not shown are similar to shown pdfs if they

have similar EMD values.) Figure 3.6 shows that when given an erroneous parameter value

for fFOM, MG and MG-N will evolve the L = 22 dataset on a completely incorrect attractor.

As for the two hybrid methods, they capture the long-time statistics as well as DManD.

3.4.3 Complex Ginzburg–Landau Equation

In addition to the KSE, we have studied PI-DManD for prediction of dynamics of the one-

dimensional complex Ginzburg–Landau equation (CGLE)

∂A

∂t
= A+ (1 + iα)

∂2A

∂x2
− (1 + iβ)|A|2A . (3.26)
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The CGLE has been used to model reaction-diffusion systems, superfluidity, and liquid

crystals [2]. The quantities α and β are parameters. We use a domain length L = 30 and

periodic boundary conditions. We set α = 2 and β = −2, so when L = 30 the dynamics lie

in the “defect-mediated turbulence" regime [205]. The solution is computed with an ETD-

RK4 solver [102] in the Fourier domain. We used the Bennitin algorithm [10] to determine

a Lyapunov time of 2.8 time units. With the initial transient removed, we generate 105

snapshots of A ∈ C64 discretized on du = 64 uniformly spaced grid points and separated by

τ = 0.05 time units (note, τ is five times smaller here for the CGLE compared to the KSE).

To work with real numbers in our neural networks, we concatenate the real and imaginary

parts of A to form u ∈ R128. We use u when calculating error quantities.

Determining manifold dimension

Unlike the KSE system considered previously, the dimension of the invariant manifold dM

for data on the attractor for this CGLE system is not known. To estimate it, we use an

implicit rank-minimizing autoencoder with weight decay (IRMAE-WD) [97, 253]. IRMAE-

WD uses an intermediate latent space z ∈ Rdz , where dz acts as an upper bound on the

manifold dimension (we use dz = 50 here). The difference between IRMAE-WD and a

normal autoencoder is the use of linear layers in the former, which act to drive the covariance

matrix zzT to have minimal rank dM < dz. IRMAE-WD has been applied to the KSE in

[253], where the singular value spectra of zzT contains a sharp drop-off that spans over 10

orders of magnitude—this clear indication of the rank of zzT then gives us an estimate of

the manifold dimension dM.

We train an IRMAE-WD autoencoder on the CGLE system with weight-decay strength

10−5 and four linear layers. Figure 3.7 shows the singular value spectra, where the sharp drop-

off covering about 10 orders of magnitude occurring at the 40th singular value index indicates

that our data has dM = 40. The IRMAE-WD relative reconstruction error (calculated with

Equation 3.22) is εAE = 0.61%. Note that we observed similarly sharp drop-offs at singular
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Figure 3.7: Singular value spectra of the covariance of the latent space z for IRMAE-WD applied
to CGLE. Red dashed line located at 40th singular value index.

value indices ranging from 33 to 39 for 4 other IRMAE models. Therefore, we choose an

estimate that is at the high end (40) of an ensemble of estimates.

Before using the IRMAE-WD in a ROM, we would need to project the intermediate

latent space z ∈ R50 onto a latent space h ∈ R40 (e.g. with a singular value decomposition);

however, doing so would make the encoder E : u → h more complicated. Therefore, to

simplify the encoder structure whose Jacobian JE(h) must be computed for MG, we choose

to instead train and use a normal autoencoder with latent dimension dh = 40. The relative

reconstruction error for this normal autoencoder is εAE = 0.57%, which is similar to that of

the IRMAE-WD autoencoder. All of the training details—such as neural network architec-

tures and learning rate scheduling—are identical to those for the KSE, which are shown in

Table 3.1 and described in the body of Section 3.2.4.

Abundant data, exact FOM

We begin presentation of the results by paralleling the KSE results of Section 3.3.1, using

the entire dataset of N = 400, 000 training snapshots spaced apart by τ = 0.05 time units
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Figure 3.8: CGLE, β = −2 (for both data and FOM), N = 400, 000, τ = 0.05. (a) Ensemble-
averaged short-time tracking error for all methods. (b) Absolute value of representative trajectories
of ground truth and model predictions (contours at |A| = 0.4, 0.8). (c) Difference plots between
ground truth and model predictions (contours at difference values of 0.4, 0.8). Representative
trajectories and difference plots for other models look similar to those of PI-DManD-c. (d) NODE
training convergence for purely data-driven and hybrid methods.

and using the same parameters α = 2 and β = −2 for data generation and the FOM. Figure

3.8(a) shows the ensemble-averaged tracking error for all methods. The physics-informed

MG-N method (whose curve is directly underneath the red PI-DManD-c curve in Figure

3.8(a)) and the two hybrid methods outperform DManD in short-time tracking; while this

result is consistent with the KSE results in Figure 3.2(a), the primary difference here is that

MG has dramatically lower short-time tracking error. As shown in the representative space-

time plots in Figure 3.8(b) and the difference plots in Figure 3.8(c), MG is tracking the true

solution with very small error for 3 Lyapunov times. For KSE, the short-time tracking error

at one Lyapunov time is about 0.07 for both MG and MG-N; however, for CGLE, it is about

0.07 for MG-N and about 0.02 for MG. We believe that the gap in the error between MG

and MG-N is larger for the CGLE case due to a higher error in approximating gm with gmn

(εMG-N is 8% for CGLE and 2.3% for KSE).
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DManD MG-N MG PI-DManD-c PI-DManD-B

Train time (hr) 2.2 9.3 n/a 13.0 12.3

Test time (s) 4.9 5.0 218.0 6.8 4.5

Table 3.3: Comparing computation time for methods applied to CGLE. First row is time (in
hours) for training. Second row is computation time (in seconds) for testing, where an initial
condition is integrated for 100 Lyapunov times. Calculations were run on an Intel Xeon E5-2640
CPU.

The superior predictive performance of MG for the CGLE comes at a large cost. In Table

3.3, we show the training and testing time for all methods (analagous to Table 3.2 for the

KSE). Here, MG still takes almost two orders of magnitude longer to evolve a trajectory.

Figure 3.8(d) shows the NODE training convergence, where (like with the KSE) the NODE

gc learned by the PI-DManD-c model training orders of magnitude faster than the DManD

model. However, when accounting for the training cost of the MG-N network gmn (which

includes 0.15 hours of preprocessing time), the total cost for training both gc and gmn for

PI-DManD-c is greater than for DManD (see Table 3.3).

We now determine whether long-time trajectories of each method stay on the true CGLE

attractor. As with the KSE, we will calculate a joint pdf to use as a simple metric for the

long-time statistics. We again performed a kinetic energy (|A|2) balance on the PDE, which

yielded a production term |A|2 and a dissipation term |Ax|2 + |A|4, where Ax is a spatial

derivative; from these terms, we choose the joint pdf quantities as |A|2 and |Ax|2, respectively.

The joint pdfs for the ground truth, DManD and PI-DManD-c model predictions are shown

in Figure 3.9(a), while the EMD (see Equation 3.25) calculated between all methods and

the ground truth trajectory is presented in Figure 3.9(b). As before, the baseline EMD

for the dashed red line is calculated between ground truth trajectories with different initial

conditions. All methods have a similar EMD to this baseline, so they perform equally well

in capturing the long-time statistics of these quantities.
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Figure 3.9: CGLE, β = −2 (for both data and FOM), N = 400, 000, τ = 0.05. (a) Comparison of
joint pdfs. (b) Earth movers distance (EMD) quantifying the difference between pdfs of the ground
truth and model predictions, where the dashed red line is the baseline EMD calculated with the
pdf of another ground truth trajectory. Joint pdfs for models not shown look similar to joint pdfs
of models with similar EMD values.

Scarce data, exact FOM

Here, we parallel the KSE results of Section 3.3.2. As with the KSE, we use the exact FOM

and study the effect of having less data (training data size N < 400, 000), data spaced further

apart (τ > 0.05), or both simultaneously.

We first fix the data spacing at τ = 0.05 and vary the training data size fromN = 400, 000

to 100,000, 25,000, and 10,000 (i.e. shorter time series). Figure 3.10(a) shows the ensemble-

averaged tracking error ε at one Lyapunov time for decreasing N (the case of N = 400, 000

corresponds to Figure 3.8). Similar to the KSE, here the NODE test error ε increases with

decreasing N for all methods due to increasing autoencoder reconstruction error εAE. The

autoencoder errors εAE and MG-N errors εMG-N here are higher than they were for the KSE,

but the NODE errors ε are about the same for both datasets. Another difference is that

for N = 100, 000, PI-DManD-B (but not PI-DManD-c) is able to achieve error that is

substantially lower than that of MG-N, which suggests the hybrid ROM is correcting for

MG-N test error.

The second scenario is using a fixed number of training snapshots N = 400, 000 and

increasing the data spacing from τ = 0.05 to 0.2, 1, and 2 (i.e. use time series that are longer

and sampled less often as τ increases). Figure 3.10(b) shows the errors for this scenario.
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Fixed sampling, shorter time series Coarser sampling, longer time series

Coarser sampling, fixed time series length

Figure 3.10: CGLE, β = −2 (for both data and FOM). Short-time tracking error at one Lyapunov
time for scarce data in terms of (a) less data with N ≤ 400, 000 and τ = 0.05 (i.e. shorter time
series), (b) widely spaced data with τ > 0.05 and N = 400, 000, and (c) increasing τ and decreasing
N proportionally. Error bars are standard errors, and all subplots follow the legend in (a). Note
the different vertical axis limits for each subplot. Missing PI-DManD-c bars, denoted with asterisk,
in (b) and (c) have errors of about 1 and are omitted to improve clarity in vertical axis.
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As with the KSE, here the autoencoder, MG-N, and NODE errors do not vary much with

τ . Note that the missing PI-DManD-c bars in Figure 3.10(b), denoted with asterisk, have

an error of about 1 and are omitted to improve clarity in the vertical axis. The reason is

that τ = 1 time units corresponds to about one third of a Lyapunov time, so PI-DManD-c

struggles in short-time tracking in this case and for τ = 2. Across the three increased τ

values, both hybrid ROMs have lower error than DManD (except τ = 1 and 2, where only

PI-DManD-B does).

Lastly, we study the effect of both increasing the data spacing τ and decreasing the

number of training snapshots N (i.e. downsampling the original time series of length N =

400, 000 and τ = 0.05). In Figure 3.10(c), we show the tracking error for data spacing

τ = 0.2, 1, and 2 with N decreasing proportionally. The tracking error ε increases for all

methods with increasing τ due to the increasing autoencoder error εAE. (As with the KSE,

the PI-DManD-c error for τ = 2 and N = 10, 000 is around 1 and is omitted from Figure

3.10(c) to improve the clarity in the scaling of the vertical axis.) As with the KSE, the

tracking errors for MG, MG-N, and PI-DManD-c become larger than that of DManD. For

the KSE results in Figure 3.3(c), the PI-DManD-B error remained comparable to DManD

error for two out of the three values of τ and was slightly less than the DManD error for

the other value of τ ; here, however, PI-DManD-B has somewhat lower error than DManD

for all three values of τ . As with the KSE, across the three cases of data-scarce training,

PI-DManD-B always has equal or lower error than DManD while PI-DManD-c sometimes

has a higher error.

Approximate FOM

We now test how well the hybrid methods can perform despite being informed with a FOM

containing erroneous parameters. The results here parallel the KSE results in Section 3.3.3.

We create a hybrid ROM for evolving the dataset generated with the correct parameters

α = 2 and β = −2 when provided a FOM fFOM with β = −1.8 or β = −1 (holding
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Figure 3.11: CGLE, N = 400, 000, τ = 0.05. Effects of using an erroneous parameter (β = −1.8
or β = −1) in the FOM to model data generated with β = −2. (a) Ground truth trajectory
(top-left) and example trajectories for the two erroneous β values (top-right and bottom); note the
different colorbar axis limits. Ensemble-averaged short-time tracking error when using β = −1.8
(b) or β = −1 (c) in the FOM.

α = 2). For both β = −2 and β = −1.8, the dynamics lie in the defect-mediated turbulence

regime [205]; however, for β = −1, the dynamics instead lie in the phase-turbulence regime

[205]; example trajectories for these three values of β are shown in Figure 3.11(a). It bears

repeating that the two erroneous β values are only used in the fFOM(u;µFOM) term appearing

in Equation 3.9 for MG (which also affects gmn learned by MG-N)—no dataset is generated

with the erroneous β values.

We first compare short-time tracking performance. Figures 3.11(b) and 3.11(c) show the
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tracking error of all methods for β = −1.8 and β = −1, respectively. Unsurprisingly, the

value of β used in the FOM does not affect the predictive capability of DManD, since it

does not use any prior knowledge of the physics. As was the case with KSE L = 20 in

Figure 4, MG and MG-N here also poorly track the true solution due to being informed

with erroneous FOM parameters. (Note, the curves for MG and MG-N in Figure 3.11(c)

level off to around 1.5, and the vertical axis limits are shrunk to provide clarity.) As the

accuracy of the prior decreases (β strays further away from −2), the tracking error for PI-

DManD-c and PI-DManD-B grow slightly but still remain lower than the error for DManD;

however, the tracking error for PI-DManD-B is noticeably lower than that of PI-DManD-c

for β = −1, which is in line with the KSE results in Section 3.3.3 where only PI-DManD-B

maintained a lower tracking error than DManD. Importantly, across both spatiotemporally

chaotic datasets, the results show that including knowledge of the physics (even if inaccurate)

helps in creating hybrid ROMs (PI-DManD-B especially) that perform better than solely

data-driven ROMs (DManD) in short-time predictions.

Lastly, we investigate the long-time statistics of the model predictions by calculating the

joint pdf of quantities |A|2 and |Ax|2. We plot the joint pdfs for the ground truth trajectory

and the MG and PI-DManD-c model predictions in Figure 3.12(a) for β = −1.8. The EMD

values (see Equation 3.25) between pdfs of a model prediction and the ground truth test

trajectory are provided in Figure 3.12(b). (Again, the baseline EMD represented by the

dashed red line in a bar plot is calculated between two ground truth trajectories, and pdfs

for models not shown are similar to shown pdfs if they have similar EMD values.) For

β = −1, we report (but not show to reduce redundancy) that the EMD values for MG and

MG-N were larger than 40 while the EMD values for the other three methods were as close

to the baseline EMD of around 1.3 as for the β = −1.8 case. When given an erroneous

parameter value for the FOM, the two physics-informed MG and MG-N methods evolve the

β = −2 dataset with a completely incorrect vector field, leading to poor reconstruction of

long-time statistics—this observation is more pronounced for the case of β = −1. As for the
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Figure 3.12: CGLE, N=400,000, τ = 0.05. Effects of using an erroneous parameter (β = −1.8)
in the FOM to model the data generated with β = −2. (a) Comparison of joint pdfs for β = −1.8.
(b) Earth movers distance (EMD) quantifying the difference between pdfs of the ground truth and
model predictions for β = −1.8. Dashed red line is the baseline EMD calculated with the pdf
of another ground truth trajectory. Joint pdfs for models not shown look similar to joint pdfs of
models with similar EMD values.

two hybrid methods, they capture the long-time statistics of these quantities about as well

as DManD.

3.4.4 Integrating Manifold Galerkin (MG) models

The short time tracking (STT) for MG varies sometimes with autoencoder model due to the

back-and-forth decoding and encoding (note, none of the other methods have this issue). For

KSE, we found that the STT for MG can only be as good as the STT for MG-N; for CGLE,

Figure 3.8 shows that the STT for MG can be better than MG-N (while not shown, we do

find some MG models trained on different autoencoder models which have worse STT than

even DManD). The floor in the MG STT being lower for CGLE could be that the effects

of chaos are less apparent when integrating the MG-based ROM of CGLE. However, MG-N

and the other hybrid methods (whose STT vary negligibly with autoencoder models) have a

STT error of about ε = 0.07 at one Lyapunov time for both datasets, which seems to be the

floor in the STT for these non-MG-based ROMs. The MLP test errors—εMLP of 1.2% for

KSE and 8% for CGLE—reflect this observation. For KSE, the short-time tracking error at

one Lyapunov time is about 0.07 for both MG and MG-N; however, for CGLE, it is about

0.07 for MG-N and about 0.02 for MG. We believe that the gap in the error between MG
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Figure 3.13: KSE and CGLE, correct parameters for both data and FOM, N = 400, 000, τ = 0.25
for KSE and τ = 0.05 for CGLE. Comparing short-time tracking of MG model to “autoencoder
drift”, which is calculated by encoding and decoding an ensemble of initial conditions without time
integration.

and MG-N is larger for the CGLE case due to a higher error in approximating gm with gmn

(εMG-N is 8% for CGLE and 2.3% for KSE).

We plot the MG STT error for KSE and CGLE together in Figure 3.13 along with

the “autoencoder drift”, which quantifies the build-up of error solely due to encoding and

decoding. The integration time-step size is 0.25 time units for KSE and 0.05 for CGLE;

“autoencoder drift” does not involve time integration, but is plotted on the same axis by

performing a sufficient number of back-and-forth encodes and decodes that corresponds to 3

Lyapunov times. Recall that at each function evaluation of gm, MG performs a decoding step,

solves the FOM, and performs an encoding step to calculate JE ; therefore, the autoencoder

drift is essentially MG but without the FOM evaluation and time integration. Figure 3.13

indicates that the STT error attributed to autoencoder error is the same for both datasets,

but CGLE is less chaotic than KSE since the STT error increases slower.

For MG, the RHS of the full-order model (FOM) f is projected onto the latent space

coordinates h using a Jacobian to give the model gm(h) = JE(D(h))f(D(h))). One can use

J†D instead of JE , but calculating the pseudo-inverse of JD is more expensive. Moreover, as

seen in Figure 3.14, using J†D can lead to the MG model blowing up. Figure 3.14 also shows
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Figure 3.14: Ensemble short-time tracking (STT) error for 5 MG models, each from a different
autoencoder model. Autoencoder models are trained with different weight initializations and have
nearly the same test reconstruction error εAE of 0.22%. “Enc” means the Jacobian of the encoder
is used, and “dec” means the pseudoinverse of the Jacobian of the decoder is used. RK4 with step
size 0.25 time units is used as the integrator.

that even when using JE , there is inconsistency with how the model performs—different

autoencoder models with nearly the same test reconstruction error lead to MG models that

have different short-time tracking (STT) performance. Integrating MG models comes with

two challenges, which are described in detail below.

The first challenge is choosing an integrator. The training and testing of all NODE mod-

els, as well as the testing of MG-N models, are done with the dopri5 adaptive integrator in

torchdiffeq [23] with default relative tolerance 10−7 and absolute tolerance 10−9. However,

we had to use the RK4 integrator with time step size of 0.25 time units for testing the MG

models. The reason is that when dopri5 with default tolerances is used to integrate MG,

the integrator takes hundreds of adaptive steps per integration time step. The tolerance can

be lowered to speed up the computation, but the solution will change based on the chosen

tolerance. We confirmed that the RK4 scheme with integration step size of 0.25 time units

for KSE and 0.05 time units for CGLE provides converged results (smaller timesteps do

not change the MG solution) and more consistent computation time. We also tried stiff

integrators, in case the Jacobian is unable to smooth out the stiff directions of the FOM

provided by the stiff PDE. However, both the implicit BDF method and LSODA method
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(mix of BDF and Adam’s) we tried also took a prohibitively long time to integrate.

The second challenge with integrating MG models is the sensitivity of STT error to

the latent space coordinates h found by the autoencoder, as seen in Figure 3.14. Multiple

autoencoders with different weight initializations—despite them all having similar test re-

construction errors—lead to MG models with varying STT performance (while not shown,

the long-time statistics do not vary for the models that do not blow up). This variation in

STT performance occurs regardless of which Jacobian we use and which integrator we use.

We emphasize that this inconsistency in STT performance only occurs with MG—MG-N

and hybrid methods derived from MG-N all provide consistent STT performance (within

standard error bars of the error ε) across different autoencoder models. The most likely con-

tribution to the variation of STT performance with autoencoder model seen in MG could be

the back-and-forth decoding and encoding that MG does at each function evaluation, which

leads to a compounding of error that changes depending on the specific set of latent space

coordinates generated by the autoencoder. One thing we tried was to train an autoencoder

with an additional forecasting penalty term in its loss:

L = 〈‖u(t)−D(E(u(t)))‖22〉+ λ〈‖u(t+ τ)−D(h(t+ τ))‖22〉 , (3.27)

where

h(t+ τ) = h(t) +

∫ t+τ

t

gm(h(t′))dt′ . (3.28)

However, the training loss did not decrease, likely due to the backpropagation having to go

through many encodes and decodes and the MG model gm.

One empirical way we found that made MG somewhat more consistent across different

model initializations was to increase the L2 weight regularization strength (we do so for

other methods whenever comparisons are made). However, larger L2 regularization leads to

somewhat poorer MSE for these other methods. Therefore, while a large L2 regularization

were used to generate consistent results for all models for the purpose of comparison, we
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recommend using smaller L2 regularization if one is solely trying to obtain a good DManD

or PI-DManD-B model. Overall, while the issue with integrating MG models is not well

understood, we do know that the model variation in MG does not affect MG-N or either

PI-DManD model at all.

3.5 Noise robustness

In our methods, the autoencoder is trained on data living on the invariant manifold. There-

fore, if: 1) the FOM is exact, 2) the autoencoder is exact, and 3) the data is noise-free, then

the full vector field will be tangent to the manifold, thus allowing the manifold dynamics to

be learned. Generally, some or all of these three conditions do not hold. That is why we

update the manifold vector field from MG/MG-N with a neural ODE correction based on

the dynamics of the data. In this section, we test our methods to the real-world scenario in

which data contains observation noise. We expect the physics-based information provided

to PI-DManD will aid in evolving the dynamics on the underlying invariant manifold. Crit-

ically, all training and testing of our models will be done only with noisy data—there will

be no access to clean data whatsoever.

Autoencoders offer an avenue to denoising signals, as the latent space retains only the es-

sential information of the input data. Denoising autoencoders [119, 159, 255] are given noisy

input data and trained to reconstruct clean output data; as such, denoising autoencoders

require access to clean training data, which is not always available in real-world situations.

In [220], enhanced noise robustness is achieved by posing the ODE in the weak-form (which

moves the derivatives of the state space onto derivatives of test functions) and then training

a SINDy model. Relatedly, [75] trains a SINDy model with noise robustness by geometri-

cally constraining the vector field in the state space (which does not necessarily live on the

manifold) onto the manifold through a normal correction term. The challenges in the case

of large amounts of noise is finding a mapping to the underlying manifold is more difficult,
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Figure 3.15: KSE, L = 22 (for both data and FOM), N = 400, 000, τ = 0.25. Noisy vs. clean
signal in space (a)-(c) and in time (d)-(f), where the strength of the noise σ increases from left to
right.

as well as staying on the manifold during time integration. Here, we train an autoencoder

and assume it gives an accurate enough mapping to the manifold to then train a DManD

and PI-DManD-B model.

We work with the KSE in the abundant data case with exact physics/FOM, just like in

Section 3.3.1, and all training details are the same as well unless stated otherwise. We add

Gaussian white noise, with zero mean and variance σ2, to the spatial and temporal directions

of the entire training and testing dataset. We use values of 0.01, 0.1, and 1 for σ. Figures

3.15(a)-(c) show a snapshot for the three varying levels of noise in space, and similarly in

time in Figures 3.15(d)-(f).

Before proceeding to train an autoencoder, we first preprocess the data by filtering it in

time. We use a butterworth filter of order 4 with cutoff frequency at the leg or bend in the

PSD where the spectrum transitions from decreasing to flat (the higher frequencies to the

right of this bend correspond to the noise and not the signal). Figures 3.16(a)-(c) show the

autoencoder reconstruction in space, and similarly in time in Figures 3.16(d)-(f). A latent

space dimension of dh = 8 was used for all three autoencoders trained here. Figures 3.16(a)-

(c) depict the autoencoder error, εAE, which increases with σ. Upon comparing Figure 3.15
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Figure 3.16: KSE, L = 22 (for both data and FOM), N = 400, 000, τ = 0.25. Autoencoder
reconstruction of the noisy signal vs. the underlying clean signal in space (a)-(c) and in time
(d)-(f), where the strength of the noise σ increases from left to right.

with Figure 3.16, one can see that the filtering in time reduces noise in time, while the

passing of the data through the autoencoder reduces noise in space.

The autoencoder error is quite high in the case of moderate (σ = 0.1) and large (σ =

0.1) noise, and an accurate mapping onto the manifold is not expected for these cases.

Nonetheless, we proceed with training time evolution models. We first compute MG vector

field data gm from Equation 3.9. Importantly, we use D(h) instead of u for the FOM

calculation—while the difference between the two quantities is negligible even in the small

noise case (σ = 0.01), the passing of u through the autoencoder is crucial to prevent the

compounding of error in gm. We then proceed to train an MG-N model and all other models.

Figure 3.17 shows the tracking error for zero noise and the three noise levels for DManD

and PI-DManD-B (MG-N and PI-DManD-c models blow up, so they are not shown). PI-

DManD-B performs much better than DManD in the no noise case. For σ = 0.01 and

σ = 0.1, PI-DManD-B performs better than DManD, especially in the latter case. For

σ = 1, the PI-DManD-B training loss did not decrease, likely as a result of high MG-N test

errors associated with the noise level having a similar magnitude as the data itself. Lastly,

we note that the filtering in time is important for obtaining good predictions—without
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Figure 3.17: KSE, L = 22 (for both data and FOM), N = 400, 000, τ = 0.25. Ensemble-averaged
short-time tracking error for DManD and PI-DManD-B with varying levels of noise σ.

filtering, the tracking error at one Lyapunov time was 0.75 for σ = 0.1 for both DManD and

PI-DManD-B.

We end this section with a discussion of future work to obtain models with better noise

robustness. One limitation of the methods is in the autoencoder step, where we knew a

priori that the manifold dimension of the clean data is dh = 8. As such, restricting the

latent space dimension to dh = 8 is implicitly allowing our autoencoders to denoise the data

in space. A more principled and perhaps effective way to denoise without access to any clean

training data is through robust autoencoders [256]. A robust autoencoder has ties to robust

PCA in first splitting the dataset X into X = L + S, where L is the low-rank data matrix

and S contains anomalies (noise or outliers). Then, an optimization problem solves

max
θE ,θD
‖L−D(E(L; θE); θD)‖2 + λ‖S‖1 , (3.29)

s.t. ‖X − L− S‖F = 0 , (3.30)

where λ controls the amount of noise that is to be isolated in S. One limitation of robust

autoencoders is the tuning of λ. We could combine a robust autoencoder with IRMAE, in
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which noise is isolated in S and the linear layers in the encoder find the essential coordi-

nates in the noise-free data matrix L. Another principled method for explicitly denoising

without access to clean training data (which we can combine with IRMAE) is partitioned

autoencoders [210], which isolates the noise into a partitioned subset of the latent space

coordinates. Denoising would then involve setting that subset of the latent coefficients to

zero and reconstructing just the clean signal. While partitioned autoencoders do not have

any tuning of hyperparameters like with robust autoencoders, they do require labeled snap-

shots of noise-only training data, which may be difficult to generate/identify. Lastly, even

we can obtain an effective denoising IRMAE model, there is still the issue that the vector

field information calculated with MG (and approximated with MG-N) is easily corrupted by

compounding error. One potential remedy for this issue is to introduce a weak-form formu-

lation of the FOM as was done in [220] for SINDy, and also recently done with NODEs in

[123].

3.6 Conclusion

In this work, we found that including physics-based prior information substantially improves

the predictive capabilities of data-driven ROMs applied to systems with spatiotemporal

chaotic dynamics, even if the physics-based information is not completely correct. We built

upon previous work on a solely data-driven ROM called DManD [128]—which uses a neural

ODE (NODE) approach to learn the dynamics on an invariant manifold whose coordinates

are found with an autoencoder—by incorporating ideas from the Manifold Galerkin (MG)

method [120]. MG expresses the RHS of the ODE in the latent space coordinates in terms of

the RHS of the FOM (i.e. the physics). We approximated the MG vector field with a neural

network (which we call MG-N) and combined it with DManD to develop two hybrid ROMs.

The first, which we call PI-DManD-c, adds a correction term learned by a NODE to the

MG-N vector field in order to account for numerical errors and inherent errors in the FOM.
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The second hybrid ROM is a DManD model with an additional weight-decay-like term in

the loss that drives the weights of a NODE network toward those of the MG-N network (and

a transfer learning step from the latter to the former). This second hybrid ROM can be

viewed as using MG-N as a Bayesian prior for training a NODE, and we call it PI-DManD-B

(note, while the method is motivated using Bayes’ theorem, it is not probabilistic).

We applied DManD and our hybrid ROMs (PI-DManD-c and PI-DManD-B) to the KSE

and the 1D CGLE (results for CGLE are in Section 3.4.3), which are two PDE systems

with spatiotemporal chaotic dynamics. We summarize the improvement of PI-DManD-B

over DManD in making short-time predictions for three case studies in Table 3.4. The

first case study is the baseline, where we use exact physics and abundant training data;

there, PI-DManD-B (and PI-DManD-c) accurately tracked the true solution for substantially

longer—at one Lyapunov time, the ensemble-averaged relative short-time tracking error is 0.1

for DManD and only 0.05 for the hybrid ROMs. The second case study reduced the amount

of training data (for three subcases), and the third study involved providing substantially

incorrect PDE parameters to the FOM used by MG/MG-N. For these last two studies, PI-

DManD-B (but not PI-DManD-C) still provided sizable improvements over DManD, thus

demonstrating its robustness to scarce data and FOM errors. While the total training time

(MG-N and NODE) for PI-DManD-B is somewhat longer than PI-DManD-c, we recommend

PI-DManD-B due to its better short-time tracking performance. Lastly, we trained our

methods to mimic the real-world scenario of noisy measurements, where all neural networks

were trained with abundant data (corrupted with noise) and exact physics. There, PI-

DManD-B provided improved prediction over DManD due to the physics-based information

aiding in learning the dynamics on the underlying invariant manifold. Future directions

include testing robustness of our hybrid ROMs on complex fluid and flow systems for which

only approximate first-principles models are available, and extending our methods to the

case where we only have partial observations.
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Exact physics,
abundant data

Exact physics,
scarce data

Erroneous physics,
abundant data

% reduction
in relative
trajectory
error at
t = τL

46%–51%
(Figs. 3.2(a),

3.8(a))

None (shorter time series, finer
sampling; Figs. 3.3(a), 3.10(a))

22%–62% (longer time series,
coarser sampling; Figs. 3.3(b), 3.10(b))

6%–29% (fixed time series length,
coarser sampling; Figs. 3.3(c), 3.10(c))

43%–64%
(Figs. 3.4(b),

3.11(b), 3.11(c))

Table 3.4: Summary of the improvement or reduction in ε(t = τL) (the relative ensem-
ble averaged short-time tracking error at one Lyapunov time) for the hybrid PI-DManD-B
method over the solely data-driven DManD method; specifically, the quantities correspond to
(εDManD − εPI-DManD-B)/εDManD × 100%. We varied the accuracy of the known physics (i.e. the
full order model), the length of the time series (i.e. number of time units covered), and the sam-
pling rate of the data.
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4

Reconstructing fields from sparse

sensors 1

The reconstruction of fields from sensor data is a common task in scientific applications. In

many cases, the observation is under resolved, and memory must be incorporated to uniquely

recover the underlying system. For dissipative systems, dynamical systems theory provides

guidance in formulating these data-driven reconstructions, which has been the focus of many

optimization and machine learning approaches. Most models are restricted to data sampled

at fixed positions and regular time intervals. We introduce a model which overcomes these

limitations using attention mechanisms with spatial and temporal encodings. Our model

is based on the Senseiver [200], which reconstructs fields from instantaneous sparse sensor

measurements. Informed by time delay embedding theorems, we formulate an attention-

based model that learns from sensor data at varying spatial position and sampling rates. We

evaluate the model on systems exhibiting a limit cycle and spatiotemporal chaos.

1The text of this chapter is partially adapted from the publication by A. Guo, G. T. Craven, J. E. Santos,
and C. D. Young, Reconstructing dissipative dynamical systems from spatially and temporally sparse sensors,
NeurIPS Workshop ML4PS, 2024 [69]
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4.1 Background on attention mechanism

Before moving to the main parts of this Chapter, we give a brief background on attention

mechanisms, which is the backbone of the transformer architecture. Transformers were

first developed by [224], and they now see widespread use in natural language processing,

computer vision, and time series forecasting [59, 208, 236]. Transformers leverage attention

mechanisms to learn long-range dependencies or correlations among a sequence of inputs.

Unlike a RNN which only learns dependencies sequentially, attention mechanisms learn these

dependencies globally.

Here, we provide an overview of dot-product self attention. Bold uppercase will denote

matrices. Let the sequence of inputs beX ∈ Rds×dm , where ds is the sequence length (number

of tokens) and dm is the model dimension. The input sequence X contains the tokens in

its rows. Typically, an encoding is performed so that all tokens have length dm (e.g., two

words of different lengths are encoded into two tokens of the same length). In self-attention,

the query and key, and value matrices Q, K, and V, respectively, by multiplying the input

sequence with weight matrices WQ, WK , and WV , respectively. The attention matrix

α ∈ Rdsds is calculated with

α = Softmax

(
QKT

√
dm

)
, (4.1)

and the attention output is given as

X̂ = αV . (4.2)

The attention matrix component αij is the softmax, scaled inner product between the ith

component of Q and the jth component of K, and it acts as a weight for the value matrix V.

The attention output X̂ is usually calculated in multiple pieces or “heads” for parallelization

purposes and then added to X, normalized, fed through a feedforward network, and nor-
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malized again. In practice, the sequence length of an input can vary; this issue is handled

by fixing ds and then either masking or padding the attention matrix. We have thus far

described the input and output to a self-attention block. In the transformer, a self-attention

block is typically combined with a cross-attention block to then output probabilities for a

variety of tasks found in large language models.

4.2 Introduction

Inspired by success in reconstructing degraded images, neural networks (NNs) have been ap-

plied to system reconstruction in many scientific applications [18, 57, 190, 203, 232]. These

problems are related to phase space reconstruction via Takens embedding theorem [212],

which proves that for dynamics on an attractor, a time delay embedding of a scalar ob-

servable has a diffeomorphism to the underlying system. Data-driven applications of these

approaches emerged shortly after using local principal components analysis [47] and multi-

layer perceptrons (MLPs) [192]. Progress in implementation of machine learning algorithms

has led to significant advances in the speed and accuracy of reconstruction and forecasting

models via reservoir computers (RCs) [143], convolutional NNs [57], Gaussian process re-

gression [99], symbolic regression [8], long-short term memory [239, 259], and neural ODEs

(NODEs) [169, 235, 247].

Despite this success, limited availability of data prevents direct application of most mod-

els. Data is often noisy, and sensors often drift in space or collect data intermittently. These

pose challenges for models trained on clean data available at fixed positions and uniform

intervals. The noise issue can be addressed by combining the forecast or reconstruction with

model-free data assimilation methods [71]. Several approaches have addressed variable sen-

sor positions and time sampling using NODEs and implicit neural representations [90, 245].

However, these approaches tend to rely on hyperparameter tuning and lack an underlying

theoretical motivation. Time delay embeddings have been extended to the case of irregularly
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sampled data by ‘bundle embeddings’ [99, 209], which essentially concatenate the sampling

rate into the state representation.

Here, we develop a model for reconstructing the field values of a dynamical system with

variable measurement intervals and sensor positions. The approach relies on the bundle em-

bedding theorem [209], which implies the data should reside on a long-time ‘inertial manifold’

or ‘strange attractor’ of dimension dM and embedding dimension m ≥ 2dM+1 to ensure the

existence of the reconstruction map. Positional and temporal encodings are implemented in

an attention-based autoencoder as an extension of the Senseiver model [200]. Compared to

the previous model, the time delay embedding improves reconstructions when the number

of sensors is lower than the underlying manifold dimension. For low Reynolds number flow

past a cylinder—a limit cycle—we demonstrate accurate reconstruction from a single sensor

for: 1) a range of time sampling rates and 2) variable sensor positions (both cases done

separately). We also compare the model to previous work using MLPs [247] and RCs [143]

for reconstructing the Kuramoto-Sivashinsky equation (KSE) in a chaotic parameter regime.

4.3 Methodology

We build upon the attention-based Senseiver model [200] by incorporating time delay em-

beddings. Let si be the sensor measurement recorded at position xi. For Ns sensor values,

we form the time delay embedding sd(t) ∈ RNs×m, where m is the number of time delays.

The matrix component sd(i, j, t) = si(t− τij) contains the jth delay of the ith sensor value,

where tij and τij are the corresponding sensor measurement time and delay spacing, t is the

leading sensor measurement time, and τij = t − tij. The sensor positions x = {xi}Nsi=1 are

encoded with sines and cosines [200] to ax, where each physical coordinate value (scalar) is

mapped to a vector of length 32. Each component in the delay spacing matrix τ is encoded

with a time2vec (t2v) encoding [107] to get at (see Section 4.5.1). This space-time encoding

is fed as input along with the sensor value embedding sd(t) to an attention-based encoder
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E that maps to a latent space Z; then, an attention-based decoder D maps Z and a query

position xq to get the field value ŝ(t). In mathematical terms, the model is as follows:

ax = PE(x), (4.3)

Z(t) = E(sd(t),ax,at) = E(sd(t), PE(xs), t2v(τ )), (4.4)

ŝ(xq, t) = D(Z(t),aq) = D(Z(t), PE(xq)) . (4.5)

Figure 6.2 shows a schematic of the model. We query the spatial domain point-by-

point to get the fully reconstructed field ŝ at the current time t. The loss is 〈‖s − ŝ‖2〉t,

where the norm is performed over spatial points and the averaging is done over all training

snapshots. In this study we use all spatial positions from the high resolution for training.

However, the Senseiver output is pointwise, meaning the model can be trained with any level

of downsampling in the ground truth data or choice of random seeding from a full field [64].

Additional details of the architecture is in Section 4.5.2.

latent sensor
embedding

query location

sensor locations attention-based
decoder

attention-based
encoder

time delay embedding time delays

output

Figure 4.1: Architecture details. A time delay embedding of sensor values is concatenated with
the positional and temporal encodings and encoded to a compressed latent space. The latent values
are passed to the decoder with a query position to reconstruct the field at the current time.



135

4.4 Results

4.4.1 Non-uniform sampling in time

We first test the Senseiver on 2D flow past a cylinder at Re = 100, which settles onto a

limit cycle with manifold dimension dM = 1. We reconstruct the steady state vorticity

field ω from a single sensor with a variable sampling rate. The dataset consists of 5000

snapshots that cover ≈ 4 vortex shedding periods, of which 50 are used for training and

the rest used for testing. During training and testing, the snapshots are variably spaced

apart by 50 to 500 frames. As seen in Figure 4.2(d), the original Senseiver with no delay

embeddings (m = 1) fails to capture the limit cycle, producing a mean L2 reconstruction

error of ε = ‖ω − ω̂‖2/‖ω‖2 = 0.58. This is expected, as we cannot prove the reconstruction

map exists for m < 2dM+ 1. Following Takens theorem, we select the embedding dimension

m = 3. Concatenating the variable delay spacings τ0j for j = 1, 2 to the m = 3 embedding

of the sensor values yields a lower error of ε = 0.12 (see Figure 4.2(e)). Upon using a t2v

encoding of τ0j, the error further decreases to ε = 0.05 (see Figure 4.2(f)). As seen in Figure

4.2(c), the test error remains low for each pair of delay spacings τ0j when using the method of

t2v (while not shown, the heatmap plot of ε is similar for the other m = 3 method involving

concatenation). We interpret the t2v encoding improvement as an increase of expressiveness

of the model in predicting with a range of delay spacings rather than a single ‘optimal’ choice

of delay coordinates.

4.4.2 Variable sensor position

We now test the model’s robustness to sensor positions not seen during training. We work

with uniformly sampled data here, so the positional encoding is still used but the temporal

encoding is not. During training and testing, we use one sensor and its 3 time delays (spaced

apart by 100 frames) as input to the model. 16 sensor positions in the vortex shedding

region with high variance in the sensor values [57] are chosen for training. During testing,
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Figure 4.2: Field reconstruction of flow past a cylinder from sensor measurements that are non-
uniform in time. (a) True vorticity field ω, with location of sensor marked with a square. (b)
Reconstruction error for methods shown in panels (d)-(f). (c) Reconstruction error across each pair
of delay spacings τ0j for method shown in panel (f). Reconstruction fields ω̂ for models trained
with (d) no time delay embedding, (e) embedding dimension m = 3 with temporal encoding of τ0j
via concatenation, and (f) m = 3 with temporal encoding of τ0j via t2v are shown in the top panels
of each subfigure. Difference in true and reconstructed fields are shown in the respective bottom
panels of (d)-(f). In each field image, bounds on the y-axis are [−9, 9] and the x-axis are [0, 32] in
dimensionless units.

we individually evaluate the model for each and every point in the domain. As seen in

Figure 4.3(a), the test error is generally lower for testing locations at or near the 16 training

locations (see Figures 4.3(b,c)). The high error at points exterior of the vortex-shedding

region is due to the signals exhibiting small variance at all times. While the error is high for

most out-of-training points interior of the vortex-shedding region, Figures 4.3(d,e) indicate

that the model still reconstructs data on the true attractor but with a phase shift from the

ground truth. The phase inaccuracy is likely a result of the chosen delay spacing not being

optimal for all sensor positions.
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(a) (b)

(c) (d) (e)

Figure 4.3: (a) Time and space averaged reconstruction test error for using a given sensor position
as model input; dashed blue circles indicate training positions. (b) Error for each frame in a vortex
shedding period for three sensor locations; vertical line corresponds to the snapshot time below for
panels (c)-(e), which visualize the reconstruction at the selected locations. Panel (c) is a training
position x ≈ 14, y ≈ 0, whereas (d) y ≈ −0.5 and (e) y ≈ −1 are test positions.

4.4.3 Chaotic systems

Lastly, we apply our model to the KSE, which is a 1D partial differential equation exhibiting

diverse dynamical behavior. The domain size is L = 22 with periodic boundary conditions

[34], for which there is sustained chaos on an inertial manifold of dimension dM = 8 [38,

130, 252]. We compare Senseiver to previous work using MLPs with time delays [247] and

reservoir computing [143]. For all three methods, the training data size is kept constant at

60,000 with uniform time interval ∆t = 0.25, the test data size is 105, and the reconstruction

error ε is calculated for spatial points not corresponding to sensor positions. We examine

the case of 1, 2, 4, and 8 sensors (which are fixed and evenly-spaced) and adjust m so that

Nsm = 16 = 2dM with τ = 8∆t. We list ε in Table 4.1 for the three methods. For all but the

8-sensor case, our Senseiver model with time delays achieves a lower error than the other two

methods. Moreover, our model does so with fewer parameters, which aids in computational

efficiency during training and testing.
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Our method also generalizes well to non-uniform time spacing (not shown), achieving an

error of ε = 0.12 for Ns = 4 and m = 4 delays with spacings ranging from 2∆t to 16∆t.

These results will reported in further detail along with a study of variable sensor positions

in a forthcoming full publication.

Table 4.1: Reconstruction error for Kuramoto-Sivashinsky equation (KSE). For all methods except
reservoir computing (RC), the number of delays m and sensors Ns are set such that Nsm = 16.

Method ε (Ns = 1) ε (Ns = 2) ε (Ns = 4) ε (Ns = 8) parameters

Senseiver 0.68 0.37 0.13 0.05 2× 104

MLP [Young
et al. 2023]

0.70 0.44 0.15 0.03 3× 105

RC [Lu et al.
2017]

0.91 0.68 0.31 0.10 2× 105

4.5 Additional information

4.5.1 Time2vec encoding

The time2vec encoding [107] maps a scalar τ to a vector

t2v(τ)[k] =


ωkτ + bk , if k = 0

F (ωkτ + bk) , for 1 ≤ k ≤ K − 1

,

where t2v(τ)[k] is the kth component of t2v(τ) ∈ RK , F is an activation function, and ωk

and bk are learnable parameters. We choose F to be the sine function and K to be 32. The

t2v encoding allows both cyclic and non-cyclic information to be encoded.

4.5.2 Architecture details

Here we provide additional details on the attention-based encoder and decoder blocks in

Figure 6.2, which are based on the architecture in the original Senseiver model [200]. We
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use the scaled dot product attention mechanism [225]

Attention(Q,K,V) = Softmax

(
QKT

√
dm

)
V , (4.6)

where dm is the model dimension of query matrix Q, key matrix K, and value matrix V.

Multi-head attention applies a set of NH linear transformations on Q,K and V and

computes the attention mechanism on each linear transformation. Then, the outputs from

each head are concatenated and passed through a final linear transformation to form the

output:

MultiHead(Q,K,V) = [O1 ⊕ · · · ⊕ONH ]WM (4.7)

where Oh = Attention(QWQ
h ,KWK

h ,VWV
h ) . (4.8)

For the time-delayed Senseiver model, the sequence length is ds = Nsm, since each sensor

has m delays. The model dimension is dm = NI + 2NfNd + K, where NI is the number of

channels of the sensor measurements (one for the cases considered in this paper), Nf is the

number of pairs of sine-cosine frequencies used in the positional encoding for each of the Nd

number of spatial directions, and K is the length of the time2vec encoding.

The attention-based encoder processes the input E(0) ∈ Rds×dm with a linear layer to give

an intermediate output E(1) ∈ Rds×Nc , where Nc is the number of latent channels. Next, a

multi-head cross attention is performed between a trainable query array Qin ∈ RNQin
×Nc and

key and value matrices derived from E(1) to yield E(2); here, NQin
is the latent sequence length

that is held constant to allow the attention calculations to be independent of Ns and m. E(2)

is then processed with multi-head self-attention to give the latent space Z ∈ RNQin
×Nc . The

attention-based decoder performs similar steps as the encoder (see [200]), but includes a final

MLP layer to reduce the dimension and obtain the predicted measurement ŝ at the queried

location xq and current time t.
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4.6 Attention mechanisms for time evolution

Here, we describe preliminary results on using attention mechanisms for time evolution of

time delay coordinates. The merging of NODEs and transformers or attention mechanisms

has seen some interest [27, 93, 254]. In the results here, we will adapt the easy attention

method used in [199]. Easy attention foregoes learning the query and key matrices, and it

instead directly learns the attention matrix α and uses it in Equation 4.2. The result is not

simply a linear MLP composed of matrix WV multiplied with α, as will be evident below

when describing the architecture.

We work with the KSE dataset with all details for the dataset and training as described

in Section 4.4.3. The time delay embedding is ud(t) ∈ RNsm, where we consider number of

sensors Ns = 4 and number of time delays m = 4. We aim to learn the RHS of

dud
dt

= g(ud) . (4.9)

The architecture is as follows. We calculate a t2v encoding of ud of length 15 and concatenate

it with the sensor values ud to obtain a matrix R ∈ RNsm×16. We use multihead attention

on R (see Equation 4.8) with two heads and easy attention (allow α to be learnable).

The attention output R̂ ∈ RNsm×16 is then concatenated with R (note, self-attention usually

adds the two quanties together, but we find concatenation to improve results), which we then

flatten and process with a 4-layer MLP to output the approximation of the RHS gd ∈ RNsm.

The NODE prediction is then given by

ûd(t+ τ) = ud(t) +

∫ t+τ

t

gd(ud(t); θgd) dt , (4.10)

with loss function

L = 〈‖ûd(t+ τ)− ud(t+ τ)‖22〉 . (4.11)

To summarize, we use easy attention to directly learn the dependencies between temporal
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encodings of a time delay embedding and process the attention output with an MLP to be

used as the RHS approximation. We call this procedure attention-based NODE or a-NODE.

The left side of Figure 4.4 shows the ensemble short-time tracking error for a normal

NODE vs. an a-NODE, which are comparable between the two methods. The right side

of Figure 4.4 shows the 1D pdf for the partial observable up calculated across the four

sensor locations (which is allowed due to homogeneity in space), which are also comparable

between the two methods. Future work involves understanding and improving the role of

easy attention (and other architecture details) in providing enhanced time evolution of time

delay embeddings.

Figure 4.4: Model performance of a NODE compared to an attention-based NODE (a-NODE) in
terms of ensemble-averaged short-time tracking (left) and long-time statistics quantified through a
pdf of the partially-observed state (right).

4.7 Conclusion

We developed an attention-based model for reconstructing the fields of dissipative dynamical

systems from sensor measurements that are spatially sparse and irregularly sampled in time.

We expanded on the Senseiver [200] by allowing for time delay embeddings as the input. We

first applied our model to flow past a cylinder, where we reconstructed the full vorticity field

from just a single sensor with irregular time sampling. The model achieved low reconstruction
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error by using a delay embedding dimension of 3 along with a time2vec encoding [107] of

the delay spacings to account for the temporal intermittency of the sensor. Next, we tested

the model’s ability to reconstruct the vorticity field from variable sensor positions not seen

during training. Facilitated by the spatial encoding of the sensor positions, the model was

able to generalize to out-of-training sensor positions; however, there was some phase error in

the reconstruction for test sensor positions located far from the training positions. Lastly,

we applied the model to the spatiotemporally chaotic KSE for non-variable sensor positions

and uniform time sampling. While our model achieved similar reconstruction performance to

MLPs, the attention mechanism used in our model allows for the computational complexity

(and thus number of parameters) to scale less strongly with the length of the space-time

encoding, which can be quite long and expensive to process with MLPs. We’ve demonstrated

the developed model is capable of reconstructing fields from spatially and temporally sparse

sensors that also vary in location. Lastly, we showed preliminary results that demonstrate

the potential of using attention mechanisms in NODEs for timeseries forecasting.
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5

Characterizing 3D structures in

turbulent channel flow

As discussed in Section 1.1, a detailed account on the shape of a representative attached eddy

(as well as the range of length scales they are self-similar) remains inconclusive. In Chapter

2, we used DDWD to extract energetic, multiscale structures from 1D fluctuating streamwise

velocity signals measured at different positions along the wall-normal direction y. There, the

velocity structures—imprinted by attached eddy structures, and modeled with data-driven

wavelets—were found to be self-similar in the streamwise direction x for each individual

wall-normal position, and the shape of the structures did not vary much across wall-normal

positions. In this chapter, we perform a more rigorous characterization of attached eddies

by developing a wavelet-based 3D modal decomposition and applying it to 3D turbulent

channel flow.

5.1 Introduction

Choosing an appropriate basis for each spatial direction in a 2D or 3D turbulent flow field

is crucial. In statistically homogeneous directions, proper orthogonal decomposition (POD)

reduces to a Fourier decomposition. In canonical wall-turbulent flows, the streamwise and
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spanwise (z) directions are homogeneous, while the wall-normal direction is not. Therefore,

POD has often been applied in the wall-normal direction. In [77], a decomposition of the

cross-section of a fluctuating streamwise velocity field u in a pipe is performed with Fourier

modes in the azimuthal (θ) direction (equivalently the spanwise direction) and POD modes

in the radial (r) direction (equivalently the spanwise direction)

u(θ, r, t) =
∑
n

∑
kθ

a(n,kθ)(t)φ(kθ)
n (r) ζkθ(θ) , (5.1)

where ζkθ(θ) = exp (ikθθ) is the Fourier mode of wavenumber kθ, φ
(kθ)
n (r) is the POD mode of

modal index n that is also dependent on wavenumber kθ, and a
(kθ)
n (t) is the modal coefficient

that is a function of time and dependent on the modal indices in both spatial directions.

We use a superscript to denote dependence on a modal index. For example, POD modes

φ
(kθ)
n (r) in [77] are calculated by computing the POD at each azimuthal wavenumber. In

other words, the typical approach to performing a Fourier-POD decomposition is to perform

the Fourier decomposition (either in 1 or 2 homogeneous directions) and calculate POD for

each set of wavenumbers. Since POD modes give a complete basis, φ
(kθ)
n (r) are only mutually

orthogonal under a 1D inner product if the modes are from the same POD decomposition

(i.e., kθ are the same); two POD modes from different POD decompositions (i.e., kθ are

different) are not orthogonal.

Before discussing other modal decompositions, we first formalize the various directions

encountered within the discrete Fourier transform (DFT)-POD decomposition performed in

[77]. Figure 5.1(a) shows a depiction of DFT-POD. In the left panel of this figure, we color a

“POD direction” with blue, which we define as the direction spanned by the POD modes. We

color a “homogeneous direction” with red, which we define as the direction that is typically

decomposed with either Fourier or wavelet modes. We color an “ensemble direction” with

pink, which we define as the direction in the snapshots needed to form the POD data matrices

is taken from (with the example from [77] here, this is the time direction). In the middle
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Figure 5.1: Sketch describing three POD-based decomposition techniques. Shown are (a) DFT-
POD, (b) spectral POD (SPOD), and (c) mPOD (multiscale POD). The left panel shows the
relevant directions, the middle panel shows the transformed directions after DFT/MRA is per-
formed in the homogeneous/POD direction, and the right panel shows whether the POD modes
across different inverse-scale directions are orthogonal under a 1D inner product.

panel of Figure 5.1(a), we show the resulting directions once a DFT is performed; there,

we color an “inverse-scale direction” with green, which we define as the direction in which

the scale changes. Since the covariance of the data matrix is full rank for each kθ, the right

panel of Figure 5.1(a) depicts how there is no 1D orthogonality of the POD modes across

different scales. That said, the DFT-POD modes are still mutually orthogonal under a 2D

inner product. We would like our modes to represent 3D structures. Therefore, orthogonality

under a 3D inner product is sufficient; however, for the purpose of observing self-similarity

of modes solely in the wall-normal direction (which was done in [77]), it is also preferable

that all modes are 1D mutually orthogonal in each spatial direction too.

The next decomposition technique we discuss is spectral proper orthogonal decomposition

(SPOD). There are two seminal papers introducing the SPOD, [218] and [206], but they are

about two different techniques of the same name. To avoid confusion, we will refer to the

work of Towne et al. in [218] as “SPOD” and the work of Sieber et al. in [206] as “Sieber’s

SPOD”, since we will discuss the former here in detail and the latter in some detail next.
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SPOD was applied to the pressure field of turbulent jet flow in [218], and it captured space-

time coherence better than POD; it was also shown that SPOD modes are equivalent to

an ensemble of DFT/DMD modes and equivalent to resolvent modes under uncorrelated

forcing.

The SPOD decomposition of the pressure field p of the jet flow in [218] is

p(r, x, t) =
∑
n

∑
f ′

a(n,f
′) φ(f ′)

n (r, x) ζf ′(t) , (5.2)

where ζf ′(t) is a Fourier mode with frequency f ′. This equation shows that SPOD is similar to

DFT-POD (DFT in time) in that the POD modes (spanning space) form a basis with Fourier

modes; however, the key success of SPOD comes from a preprocessing step. The left panel

in Figure 5.1(b) shows a depiction of this preprocessing step of SPOD, which is to segment

the time direction t to create two directions: a shorter-spanning time direction t′, and an

ensemble direction tb containing the blocks. If DFT was done in the original time direction

t′, there would be many Fourier modes spanning the frequency domain; by performing DFT

in a shorter segment, the range of frequencies remains the same but the resolution in Fourier

space is decreased—the frequency bins f ′ are much coarser than what the frequency bins

f would be. In other words, SPOD is essentially a short-time Fourier transform in time

with POD in space. Figure 5.1(b) shows the remaining steps, which is to perform a DFT

in the t′ direction and perform a POD decomposition for each coarse frequency bin f ′.

Similar with DFT-POD, SPOD modes φ
(f ′)
n (r, x) across different frequency bins f ′ are not

orthogonal to each other under a 1D inner product. Nonetheless, in extracting space-time

coherent structures, SPOD is useful in that it balances normal POD (which extracts spatial

structures with a lot of spectral mixing in their temporal behavior) and DFT-POD (which

extracts spatial structures with too much frequency localization). SPOD has been used

successfully find nested coherent structures in elasto-inertial turbulence [117].

The last major decomposition technique we discuss is multiscale proper orthogonal de-



147

composition (mPOD) [156]. mPOD has origins in Sieber’s SPOD [206], where the former

filtered/windowed the covariance matrix with kernels of different widths—a small kernel (no

filter) led to normal POD, and a large kernel led to DFT. mPOD combines Sieber’s SPOD

idea of filtering the covariance matrix with multiresolution analyis (MRA). While MRA is

a term usually referring to wavelet decompositions, we refer it to as any decomposition in

which a signal is split into components of different scale. In fact, a DFT can be viewed as

a MRA. In [156], mPOD is applied to the wall-normal velocity v of an impinging jet flow

in the y − x plane (jet comes down the y direction and is deflected to the x direction) with

decomposition

v(y, x, t) =
∑
n

∑
fbin

a(n,fbin) φ(fbin)
n (y, x) ζfbin(t) , (5.3)

where fbin is the frequency bin. The left panel of Figure 5.1(c) shows the origin of fbin,

which is found by performing MRA (projecting the data onto frequency bins of varying size)

in time t. These MRA projections are enforced to be orthogonal through Gram-Schmidth

orthogonalization. The other panels in Figure 5.1(c) show that because the time t has been

turned into both a POD direction and an inverse-scale direction through DFT/MRA, the

resulting covariance matrices are not full rank and mPOD modes across different fbin indices

are 1D orthogonal—in other words, performing MRA in the POD direction before performing

POD produces a multiscale basis that is energetically ordered at each scale. In [156], mPOD

is applied in the time direction, which is puzzling since POD (even on projections) should

yield Fourier modes yet the mPOD modes for the impinging jet flow were not so localized

in the Fourier domain. In [26], mPOD was also applied in the time direction and was used

to examine VLSM superposition and modulation of near-wall structures. In this chapter,

we aim to decompose a 3D turbulent channel flow dataset with a basis composed of wavelet

modes and mPOD or POD modes.
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Figure 5.2: Partitioning of 2D wavelet subspaces, with similar color scheme and notation as Figure
2.4.

5.2 Methodology

We apply our methods to a DNS dataset of 3D turbulent channel flow from Johns Hopkins

Turbulence Database [124, 174]. The friction Reynolds number is Reτ = 1000. Other simula-

tion details can be found on https://turbulence.pha.jhu.edu/Channel_Flow.aspx. Let

h denote the half-channel height. We gather data on 211 = 2048 gridpoints in x, 29 = 512

in y, and 211 = 2048 gridpoints in z (some interpolation is done in z). We generate 250

snapshots separated by about 0.1 eddy turnover times, defined as tUb/h where Ub is the

bulk velocity. Let u, v, w be the streamwise, wall-normal, and spanwise fluctuating velocity

components (we will mostly work with u).

The streamwise x and spanwise z directions will be decomposed with a discrete wavelet

transform (DWT); see details on DWT and DDWD in Chapter 2. We first discuss the 2D

DWT for x-z data. Figure 5.2 shows the iterative partitioning of 2D wavelet subspaces,

similar to the 1D wavelet subspaces shown in Figure 2.4. A subspace V−l contains low-

wavenumber information, and a subspace W−l contains high-wavenumber information; a

superscript with parentheses denotes which direction. At each stage of the 2D DWT, a 1D

DWT in one direction is followed by a 1D DWT in the other direction. The decomposition

is repeated recursively on the 2D subspace V
(z)
−l V

(x)
−l . A 2D DWT basis can be formed by

following this recursive partitioning, or just performing a 1D tensor basis between the set of

subspaces from each direction (see bottom comment in Figure 5.2).

There are three options to perform a 2D DDWD. The first option is the simplest, which is

https://turbulence.pha.jhu.edu/Channel_Flow.aspx
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to apply 1D DDWD unidirectionally and perform a tensor product of each 1D DDWD basis

at the end. The second option is to recursively solve the optimization problem at each stage

while sequentially handling each direction (i.e., a 1D DDWD problem is solved at each stage

in the x direction and then in the z direction). The third option is to recursively solve the

optimization problem at each stage and simultaneously handling each direction (i.e., directly

maximizing the energy in V
(z)
−l V

(x)
−l ). Through validation results with synthetic data (similar

to what was done in Section 2.6.2 in Chapter 2 for details), we find that the first two options

work but the third does not (possibly due to implementation errors). In this chapter, we use

the first option for finding DDWD wavelets in x and z.

For the wall-normal direction, we have the option of POD or mPOD modes. For simplifi-

cation, the following formulations and later results will be for y-x slices of data. When using

POD modes in y and wavelets in x, the streamwise fluctuating velocity field is decomposed

as

u(x, y, t) =
∑
n

∑
lx

∑
mx

a(n,lx,mx)(t)φ(lx)
n (y)R2lxmx [ψ−lx(x)] , (5.4)

where R is the circular shift operator (see Chapter 2), lx is the stage, and mx is the wavelet

translate index. Note, φ
(lx)
n (y) only depends on the modal index lx and not mx, since we

absorb the mx index into the ensemble direction (justified by homogeneity in x direction).

Figure 5.3(a) shows the decomposition with DWT in x and POD in y, which we will refer

to henceforth as “DWT-POD”.

The other option for the wall-normal direction is to use mPOD modes. The MRA in

mPOD can be done in Fourier space [156] or wavelet space [155]. We choose to do it in

wavelet space. One complication is that wavelets are designed for periodic function, while

our signals in y are not periodic. To remedy this issue, we zero-pad the signals in y (similar to

the windowing procedure done in Chapter 2). Lastly, we have the option of performing a 1D

DWT in y as the MRA followed by POD in the projections to obtain POD modes; however,

to be consistent with the DWT-POD method, we choose to do a 2D MRA in x and y (we

observe that doing a 1D or 2D MRA does not affect the resulting mPOD modes). We then
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Figure 5.3: Sketch describing (a) DWT-POD and (b) mPOD (multiscale POD). The left panel
shows the relevant directions, the middle panel shows the transformed directions after DWT/MRA
is performed in the homogeneous/POD direction, and the right panel shows whether the POD
modes across different scales are orthogonal under a 1D inner product.

perform 2D wavelet projections onto the diagonal subspaces W
(y)
−l W

(x)
−l ; note, the wavelet

projections need only span the y direction and not necessarily the x direction, so projections

onto the left-leaning subspaces in Figure 5.2 is also possible (and does not affect the mPOD

modes much either). The decomposition of u for mPOD is the same as for DWT-POD in

Equation 5.4, except the number of modal indices n for mPOD will decrease with increasing

l = lx since the projections onto larger scale subspaces will have decreasing rank.

5.3 Results

5.3.1 DDWD wavelets in x

First, we show results for applying 1D DDWD to u in the x direction at multiple wall-

normal positions, as in Chapter 2. Figure 5.4 shows the wavelets. All notation, self-similarity

metrics, and other conventions follow Chapter 2. Note, ỹ is the wall-normal direction when

measured from the bottom wall. The DDWD wavelets in x do not change much with y, and

they look like Meyer wavelets. Based on the first case where all wall-normal positions are used

in the data matrix for DDWD, self-similarity lasts until stage 7 or a wavelet width/wavelength
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Figure 5.4: DDWD basis in x found at all wall-normal positions and three specified wall-normal
positions. (a) Wavelets for all four cases. (b) Self-similarity across adjacent stages (i.e., inner
product between the stage lx wavelets and the dilated, previous-stage wavelets) for all four cases.

of about 6h, which is consistent with the results of Chapter 2.

5.3.2 Streaks in viscous layer

We turn to applying 2D DDWD to u in the x-z plane at various wall-normal positions. Recall

we apply 2D DDWD unidirectionally and using a tensor product to combine the basis from

each direction. The 1D DDWD wavelets in x have been shown previously. Figure 5.5(a)

shows the 1D DDWD wavelets in z at y+ = 7, which is in the viscous layer where streaks

are expected to be found. Figure 5.5(b) shows the adjacent self-similarity metric for these

wavelets in green. Figure 5.5(b) also shows the adjacent self-similarity metric for DDWD

wavelets calculated other wall-normal positions (these wavelets are not shown, since they

look similar to those at y+ = 7).

The drop in self-similarity at stage 4 for DDWD wavelets in z at y+ = 7 may correspond

to streaks. Figure 5.6(a) shows the fluctuating velocity field u. Figures 5.6(b) and 5.6(c)

show the projection onto the stage-4 approximation and detail subspaces. Figure 5.6(d)
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Figure 5.5: (a) DDWD basis in z found at y+ = 7, with wavelets in red and the dilated, previous-
stage wavelets in blue. (b) Adjacent self-similarity for y+ = 7 wavelets and two other wall-normal
positions.

shows a zoom-in of Figure 5.6(c), showing structures that resemble streaks. When using the

friction Reynolds number of 1000 to convert from outer length scales to wall units (by simple

division), the streak-like structures have spanwise width z+ ≈ 100 and length x+ ≈ 1000,

which matches literature [112]. The drop in the self-similarity here at stage 4 for y+ = 7

may seem to indicate the lengthscale in which the most energetic structures cease to exist.

5.3.3 POD modes from DWT-POD

To find the modes from DWT-POD, we use the DDWD wavelets in x to perform the DWT

and perform POD for each wavelet scale lx. Figure 5.7(a) shows several of the POD modes

for POD index n = 1. As expected, since DDWD in x performs a MRA in x, an implicit

MRA is also done in y and is reflected in the POD modes becoming larger with larger scale

lx. Figure 5.7(b) shows the magnitude of the inner product between all POD modes of index

n = 1 across all scales. The diagonal is 1 as expected; however, the off diagonal values of the

inner product demonstrate that the POD modes from DWT-POD are not orthogonal across
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Figure 5.6: (a) Streamwise fluctuating velocity field u(x, z) at y+ = 7. Details scale 3 and below
(not shown) are removed from the field to yield the projection onto the stage-4 approximation (b)
and projection onto the stage-4 details (c). (d) Zoom-in of (c).

Figure 5.7: (a) POD modes found using DWT-POD (note, l refers to scale lx in this figure). (b)
Inner product of the n = 1 POD mode across scales.
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Figure 5.8: (a) DDWD modes in y in red and dilated, previous-stage wavelets in blue. (b)
Adjacent self-similarity.

scales.

5.3.4 mPOD modes

We now show mPOD modes. Before performing the MRA in y (2D wavelet projections in

x and y), we first find the DDWD wavelets in y. Figure 5.8(a) shows the DDWD modes

in y, and Figure 5.8(b) quantifies the adjacent self-similarity. For these DDWD modes,

self-similarity does not start until stage 5. However, the purpose of performing DDWD in

y is not to obtain modes for representing structures—we just need the basis for performing

a 2D wavelet projections for the MRA, and the resulting mPOD modes will be what will

represent the structures in y. Moreover, DDWD is designed to extract energetic structures

in statistically homogeneous directions (since wavelet translates span the whole domain),

while y is a nonhomogeneous direction, so the DDWD results here should not be interpreted

too readily.

Figure 5.9(a) shows the mPOD modes as a function of distance from wall ỹ scaled by

the length scale 2lx . The rescaling allows us to visualize the self-similarity of the modes,

which appears for stages 3 through 7; this range corresponds to the velocity structures being

self-similar from y+ = 100 to 1h, which is consistent with the results and literature review
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Figure 5.9: (a) mPOD modes normalized by the length scale (note stage/scale l should be lx in
this figure). (b) Same as (a) but for POD modes. Center of mass of modes as a function of scale
for (c) mPOD and (d) POD modes.

in Chapter 2. Figure 5.9(b) shows that the POD modes from DWT-POD appear less self-

similar. Figures 5.9(c) and 5.9(d) quantify self-similarity for mPOD and POD, respectively,

by plotting the center of mass of the POD modes. The center of mass position ỹ is calculated

by using the POD mode as a probability density function and finding its expected value.

Overall, as compared to POD modes, mPOD modes are orthogonal in 1D inner products

and display more self-similarity.

5.3.5 Projections and energy

Figure 5.10(a) and 5.10(b) show the stage-6 projection of u onto the n = 1 mPOD and POD

mode, respectively. For both POD and mPOD, the projections display significant blocking

artifacts in both spatial directions. The reason for this is that wavelets and POD/mPOD

modes themselves are wavy or blocky in nature so that modes from different modal translates

indices can remain orthogonal to each other. One remedy for this blocking artifact could be

do reapply 2D POD on the wavelet projections themselves, as done similarly in [74], which
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Figure 5.10: Stage-6 projection of fluctuating streamwise velocity field onto the n = 1 mPOD (a)
and POD (b) mode.

has not been attempted yet here.

Lastly we discuss the energy contained in the modes. The most dominant (n = 1) POD

modes across all scales contain 30% to 40% of the energy in the fluctuating streamwise

velocity field u (the energy is calculated with 2D inner products with the wavelets, since

POD modes are not orthogonal in 1D across different scales. The n = 1 mPOD modes

across all scales contain 50.7% of the energy in u; when including n = 2 and n = 3, around

80% of the energy is captured. While not shown, the mPOD modes for n = 2 and n = 3

show a similar range of self-similarity as those shown for n = 1.

Figure 5.11 shows the energy λn contained in modes used to decompose the wall-normal

direction of the u dataset. Note, in the figure, “POD” is not POD from DWT-POD but

rather normal POD applied to 1D snapshots of u—as such, the energy in n = 1 is the largest

it can be out of any orthogonal modal basis. In the figure, the “mPOD” curve is the energy

contained in the mPOD modes, with stage/scale decreasing from left to right (within each

stage, n increases). In the figure, the “mPOD (ordered)” curve simply orders the energy

from highest to lowest in the “mPOD” curve. While mPOD does not give the highest energy

optimality as POD, it does provide a multiscale ordering of the modes by wavelet stage.
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Figure 5.11: Energy of modes in fluctuating streamwise velocity field u as a function of modal
index n. POD is applied to 1D snapshots of u instead of wavelet projections, mPOD is shown for
decreasing scale and increasing n, and mPOD (ordered) is shown for only increasing n.

Therefore, for the general purpose of modeling energetic, multiscale structures, mPOD has

benefits over POD.

We end with some last comments on the analysis performed here. We only treated

data in the x-z and y-x planes separately, but doing so does not influence the results—

preliminary results (not shown here) with using the entire 3D dataset (downsampled in all

directions to avoid memory issues) yield similar results. Nonetheless, work remains to find the

ideal optimization problem to simultaneously perform DDWD in x and z and DDWD-based

MRA in y for the mPOD modes. Lastly, we focused only on the streamwise component

of the fluctuating velocity. Preliminary results (not shown here) show that repeating the

analysis for the other two velocity components yields similar levels of self-similarity and

energy optimality of the mPOD modes.

5.4 Conclusion

In this chapter, we used wavelet-based modal decomposition methods to characterize struc-

tures in the streamwise velocity component of 3D turbulent channel flow. DDWDwas applied

to the homogeneous streamwise and spanwise directions, where self-similarity in the log- and

wake-layer was observed up to about 5 half-channel heights in each direction. In the viscous
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layer, wavelet projections were applied to reveal streaks. In the wall-normal direction, we

applied two methods: POD at each wavelet stage, and multiscale POD (mPOD) through a

wavelet-based projection step. mPOD performs a wavelet projection in the same direction as

the POD modes, which offers some benefits. First, orthogonality under a 1D inner product

for modes across different wavelet stages/scales was only seen with mPOD modes and not

POD modes. Moreover, mPOD modes were more self-similar (100 wall units to 1 channel

height) and more energetic (the dominant modes across all scales capture around 15% of the

energy of the entire dataset). As for the shape of the modes, the DDWD wavelets in the

homogeneous directions are similar in shape to Meyer wavelets, while the mPOD modes are

similar in shape to Bessel functions. Overall, the combination of DDWD and mPOD yields a

method for extracting multiscale, energetic structures from 3D wall-turbulence data. Future

work involves polishing the optimization problem of DDWD/mPOD and repeating the anal-

ysis for the wall-normal and spanwise velocity components (the preliminary results for these

components, not shown here, are similar to the results for the streamwise component).
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6

Conclusions

6.1 General summary

In this thesis, we developed methods to: 1) characterize physical structures in wall-bounded

turbulence, and 2) model spatiotemporally chaotic dynamics. The first goal was achieved

by employing a modal-based decomposition approach in which modes directly represent the

coherent structures in wall-bounded turbulence. The second goal was achieved by using

machine learning techniques to construct a reduced-order model (ROM) for making high-

fidelity, time series predictions. Specifically, our ROM uses an autoencoder to learn a reduced

representation on the underlying inertial manifold, and the vector field on the manifold is

then learned with a neural ordinary differential equation (NODE).

In Chapter 2, we applied a data-driven wavelet decomposition (DDWD) to extract struc-

tures in experimentally-measured, 1D velocity signals of turbulent pipe flow. DDWD com-

bines the energetic optimality property of proper orthogonal decomposition (POD) with the

spatially-localized and multiscale property of wavelets, and is thus well-suited for determin-

ing characteristics of attached eddies in wall-bounded turbulence. The DDWD wavelets,

which represent the velocity signatures of attached eddies, were similar in shape to Meyer

wavelets; moreover, they were self-similar for a large range of lengthscales within the log-

and wake-layer, thus lending support to theory on attached eddies.
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In Chapter 3, we presented a technique to supplement a data-driven ROM with informa-

tion on the physics of the system. We applied this hybrid ROM to the Kuramoto–Sivashinsky

and complex Ginzburg–Landau equations, which are 1D partial differential equations ex-

hibiting spatiotemporal chaos (similar to the Navier-Stokes equations). We found the hybrid

ROM to outperform the solely data-driven ROM in time-series predictions for scenarios of

abundant data, scarce data, erroneous physics, and noise.

In Chapter 4, we continued the efforts to improve our ROMs by considering the real-

world scenario in which only partial observations of the state is available. We combined the

attention mechanism of transformers with time delay embeddings to reconstruct fields from

temporally intermittent and spatially sparse sensors. We also presented a guideline on using

attention mechanisms in a NODE.

In Chapter 5, we returned to wavelet-based characterization of structures in a simulation

of 3D turbulent channel flow. We adapted a technique called multiscale POD (mPOD) to

perform a multiresolution analysis with DDWDwavelet projections. As compared to DDWD,

mPOD is more suitable for extracting energetic, multiscale structures in the nonhomogeneous

wall-normal direction. Unlike POD modes, mPOD modes remain orthogonal under 1D inner

products, which aids in the analysis of energy content and possibly in modeling efforts. The

discovered 3D DDWD-mPOD basis was also self-similar, further corroborating the results of

Chapter 2.

6.2 Future work

Here, we elaborate on avenues of future work. In Section 6.2.1, we start by providing

preliminary results for using the modal basis in Chapter 5 to create a kinematic model

of wall-turbulence. In Section 6.2.2, we present preliminary results on using IRMAE to

estimate the manifold dimension of 2D homogeneous isotropic turbulence (HIT). We end

this thesis in Section 6.2.3 by discussing extensions that can be made to our hybrid ROMs
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and applications to more complex systems.

6.2.1 Attached eddy basis

Here, we aim to develop a kinematic model of wall-turbulence, similar to the attached eddy

model (AEM) discussed in Section 1.1.3. The AEM constructs a model by populating a flow

domain with multiscale vortex structures (which induce velocity signatures) that have the

underpinning assumption of self-similarity. Since the 3D DDWD/mPOD basis in Chapter 5

was discovered to be self-similar across a large range of scales, it is effectively an attached

eddy basis (AEB).

We begin by transforming the DDWD/mPOD decomposition from Chapter 5 into a form

consistent with the AEH. We rewrite the AEH in Equation 1.6 into

u(x, y, z) =
∑
j

Uj f

(
x− xc
δ

,
y

δ
,
z − zc
δ

)
, (6.1)

where Uj is the velocity scale of eddy j (not universal, since we do not restrict our focus

to the log-layer as was done in the AEH), xc = (xc, yc, 0) is the center position of an eddy,

and f is the universal function for the velocity field induced by the representative eddy. We

focus on the fluctuating streamwise component of the velocity for now. The DDWD/mPOD

decomposition can be written

u(x, y, z) =
∑
n

∑
l

φ(l)
n (y)

∑
mx

∑
mz

[
a
(n,l,mx,mz)
HH ψ−l

(
x− 2lmx

)
ψ−l

(
z − 2lmz

)
+a

(n,l,mx,mz)
LH ξ−l

(
x− 2lmx

)
ψ−l

(
z − 2lmz

)
+a

(n,l,mx,mz)
HL ψ−l

(
x− 2lmx

)
ξ−l
(
z − 2lmz

) ]
,

(6.2)

where we avoid a double sum over lx and lz indices by representing the high-wavenumber-in-

x—high wavenumber-in-z (HH) subspace along with the off-diagonal (LH and HL) subspaces

at stage l with detail wavelets ψ−l and approximation wavelets ξ−l. To convert this equation
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into the AEH form in Equation 6.1, we make two assumptions: 1) the modes are self-similar,

and 2) the n = 1 mPOD mode is dominant; in Chapter 5, the modes were self-similar

from stages 3 through 7 and the total energy in the n = 1 modes was around 50%, so these

assumptions are not far off. Then, we can set the lengthscale of the eddy δ to 2l and eliminate

the sums over n and l to get

u(x, y, z) ≈
∑
j

[
Uj,HH ψ−l

(
x− 2lmx

2l

)
φ1

( y
2l

)
ψ−l

(
z − 2lmz

2l

)
︸ ︷︷ ︸

fHH

Uj,LH ξ−l

(
x− 2lmx

2l

)
φ1

( y
2l

)
ψ−l

(
z − 2lmz

2l

)
︸ ︷︷ ︸

fLH

Uj,HL ψ−l

(
x− 2lmx

2l

)
φ1

( y
2l

)
ξ−l

(
z − 2lmz

2l

)
︸ ︷︷ ︸

fHL

]
,

(6.3)

which matches the AEH-based decomposition in Equation 6.1 when using three universal

functions f (one for each of the three pairs of wavelets). Repeating this analysis for the other

two velocity components means that a total of only nine universal functions are needed to

represent the three-component, 3D velocity field. If the velocity scales (such as Uj,HH)

follow a universal probability density function, then we have an AEB that can model the

instantaneous velocity field with a representative velocity structure containing only nine

degrees of freedom.

The first natural step is to obtain a view of the shape of the attached eddy (vortex) that

gives way to the velocity structure given by the AEB. To do so, we use the turbulent channel

flow dataset from Chapter 5, downsample it by a factor of four in all directions (to reduce

memory costs), and apply a decomposition with Meyer wavelets in x and z (since the DDWD

wavelets found in Chapter 5 were Meyer-like) and the MRA done in y. We take a stage-4 basis

element and use regression to calculate the RMSE of the modal coefficients

√(
a(n,l,mx,mz)__

)2
for each subspace; the ratios were 2.1 for HL vs. HH and 0.8 for LH vs. HH. These ratios

were used to determine the ratio of contributions from each universal function. Now that the
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Figure 6.1: Attached eddy found with Q-criterion of representative velocity structure of an at-
tached eddy basis (AEB), shown in isometric (a) and side (b) view. (c) Using the AEB as a model
for the streamwise Reynolds stress.

representative velocity structure is distilled into a single function, we apply Q-criterion to

find the corresponding attached eddy. Figure 6.1(a) shows the representative attached eddy

found with the AEB, with a side view depicted in Figure 6.1(b). The attached eddy displays

many oscillations in all three spatial directions, which results from the representative velocity

structure containing many oscillations itself.

Next, we attempt to use the AEB as a AEM for obtaining Reynolds stresses and/or

instantaneous velocity fields. Like with the AEM, we will randomly populate the field with

the representative velocity structure at different sizes and locations. First, we assume the

number density of attached eddies at scale δ = 2l scales as pH(δ) ∼ 1/δ. Next, we assume

the same ratios of the RMSE of modal coefficients as calculated before. Finally, we assume a

fixed wavelet energy distribution (WED) for the HH subspace that increases exponentially

with stage l. Figure 6.1(c) shows that the model does not capture even the log-law in the

streamwise Reynolds stress; therefore, the instantaneous velocity fields (not shown) from the

model are even worse off.

To improve on the AEB, a detailed account of the energy distribution for the modal

coefficients (absorbed into the velocity scales Uj,_) across all subspaces needs to be deter-
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mined. Similar to the WED found in Chapter 2, these distributions may follow power laws.

Moreover, the number density of attached eddies may not be as simple as pH ∼ 1/δ, since

many AEM models modify this function for the wake layer (see Section 1.1.3). Lastly, Fig-

ure 6.1 shows that the attached eddy and velocity structure derived from the AEB suffer

from blocking artifacts. One idea is to use POD modes instead of mPOD modes in the y

direction; however, as seen in Chapter 5, the oscillations still exist in POD modes and may

still introduce blocking artifacts in y and will do nothing to remedy the blocking artifacts in

the other spatial directions.

We end this section by discussing an alternative to a traditional discrete wavelet transform

(DWT) for 2D/3D transforms. The DWT, as seen throughout this thesis, is designed to

represent spatially-localized or point singularities. The oscillations in the tail of the wavelets

lead to blocking artifacts too, which are more apparent in 2D/3D than 1D. One alternative is

to use curvelets [146], which are a variation of wavelets that are designed to represent curves

in 2D or surfaces in 3D. So, as opposed to using many point-wise wavelets to represent a

curved turbulent structure, curvelets can do so with fewer modes, as was demonstrated in

[146]. One downside of curvelets is that they do not form a basis—the redundancy factor

(which measures the overcompleteness of the basis) in 2D is 7.2, which is not as serious

as say the continuous wavelet transform—and adapting curvelets to be orthogonal is an

open problem that remains challenging. So, in the context of representing structures in

turbulence, there is the tradeoff that curvelets give more efficient representations but also

lack orthogonality.

6.2.2 Estimating manifold dimension of homogeneous turbulence

Here, we apply the IRMAE method [253] to estimate the manifold dimension of 2D ho-

mogeneous isotropic turbulence (HIT). Much work has been done to apply IRMAE and

DManD to complex systems, such as 3D turbulent Couette flow in a minimal domain [134],

3D turbulent pipe flow [32] in a minimal domain, and 2D Kolmogorov flow [92, 173, 186].
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In these systems, the number of degrees of freedom on the inertial manifold is O(10). In 3D

wall-turbulent flows of practical interest, the flow domain is larger and the Re is high—the

number of degrees of freedom on the inertial manifold is expected to be at least O(100) or

O(1000). In this section, we will show preliminary results for using a convolutional autoen-

coder (CAE) variant on IRMAE to estimate the inertial manifold dimension of 2D HIT at

high Re.

The 2D incompressible vorticity equation is given by

∂ω

∂t
= −u · ∇ω +

1

Re
∇2ω , (6.4)

where the vorticity is related to the velocity by ω = ∇× u. We consider a domain (x, y) ∈

[0, 2π]×[0, 2π] with periodic boundary conditions. For the simulation, we modify the equation

according to [229] by adding two damping terms and a forcing term:

∂ω

∂t
= −u · ∇ω +

1

Re
∇2ω + (−1)m1+1ν∆m1

ω + (−1)m2+1α∆−m2ω + f , (6.5)

where the (−1)m1+1ν∆m1
ω is the hyper-viscosity term, (−1)m2+1α∆−m2ω is the hyper-drag

term, and f is the forcing term. The forcing term is necessary to maintain a statistically

stationary flow, otherwise the flow would decay. Following [229], we apply a random forcing

at radial wavenumber kf ; at every timestep, we reset the magnitude of the Fourier component

at kf to be a fixed value while leaving the phase alone, which effectively provides a constant

forcing at a specific scale but dispersed in space. 2D HIT exhibits an inverse energy cascade,

where the injected energy at kf moves to larger scales following a −5/3 power law—therefore,

the hyper-drag term is needed to remove kinetic energy at small wavenumbers to prevent

large-scale structures from dominating the flow. The inertial range of 2D HIT, where energy

flows from wavenumber kf to higher wavenumbers associated with dissipation, follows a −3

power law. The hyper-viscosity term, along with the hyper-drag term, are used to establish

a wide inertial range. We use m1 = 8 and m2 = 1. The simulation is performed with
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Conv(7,7) + max-Pool(2)
Conv(5,5) + max-Pool(2)

Conv(3,3) + max-Pool(2)
Flatten

Linear layers
1@64x64

32@64x64

16@32x32

8@16x16

1x2048

1x1000

zInput

Figure 6.2: Architecture of a convolutional autoencoder. “Conv” denotes convolution layer with
kernel size in parentheses and downsample factor for max-pool is in parentheses.

code written by Daniel Floryan. A pseudo-spectral method is used to discretize in space,

and the time stepping is done with the Crank-Nicolson method (for the hyper-viscosity and

hyper-drag terms) and Heun’s method (for the convection and forcing terms).

We now discuss the neural network architecture we use for IRMAE. As compared to

feedforward neural networks, convolutional neural networks (CNNs) are better suited to

extract features from large images due to convolutional filters enabling the sharing of weights.

We employ a convolutional autoencoder (CAE) to discover the inertial manifold coordinates.

Figure 6.2 shows the CAE architecture that we will use (see caption for details). We use

circular padding after each convolution layer, and all layers use GeLU activation. We use a

learning rate of 10−3, batch size of 64, 4 linear layers, and a weight decay strength of 10−4.

We train with an AdamW optimizer, with no learning rate scheduler, for 100 epochs. For

training, we generate a single timeseries of ω consisting of 50,000 snapshots separated by

10−3 time units (simulation step size is 10−4 time units).

We now show results for a simulation generated with N = 64 grid points in each direction,

a forcing wavenumber of kf = 4, and Re = 1000. Figure 6.3(a) shows a snapshot of ω, while

Figure 6.3(b) shows a low-pass filtered version of it. Figure 6.3(c) shows the radial energy

spectrum E(k), where k is the radial wavenumber, depicting that the simulation produces

the expected power law in the inertial range. The inverse energy cascade and −5/3 power

law are shrouded due to the small forcing wavenumber. We first show IRMAE results for
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Figure 6.3: 2D HIT without filter (a) and with filter (b). (c) Energy spectrum. (d) Training
dynamics of singular value spectra for the filtered vorticity field (IRMAE is learning the Fourier
transform here).

the filtered vorticity field. Figure 6.3(d) shows the training dynamics of the singular value

spectra. At the end of training, there is a relatively sharp drop in the spectra at around 500;

however, this result is misleading. Since the filtered data contains 16 wavenumber modes in

each direction, each with a real and imaginary component, there are 512 degrees of freedom

in Fourier space. Consequently, the CAE is essentially finding the Fourier components of

the data and not the inertial manifold coordinates.

We now show results for applying IRMAE to the unfiltered results in Figure 6.3(a).

Figure 6.4(a) shows a plot of relative MSE vs. estimated dimension from 5 models (same

training, just with different random weight initializations). IRMAE is not robust, since the

dimension estimate is varying a lot and there is no minimum in the MSE vs. dimension

curve. For the best performing model, Figure 6.4(b) shows a comparison of a representative

snapshot to the ground truth and Figure 6.4(c) shows the training dynamics of IRMAE. The

MSE is relatively high, and there is no clear drop in the singular value spectra (as with other

models too).

IRMAE does not give a robust dimension estimate of 2D HIT, as evidenced by Figure
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Figure 6.4: Results for unfiltered vorticity field. (a) Relative MSE vs. manifold dimension es-
timated from IRMAE for 5 models with different weight initializations. (b) Ground truth and
representative reconstruction for best model (red square in subplot (a)). (c) Singular value spectra
training dynamics for best model.

6.4. We tried various tweaks, but nothing helped this issue. We tried increasing the number

of grid points N , making the network more expressive, varying the number of linear layers

and/or weight decay strength, increasing the time series length, using an ensemble of time

series, and different weight initializations for the linear layers. Overall, our network seems

expressive enough, since the reconstruction error for 2D HIT is typically on the order or

0.05 [238]. In recent work applying IRMAE to 2D Kolmogorov flow [29], robust dimension

estimates of around 50 to 480 were calculated for flows with Re ranging from 25 to 400.

Since our data is at Re of 1000 and uses a forcing function that is more complex, the inertial

manifold dimension is likely close to 1000.

We showed preliminary results on using IRMAE with a CAE architecture to estimate

the inertial manifold dimension of 2D HIT. The dimension estimates were not robust, and

work that remains to improve the robustness include trying dense blocks in the CAE as

was done in [29], trying lower Re simulations, and trying a simpler forcing function that is

deterministic.
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6.2.3 Extending our reduced-order models

For this last section of the thesis, we discuss approaches for extending our hybrid ROM devel-

oped in Chapter 3 to more complex systems and challenging situations. The primary system

of interest on which to apply PI-DManD is 3D channel flow, where the supplied information

on the Navier-Stokes equations is suspected to aid in time evolution. First, however, DManD

needs to be refined. The critical assumption for our dynamical systems-based approach for

ROMs is that we can find the coordinates on the underlying manifold. However, with com-

plex systems, the curse of dimensionality prohibits the estimation of the manifold dimension

and the ability to obtain an accurate autoencoder model, as demonstrated in Section 6.2.2.

Linear dimension reduction as a preprocessing step to neural network training is one way

to combat the curse of dimensionality. For 3D turbulent flows at low Re [32, 134], linear

dimension reduction with POD proved useful for training DManD models. For higher Re

flows, however, the number of POD modes that need to be retained to capture most of

the energy of the original dataset increases substantially and the curse of dimensionality

is not mediated. To achieve a more efficient linear dimension reduction, one can use the

mPOD/DDWD modes of the AEB (as discussed in Chapter 5 and Section 6.2.1), since

they directly represent the physical structures in the turbulent flow. The merging of the

AEB as a linear dimension reduction step with the hybrid ROM can lead to a ROM that is

physics-informed, data-driven, and structure-informed.

Another way to improve the training of DManD/PI-DManD models in complex systems

is to utilize wavelets as convolutional filters in a CAE or CNN architecture. Just as POD is

a linear autoencoder, a wavelet transform is a linear CAE [51]. Wavelet modes act as a con-

volution filter over a signal to produce wavelet coefficients. As such, wavelets are filters that

are interpretable with fixed weights, while typical convolutional filters have high predictive

power with weights that need to be learned. A wavelet scattering network (WSN) strikes

the balance between the two by employing wavelets with fixed weights for the convolution

and then applying nonlinear activation functions on the convolution. Combining the ideas
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of the WSN with the AEB offers another option to develop a hybrid ROM that is informed

by the turbulent structures in the data.

Lastly, we examine methods to extend our PI-DManD model to be more applicable to

real-world scenarios. First, we desire our model to be robust to noise; as discussed in Chapter

3, PI-DManD is already robust to noise but can be improved upon with a robust autoencoder

and/or a weak-formulation of the NODE [123]. Second, we desire our PI-DManD model

to be applicable to the scenario where full coverage of the ambient space is not available

(e.g., a wall-turbulent flow with only shear stress or pressure measurements at the wall).

In Chapter 4, we demonstrated the use of time delays to recover a diffeomorphism to the

inertial manifold. We can train a neural network to map from time delay embeddings to

the manifold coordinates, and another neural network for the reverse mapping. Then, a

physics-based MG model on the manifold coordinates and a time evolution model (possibly

containing attention mechanisms) on the time delayed partial observables can be combined

into a hybrid ROM. Lastly, we aim to further test PI-DManD on handling the scenario

where the known physics are only approximate. One such scenario is with complex/non-

rheometric flows of complex fluids, where accurate first-principles constitutive models do

not exist. We aim to apply PI-DManD first to the case of rigid rod suspensions (governed

by orientation probability distribution function) and then systems governed by stochastic

differential equations. Lastly, we plan to integrate all of these extensions to PI-DManD

discussed here with learning control policies to reduce turbulent drag, as was done with

reinforcement learning in minimal turbulent Couette flow in [138].

This thesis explored the ideas of: 1) using wavelets to represent coherent structures in

wall-bounded turbulence, and 2) informing data-driven low-order models with knowledge of

the physics governing the system. We believe that merging these two ideas and refining

them will pave the way for ultimately being able to mechanistically understand, model, and

control Newtonian/non-Newtonian turbulent flows.
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