Low-dimensional data-driven models for forecasting and
control of chaotic dynamical systems

by

Alec J. Linot

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Chemical and Biological Engineering)
at the
UNIVERSITY OF WISCONSIN - MADISON

2023

Date of final oral examination: February 15, 2023

This dissertation is approved by the following members of the Final Oral Committee:
Michael D. Graham, Professor, Chemical and Biological Engineering
Reid C. Van Lehn, Associate Professor, Chemical and Biological Engineering
Victor M. Zavala, Professor, Chemical and Biological Engineering

Jean-Luc Thiffeault, Professor, Mathematics






Dedication

First, I would like to say I love you to my family and thank them for all they have done
in helping me get to this point. My parents Joe and Becky have always been extremely
supportive and loving. Their support played a major role in giving me the confidence needed
to overcome the challenges that come with grad school. To my brother Reid, you've always
reminded me to be a little less serious, and I am very excited about your upcoming wedding
with Natalie. To my Grandpa Jim Rhatigan, I always appreciated the calls we had over the
years about my progress and the guidance you gave me. Lastly, Suzie, I appreciate that you
always listen to me going on about math and science, and I am especially grateful for your

encouragement in the last few stressful months.

My friends have also been a huge support throughout this process. To Trina and Fer-
nando, thank you for being there since AP Chem. I will never forget our travels through
Brazil and hope we can go somewhere that none of us know the language — so Fernando
can be as helpless as Trina and me. To my friends back in Kansas, especially Jordan, Alex,
Bryce, and Jared, it was always a pleasure coming home from Wisconsin over the holidays
to see you. To my friends from K-State, especially Quentin, Kail, Lincoln, and Brodie. Kail
and Lincoln, I always look back fondly upon our time living together. Quentin and Lincoln,
I was very happy you both moved to Minneapolis, and periodically seeing the two of you
has been a wonderful excuse to drive over and forget about research for a weekend. And, to
Brodie, I miss our times in the dorms, and always cherish hearing from you and appreciate

your willingness to meet up when I give you an hour’s notice that I will be passing by. I



i

would also like to thank Sigi Castro for being instrumental in my transition to grad school.
He played a key role in inspiring me to pursue this degree in uncertain times.

While at Wisconsin I have also made some amazing friendships. To Mike Jindra, I
appreciate all of the years we lived together. You taught me many things including if I want
a sake bomb at a fancy sushi restaurant I should ask because that boldness may just pay
off. To Jonathan, I will never know how you had two kids in grad school and still found
time to play hockey with me every week, along with the many other activities we got up
to with Mike. To Frank and Hector, I appreciate all you guys did in passing on your grad
school experience to me. To my current labmates, Kevin, Eric, Carlos, RJ, Xiaopo, Alex,
Dell, Charlie, Andrew, Ricardo, and Manish, I enjoy coming into the office thanks to all
of you. Some fond memories I have include: going to the Bad Bunny concert with Carlos,
my periodic dinners with Kevin and Eric, getting drinks with RJ and Jonathan at AIChE,
and all my volleyball outings with Ricardo and Mike Jindra. To my labmates who have
graduated, Ashwin, Xiao, Frank, and Daniel, thank you for all of your help over the years.

Finally, T would like to thank my defense committee of Prof. Van Lehn, Zavala, and
Thiffeault. And, to my advisor Mike Graham, I have greatly appreciated your mentorship.
You have been a huge influence on how I approach research, and all of the conferences, pre-
sentations, and scholarships you have helped me with over the years have been invaluable

for my future career.



111

Abstract

Modeling high-dimensional and chaotic dynamics remains a challenging problem with a wide
range of applications from controlling turbulent flows, to weather forecasting, to predicting
cardiac arrhythmias — to name a few. Two major challenge in modeling these systems is
that sometimes the equations are unknown and when they are known solving them can
be prohibitively expensive. Due to these issues, only recently have experimental databases
become mature enough and computational resources fast enough for there to exist large
datasets of high-dimensional chaotic dynamical systems. The existence of these large datasets
and advances in machine learning techniques opens the possibility for drastic improvements
in the modeling and interpretability of chaotic dynamical systems through data-driven low-
dimensional models. Here, we generate extremely low-dimensional “exact” models of chaotic
dynamics in dissipative systems. In Ch. 1 we motivate finding low-dimensional models,
provide background on manifolds, review existing methods on dimension reduction, and
review methods on modeling dynamics. Following this, we describe the general framework
for data-driven modeling that we take in the subsequent chapters. This model consists of
an autoencoder — a neural network that reduces and expands dimension — to reduce the
dimension of the problem and a neural ordinary differential equation (ODE) to evolve this

low-dimensional system.

In Ch. 2 we investigate the application of this model on one of the simplest partial
differential equations that can exhibit chaotic dynamics, the Kuramoto-Sivashinsky equation

(KSE). We find that despite the high-dimensional nature of the state when simulating the
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KSE, using an autoencoder we can drastically reduce the dimension of the problem without
losing any of the underlying physics. Interestingly, the minimum number of dimensions we
find to accurately recreate the dynamics, in this case, coincides with the true dimension
of the manifold on which the data lies. This indicates that not only did we discover a
parameterization of this low-dimensional manifold, but that the autoencoder approach we
take may allow for an estimate of the manifold dimension in other systems. Furthermore,
the minimal dimension needed to capture the physics exhibits a linear scaling as we increase

the complexity of the KSE in agreement with the literature.

The KSE results are extended into Ch. 3, where we use a neural ordinary differential
equation (ODE) for the dynamics. In a neural ODE, we learn a time evolution by replacing
the right-hand side of an ODE with a neural network (NN). This representation allows us to
evolve trajectories to arbitrary times and empirically we find this allows us to train our mod-
els with data that is spaced far apart in time. In addition, we find that neural ODE models
at dimensions higher than the expected manifold dimension are unstable, further supporting
the usefulness of representing the state in the low-dimensional manifold coordinates system

from the autoencoder.

Then, in Ch. 4 we use this low-dimensional model (with slight modifications) to learn
a control strategy for the KSE. Four “jets” control the system, and we use reinforcement
learning (RL) to minimize the total power consumption. We first use RL to find a control
strategy on the model and then deploy this strategy on the high-resolution simulation of the
KSE. This overcomes the large computational burden of applying RL to the high-resolution
simulation. When applying the control strategy (learned from the model) to the high-
resolution simulation, we find the controller consistently pushes the system to an unstable
low-“drag” fixed point, around which it oscillates. We then perform continuations of the
controlled fixed point to find it connects to an unstable fixed point of the unactuated KSE.
This reveals that RL can take advantage of underlying invariant solutions for control without

any prior knowledge of their existence.



We continue to investigate the issue of stability in neural ODEs in Ch. 5, however here
we do not perform dimension reduction before training the neural ODEs. In this chapter, we
find long-time instability in neural ODEs of dissipative systems appears when they lack the
dissipative structure of the underlying equations. We address this in Ch. 5 by training neural
ODEs with a linear and a nonlinear term. This simple addition to the structure results in
stable long-time dynamics. Furthermore, knowing the structure of the linear term alone can
be useful. For example, we use the eigenvectors of the linear term for reduced-order modeling
with classic Galerkin and nonlinear Galerkin methods. This “flips" the approach from before
where instead of reducing the dimension and then finding dynamics, we find dynamics and

then reduce the dimension.

In Ch. 6, we combine the stabilized neural ODEs with the dimension reduction tech-
niques to model turbulent plane Couette flow. We find that we can reduce a fully resolved
simulation requiring O(10°) degrees of freedom down to fewer than 20 dimensions and still
accurately reproduce short- and long-time statistics of this flow. Notably, the model exhibits
the underlying “self-sustaining process” that drives wall-bounded turbulence. In addition,
we use this low-dimensional model to discover 9 previously undiscovered invariant solutions
of the model — a difficult and expensive task in the full simulation, but simple and cheap in

our low-dimensional model.

As with the KSE, we then apply control to this low-dimensional model of Couette flow
in Ch. 7 with slight modifications. In this case, we apply control in the form of two zero-flux
slot jets on one wall. We first train a model from data with randomly chosen actuations,
then we train an RL agent to control this model. Upon applying this control strategy to
the full system we find that over 80% of the trajectories laminarize within 900 time units.
This outperforms the standard opposition control approach, which has much more control
authority as it involves controlling the wall-normal velocity at all locations of the wall — not
just two slot jets. Furthermore, we find that we can achieve these results from just wall

shear observations, making this control policy much more viable to realize in a real-world
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experiment.

Finally, we conclude with a discussion of some exploratory works and future directions in
Ch. 8. The first of these explorations is that of distributed modeling. Specifically, we show
that we can build a set of low-dimensional models that we couple together for the prediction
of the KSE in large domains. This opens the possibility for the extension of this work to
many practical systems. Next, we explore incorporating both discrete and continuous sym-
metries into the modeling approach. By accounting for both of these types of symmetries we
significantly improve the autoencoder performance and guarantee equivariance of trajecto-
ries under symmetry operations. We end this chapter by discussing how to incorporate the
equations of motion into the model and various extensions of the Couette control system.

The results highlighted in this work show that the apparent high dimensionality of many
chaotic dynamical systems is a facade. The chaotic dynamics exhibited by dissipative PDEs
tend towards a region of state space that lies on a finite-dimensional invariant manifold. By
parameterizing this manifold we can represent the high-dimensional state information in a
low-dimensional manifold coordinate system. Once data lies on the manifold, all forecast-
ing can be done in this manifold coordinate system, drastically improving computational
efficiency. This drop in computational cost then allowed us to perform the extremely com-

putationally expensive tasks of finding invariant solutions and RL control strategies.
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Chapter 1

General introduction

In this thesis, we are predominantly concerned with the study of the chaotic dynamics of
turbulent fluid flows. The study of turbulent flows is of huge practical importance due to the
massive amounts of energy lost due to turbulent drag in industrial and commercial processes
like air flowing over a plane or oil pumped through a pipe. Turbulent drag accounts for
25% of the energy used in industry and commerce, which results in 5% of all man-made
COs emissions [104]. Small reductions in turbulence could lead to massive savings in energy.
However, a major challenge is directly solving the Navier-Stokes equations is extremely
computationally expensive [165] and with the ending of Moore’s law [187] modeling more
turbulent flows may remain a challenge with current approaches. This motivates the goal
of this thesis, which is the development of low-dimensional data-driven models of chaotic

dynamical systems with a focus on turbulent flows.

Chaotic dynamical systems are ubiquitous in physics and nature from systems as simple
as two pendulums attached together to those as complex as global weather patterns. These
types of systems are extremely hard to predict and, despite the fact their dynamics are
governed by deterministic systems, the dynamics often appear random. This characteristic
of deterministic chaotic dynamical systems comes from two traits inherent to these types of
systems: high sensitivity to initial conditions and aperiodic long-time dynamics [201]. Sen-

sitivity to initial conditions makes predicting and controlling these systems difficult because



small changes cause solutions to diverge exponentially fast. Additionally, the aperiodic long-
time behavior makes the dynamics of the system appear “random” hindering our ability to

find the physical mechanisms that describe the underlying behavior.

We predominantly study two chaotic dynamical systems in this thesis. First, we will de-
velop our modeling techniques on a one-dimensional proxy for turbulence called the Kuramoto-
Sivashinsky equation (KSE), which was originally developed for flame propagation [191].
This partial differential equation (PDE) is a useful testbed as it is the “simplest” PDE that
can exhibit chaotic dynamics [14]. The second system we consider is three-dimensional direct
numerical simulations of the Navier-Stokes equations. In particular, we will study turbulent
plane Couette flow in the smallest domain that sustains turbulence [83]. In what follows we
will develop methods for finding low-dimensional models of these systems and then applying

control to them.

For finding the low-dimensional models for these systems we attempt to connect ap-
proaches from chaotic dynamical systems, topology, and machine learning. In particular,
these low-dimensional models will rely on the fact that the long-time dynamics of the sys-
tems we are interested in lie on strange attractors [49]. Strange attractors are characterized
by fractal (noninteger) dimensions. Despite this complexity, these attractors still lie on man-
ifolds, which are of an integer dimension, so we can consider describing the dynamics of the
attractor in terms of the topology of these manifolds. We approach the parameterization of
these manifolds and the description of dynamics on them using modern data-driven tools

developed in the machine learning community:.

The objective of the following sections is to provide a detailed background on what is
needed for “exact” low-dimensional modeling on manifolds, and a review of the many possible
approaches we considered taking in this pursuit. As such, the following sections contain
details on dynamical systems on manifolds, data-driven dimension reduction techniques, and
data-driven time-evolution techniques. To orient the reader, we provide the main conclusions

from each section. In Sec. 1.1 we discuss the equations that describe dynamical systems that



collapse onto finite invariant manifolds. This leads to the conclusion that if we can find three
functions — an encoding function, a decoding function, and a time-evolution function — then
we can exactly model a high-dimensional dynamical system in a low-dimensional manifold
coordinate system. As these functions are typically unknown, we want to approximate them

from data.

After this, in Sec. 1.2 we first determine that generally, we want the encoder and the
decoder to be nonlinear functions. Then we use this result to motivate an extensive review of
data-driven techniques for dimension reduction. We determine that autoencoders constitute
a good choice for finding an encoding and a decoding function. This leads to a discussion
on how to approximate the time-evolution function in Sec. 1.3. We first review methods
involving both the true equations of motion, and data-driven techniques, and chose to use
neural ordinary differential equations (ODE). Finally, we present how these methods combine
to form a general framework for low-dimensional modeling in Sec. 1.4, and we outline the

chapters in Sec.1.5

1.1 Dynamical systems on manifolds

Throughout this thesis, the objective is to approximate (from data) the dynamics of some

partial differential equation
v
— = F(v), 1.1
= F(v) (11)
that is a function of space and time v(x,t). In order to approximate these dynamics we first
need to convert this formally “infinite”-dimensional problem [178] into a finite-dimensional
problem. We do this by approximating v with a sum of time-dependent modal coefficients
(ui(t))
d
o) = 3 wit)pi(a), (1.2)
i=1



with the orthonormal basis ¢;(z) [92]. Then, by substituting Eq. 1.2 into Eq. 1.1 and

performing a Galerkin projection onto ¢;(x) we transform Eq. 1.1 into

% = (f (Z uz-(t)soi(x)> ,%(1‘)) : (1.3)

which we write generally as

du

— = . 1.4

W = fw) (14)
Now, this ordinary differential equation is the full-order model (FOM) [121], which we often
refer to as a high-resolution simulation. Instead of considering recreating the dynamics of

Eq. 1.1 we can instead consider recreating the dynamics of Eq. 1.4, with full state v € R? in
the ambient space R

In general, evolving the dynamics of the FOM requires d degrees of freedom, however, we
either know, or evidence suggests, that the dynamics of many dissipative dynamical systems
collapse onto low-dimensional manifolds M C R? at long times [44, 59, 60, 205, 241]. Figure
1.1 shows a caricature of this behavior. If we start anywhere in the ambient space R?, at
long times we expect trajectories of these systems to lie on M. Dissipative systems, in this
thesis, refer to ones where energy dissipates at high Fourier modes, these energy losses are
then offset by energy injection at low Fourier modes, and energy flows from the lower to
higher modes [241]. Once the dynamics of these systems collapse onto a manifold, we only
need R degrees of freedom to describe the dynamics, where d is the manifold dimension
(the details of which we discuss in Sec. 1.2).

On the manifold M we can define a mapping to a manifold coordinate system (we also

refer to this as encoding)

h = x(u), (1.5)

where h € R, and a mapping back to the full state (we also refer to this as decoding)

u=x""(h). (1.6)
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Figure 1.1: Black lines indicate arbitrary initial conditions in R¢ attract towards M.

Then, by simply taking the time derivative of Eq. 1.5, performing chain rule, and substituting

Eq. 1.6 for u, we can write the ODE in this manifold coordinate system:

dh _ Ox(u)
dt  Ou

FOH(R)). (1.7)

Alternatively, you can perform the same process on Eq. 1.6, which is the manifold Galerkin
approach discussed in Lee and Carlberg [121], resulting in a similar ODE. In Eq. 1.7 we
see that the ODE in the manifold coordinates only depends upon the manifold coordinate

representation of the state, so we can also write the ODE generally as

dh

ar g(h). (1.8)

This shows that two equivalent methods exist for evolving trajectories of the FOM (Eq.
1.4) after dynamics have collapsed onto a manifold: 1) Take an initial condition uy and
integrate Eq. 1.4 forward in time, or 2) Take an initial condition ug, map ug to the manifold
coordinate system (Eq. 1.5) to get hg, then integrate Eq. 1.8 forward in time, and, finally,
map the trajectory back to the full state with Eq. 1.6. As we show above, both cases result
in the same solution, however for many cases dyy < d. This low dimensionality makes
the second approach far faster to solve numerically. For example, in Ch. 6 and Ch. 7 by

taking the second approach we will turn a problem that takes days into a problem that takes



minutes. Furthermore, the description of the dynamics in the manifold coordinate system
may be more interpretable than the description in the full state.

I are unknown and even if f is known (it is not

Unfortunately, in most cases x and y~
in all cases), directly evaluating f(x~'(h)) in Eq. 1.7 may be computationally expensive.
These challenges motivate the key aim of this work: can we generate “exact” reduced-order
models of dissipative dynamical systems by approximate y, x !, and ¢ directly from data?
To answer that question we review possible methods for approximating y and y~! in Sec.
1.2, followed by possible methods of approximating g in Sec. 1.3.

In what follows, we discuss many methods for approximating functions using data, so first
let us describe the form in which this data exists. Typically, we will assume we have data of
the full state in form of M snapshots {uy, ua, ..., ups } from a trajectory (or trajectories) that
has collapsed onto the manifold (i.e. u; € M C R?). In the case of dimension reduction,
the organization of these snapshots does not matter, but in the case of learning the time
evolution typically this data is a time sequence. Often full-state data is unavailable making
this assumption seem restrictive, however, most of what we discuss works for any observations
o € R diffeomorphic to the full state (e.g. time delays [203, 239]). This is because a
diffeomorphism implies that a function v = O(o) exists (and is continuous and smooth).

Then we can simply insert u = O(0) into Eq. 1.5 and Eq. 1.6, which allows us to approximate

the composition of those functions.

1.2 Dimension reduction

1.2.1 Manifolds

We are predominantly interested in parameterizing manifolds with as few degrees of freedom
as possible, which is effectively a problem of dimension reduction. In order to understand
what is needed to parameterize a manifold, we first define a topological da-manifold M.

For completeness, we provide the full set of properties, but in our case, the third property



is the one of particular importance. We refer the reader to Lee [120] for a more complete

description. A topological d-manifold M posseses the following properties [120]:

1. M is a Hausdorff space: for every pair of distinct points p, ¢ € M there are disjoint

open subsets U,V C M such that p € U and ¢ € V.
2. M is second countable: there exists a countable basis for the topology of M.

3. M is locally Euclidean of dimension d,: each point of M has a neighborhood
that is homeomorphic to an open subset of R . This means for each p € M we can

find

(a) an open subset U C M, containing p,
(b) an open subset U C R, and

(¢) a homeomorphism ¢ : U — U.

Of these three properties defining a manifold, the third property is notable because it
says that a homeomorphism between M and R only has to exist on a local open subset.
This means for a dy-manifold a single global map between M and R will not necessarily
exist, although it can. When no global map exists, the y we defined in Eq. 1.5 is an “atlas”
that consists of a set of “charts” on the manifold, where these charts map local portions of
the manifold M to R4, For more details on how to perform this charting procedure, we
refer the reader to Floryan and Graham [57].

To avoid this added complexity, in what follows we describe x as a single global function.
As it turns out, using a global map for y accurately predicts the correct manifold dimension
for a number of systems in this thesis [128, 129]. Additionally, even in cases where charting
is required a global map will exist, it just may require up to 2d degrees of freedom [233].
Lastly, we note that this global description of x can simply be applied to each of the charts

when applying the charting procedure [57].



1.2.2 Approximating manifold coordinates

So far our description of a manifold assumes some function x exists but provides no means
of finding this function. Fortunately, a vast literature exists on techniques for data-driven
dimension reduction. In our case, we want a dimension-reduction technique that can approx-
imate a diffecomorphism y : M — R the inverse of this function x~!, and the minimal
dimension dus. These properties are all vital to our modeling approach.

We want a diffeomorphism x because a diffeomorphism is a bijection that is smooth
and has a smooth inverse [120], where, in this context, smooth means the function and
all of its derivatives are continuous. It is important for x to be a diffeomorphism because
this implies that y~! exists and both functions are continuous and smooth. The data-driven
techniques we consider will tend to be continuous smooth functions, so trying to approximate
discontinuous functions would be challenging. Smoothness is also needed for the ODE in
Eq. 1.7.

In addition to y, we want the dimension-reduction technique to approximate y !, which
allows us to map back to the ambient space. We will denote data-driven approximations of
x~ ! as x. We only denote the approximation for y~! and not y because y is nonunique, but
upon selecting y there is a unique y~!, which we try to approximate. The last property we
want from a dimension-reduction technique is for it to provide an estimate of the dimension
of the manifold d because this is generally unknown.

Before discussing specific dimension reduction techniques it is first worth exploring when
we might expect these techniques to provide a diffeomorphism. Whitney [232] showed that
a generic smooth map from M to R¥M*! g a diffeomorphism. Then, Sauer et al. [185]
later refined this result, showing almost every smooth map from a dus,-manifold to R™ for
n > 2d, is a diffeomorphism, where dj, is the box-counting dimension. “Almost every” means
that the set of functions that are not diffeomorphisms have measure zero [185]. The box-
counting dimension is one of a family of fractal dimensions that are a defining characteristic

of chaotic attractors [88], and it must be less than the manifold dimension. These results are



surprising as it suggests that as long as the dimension technique we consider maps to R2m
then it is a diffeomorphism. Notably, these results form the backbone of why time-delays
representations of the state are possible [203].

However, just because almost every map is a diffeomorphism with sufficiently many
dimensions does not mean all encodings x are equivalent. Even with the above result, the
proper choice of y allows the manifold to be parameterized with du, degrees of freedom,
while an improper choice may require 2d,, degrees of freedom. Additionally, we want to
approximate x !, which may be more or less difficult depending upon the selection of Y.
And, finally, we want to model the dynamics in the manifold coordinate system h, so a poor

selection of y may make this prediction more difficult.

1.2.3 Linear dimension reduction

A natural first approach to dimension reduction is with linear techniques. These techniques
all involve projecting the manifold M in the ambient space R? onto some linear subspace
R . Thus, all of these techniques simplify to determining the best basis for spanning this
subspace. An overview of linear dimension reduction techniques from a machine learning
perspective is provided in Cunningham and Ghahramani [38]. Many of these techniques
result in the widely used principal component analysis (PCA), also known as the proper
orthogonal decomposition (POD) or the Karhunen-Loéve decomposition [92].

In PCA, we find an orthonormal basis onto which we project the data. The first vector
in this basis maximizes the variance in the projection of the data along this direction, then
the second vector maximizes the variance orthogonal to the first, and the subsequent vectors
continue this process [38]. By selecting a basis in this manner, the projection onto any dj,
modes results in the lowest reconstruction error of any linear projection. The PCA basis
comes from computing the leading left singular vectors U € R%*? with the singular value
decomposition (SVD) of the centered snapshot matrix X = [ug — (u) , ..., ups — (u)] (here (.)

denotes ensemble average). A similar method to the SVD is to compute the eigenvectors
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Figure 1.2: (a) One-dimensional manifold (described in the text) embedded in two dimensions
where PCA to one dimension is a diffeomorphism. (b) One-dimensional Archimedean spiral
embedded in two dimensions where PCA to one dimension is not a diffeomorphism. The blue
lines indicate the mapping from PCA to the manifold.

of the covariance matrix X7 X. With these left singular vectors, we define the encoding as
h = x(u) = UTu and the decoding as @ = Y(h) = Uh. Here we write Y instead of y~!
to emphasize this is an approximation. An important subtlety worth noting here is that
although Whitney’s embedding theorem indicates that a linear mapping y is guaranteed to
be a diffeomorphism when dj, = 2d the linear mapping back y(h) = Uh is not necessarily
X

To illustrate this point, in Fig. 1.2a we show data that has been sampled randomly
from x € [0,27] with y = sin(z), centered, and reconstructed with one PCA mode. We
compute the PCA projection of this data u = [z, y]T onto one PCA mode with @ = U, U] u.
Despite the underlying manifold being one-dimensional (i.e. only a function of z), PCA alone
does not accurately reconstruct the data on this manifold with one dimension. However, as
illustrated by the blue line, there is a one-to-one correspondence between points on the
manifold and those projected onto the PCA mode. This indicates (omitting some details)

I exists to map between the

that the encoding h = Ul'u is a diffeomorphism and some y~
two representations. However, we emphasize, even in this simple case where the encoding

may be linear, the decoding must be nonlinear for perfect reconstruction.

In addition to a nonlinear decoder, it is also often advantageous to use a nonlinear function
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for encoding because it can require fewer than the 2d,, degrees of freedom that a linear
method may need. In Fig. 1.2b we show data that has been randomly sampled from r € [0, 10]
and embedded in two dimensions via the Archimedean spiral [z,y] = [rcos(r/a), rsin(r/a)]
(with @ = 1) [87]. Then we centered this data and again projected it onto one PCA mode
with @ = U;Ul'u, where u = [z,y]T. Like before, projecting onto the PCA mode results in
poor reconstruction. The interesting difference, in this case, is that mapping from the PCA
projection onto the manifold is no longer one-to-one. This fact is highlighted by the blue
arrows in the figure. There is no way to tell whether or not data projected from the spiral
onto the line came from the top or bottom of the spiral. This is a clear case where a minimal

embedding requires a nonlinear encoding , for example, h = 2% + y? = r.

1.2.4 Nonlinear dimension reduction

Now that we have emphasized the value of finding both a nonlinear mapping to the manifold
coordinate system (encoder) and a nonlinear mapping back (decoder), we next review the
multitude of nonlinear techniques that exist. One reason so many techniques exist is that
the encoding is nonunique, so many of the methods attempt to preserve some desirable
property of the dataset in the ambient space. Some popular methods include kernel PCA
[186], diffusion maps [35], local linear embedding (LLE) [180], isometric feature mapping
(Isomap) [208], Sammon mapping [183], t-distributed stochastic neighbor embedding (tSNE)
[211], Uniform Manifold Approximation and Projection (UMAP) [141], and undercomplete
autoencoders [74, 90]. We note that many of these techniques only approximate x and require
special extensions to approximate y !, which we discuss when appropriate. In what follows
we first describe all of these techniques and try to explain possible reasons for selecting one
over another. In Sec. 1.4 we choose to use autoencoders, but, with some modifications, any

of these methods could work in the framework we describe.
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Kernel methods

First, we discuss kernel PCA, as many of these methods are similar to this approach.
In kernel PCA the covariance matrix from PCA (X7X) is replaced with a kernel ma-
trix K(u;,u;). We then compute the eigenvectors of this kernel matrix (v, is the ith
element of the kth eigenvector). Finally, we compute the encoding using the eigenvec-

tors with i = [S2M v K (ug, u), ..., S0 vig, K (u;,u)]. As a reminder, M is the size of our

dataset. This procedure is an application of the “kernel trick” on the covariance matrix
between snapshots of data that has been mapped into a higher-dimensional (often infinite-
dimensional) “feature space” [212]. A common example of a kernel is the polynomial kernel
K(ui,u;) = ((us,u;) + R)?, with scalar parameters R and d [188]. The usefulness of kernel
PCA as an encoder will depend upon the selection of the kernel, which is problem dependent.

The methods of diffusion maps, LLE, and Isomap can all be viewed as using special
kernels in kernel PCA [212]. First, diffusion maps use a Gaussian kernel to generate the
matrix A;; = exp(—||u; — u;||/2¢€), in which € is a tuning parameter corresponds to the local
connectivity between data points [56]. As with kernel PCA, we again use the eigenvectors
of this kernel matrix A. Diffusion maps are slightly different in that we first normalize A
such that the columns add to one, and then define the encoding to be h; = [via, ..., Vi(g, +1)]-
We remove the first eigenvector because the normalization of A makes it the trivial all-ones
vector. Diffusion maps are frequently used in tasks like reducing the dimension of molecular
simulations because configurational microstates that are close in the ambient space remain
close in the encoded space [56].

In the next method, LLE, a set of weights (W;;) are found to minimize ), ||u; —
>, Wijujl|?, where Wi; = 0 if u; is not a neighbor of u; (i.e. the weights minimize the
reconstruction error with a linear combination of the k nearest neighbors). Then, the ob-
jective is to find an encoding that minimizes Y7, |[h; — >_. Wi ;h|[* using the W calculated
in the first step [180]. The relationship between this method and kernel PCA is that this

encoding can be found by computing the eigenvectors of the kernel (I — W)T(I — W) (W is
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a function of u; and u; in the first step). Then, we compute the encoding using the eigenvec-

tors h; = [vi1,...,V;4,]. LLE may be a useful method when the local structure is important

[180).

The last kernel-based method we discuss is the Isomap, which is interesting because it
uses a geodesic distance instead of a Euclidean distance. The kernel matrix in this approach
uses the double-centered geodesic distance [27, 208] K (u;, u;) = —1/2H D(u;,u;)*H. In this
kernel, D(u;,u;) is the geodesic distance. To compute geodesic distance, first, a graph of the
k-nearest neighbors between points is constructed, weighted by their Euclidean distances.
Using this graph, the geodesic distance between points is computed to be the shortest path-
way between any point along the graph. Then D is centered by the matrix H = 1/NI—1-17
(1 =[1,...,1]7), and, using the eigenvector decomposition of K, we compute the encoding
h; = [\/)\—wﬂ, ey \/)\_dhvidh]. As a geodesic distance is the shortest path between two points

on a curve, this approach may be beneficial for highly curved surfaces [65].

A few major drawbacks of these kernel-based methods are they do not provide the de-
coding Y (the estimate of y~1), they do not provide a method for adding out-of-sample data,
and they do not scale well for large amounts of data [212]. Ad hoc methods must be added
in order to solve the decoding and out-of-sample problems. Out-of-sample (i.e not used in
the kernel) data can be added using the Nystrom extension [9]. However, using the Nystrom
extension results in different functions for y depending on whether the data is in-sample or
out-of-sample. A method to solve the decoding problem is to use a neural network, as we

will discuss when describing autoencoders.

All of these kernel-based methods require solving an eigenvalue problem. This is a ben-
eficial trait in that we have robust means to find unique solutions to this problem [210].
However, the computational cost of solving this problem scales poorly with large datasets
(as much as O(M?) operations) [158]. Another barrier is we must compute kernels with
a memory cost that scales as O(M?), which becomes infeasible with the large number of

snapshots often needed. The next set of algorithms are not subject to these computational
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and memory costs. In the next set of algorithms, the minimization problems are solved using
some form of gradient descent or quasi-Newton method. This means these methods are not

guaranteed to converge to a global minimum [74].

Nonconvex methods

Sammon mapping has been characterized as the first nonlinear method for manifold learning

[65]. In this method, the objective is to find h that minimizes

M
o1

min — D (du (wiyuy) = dy (hiy hy))? e (ui ;) (1.9)
! i=1,j<i

where a is a scalar normalization and d,, and dj, are metrics in their respective spaces [65, 183].
In the original work, these metrics were just taken to be the Euclidean distance. This
approach is interesting because h is initialized with some value and then optimized using
a gradient-based method. As mentioned, this means the algorithm can result in different
encodings depending upon the initialization of h. Also, the encoding function y corresponds
to whatever optimization algorithm is used to solve eq. 1.9, which could be expensive to
compute and again does not allow for out-of-sample data. However, other work has shown

neural networks can be used to approximate this encoding function [42].

Similar to Sammon mapping, tSNE also varies the low-dimensional state representation
h to solve an optimization problem [211]. In tSNE, the objective is to match the distribution
of the data in the high-dimensional space to the data in the low-dimensional space. This is
done by finding A that minimizes the Kullback-Leibler (KL) divergence ), > . pi; log pi;/gij,
where p and ¢ are the distributions of the high- and low-dimensional data respectively.
Numerically, these distributions are approximated in the high-dimensional space with p =
exp(—|[u; — u;|[*/20°)/ 32 exp(—|lur, — w|[?/20°) and in the low-dimensional space with
q = (L4 [lhi = hil12) 7/ 20k u (1 + [l = I|[?)~". Tf the t-distribution for g is replaced with

the distribution for p this constitutes the original stochastic nearest neighbor embedding
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(SNE) [89]. Typically, tSNE is used for visualization because, like all the previous methods,
it does not provide a decoder. In visualization tasks, tSNE has seen wide use because it
often separates complex data sets out into visually distinct clusters [211].

The last method we mentioned in this class is UMAPs. Like tSNE, the underlying
idea is to first construct a topological representation of the high-dimensional data u, then
optimize the layout of the data in the low-dimensional space to minimize the error between
the two representations [141]. We do not delve into the details of UMAPs, but they differ
from tSNE in their approximation of the high-dimensional and low-dimensional densities.
Specifically, the densities in UMAPs do not have to use Euclidean distances, do not require
measuring the distance between all points, and factor in the distance between neighbors.
These modifications, among others, result in a faster algorithm that does not have restrictions
on embedding dimension and, arguably, provides a better embedding [141]. This has led to
a recent increase in the use UMAPs for visualizing high-dimensional datasets, for example
in Becht et al. [7].

Although many of the techniques described above are often used for visualization, these
are all methods that deserve further exploration in our modeling framework. The properties
like weighting local structure, accounting for geodesics, and matching distributions could all
be useful for parameterizing a manifold. In particular, they could result in parameterizations
that are more physically significant or parameterizations with simpler dynamics. Unfortu-
nately, as mentioned, these methods do not approximate a decoding y or provide an estimate

of dimension d,.

Undercomplete Autoencoders

For a dimension reduction technique that addresses these issues, we turn to undercomplete
autoencoders [74, 90]. An undercomplete autoencoder is an hour-glass shaped neural network
(NN) that compresses high-dimensional data with an encoder h = x(u; 0g) and then expands

this “latent” representation back to the full space @ = x(h;0p), with NN weights 0z and 0p.
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This structure is appealing because it matches Eq. 1.5 and Eq. 1.6, and illuminates why we
refer to the dimension reduction as encoding and the expansion as decoding. To highlight
the benefits of an autoencoder, we first describe a deep feedforward NN based on Goodfellow

et al. [74] (typically we just refer to this as a NN).

In a NN we have an input € R™, an output y € R™, and “hidden units” 2 € R™. A
NN consists of a chain of functions mapping  — 2 — ... — 2V~ — 4 The function at

each step in this chain is

20 = o) (0,671 1 ) (1.10)

which consists of a nonlinear activation function ¢, weight matrix W, and bias vector

(N). Instead of writing this chain of equations

b®, and we consider z = 2 and y = 2
every time we use a NN, we will instead simply write this as y = fun(x; ), where 6 are the
parameters W@ and b®. Given a set of data, z; and y; our goal is to find the parameters

6 that minimize
K

min 3 L. (L)

=0

where § = fyn(2*;0) and K is the size of a batch of data. Often, this loss will be the
mean-squared error between the true data and the prediction L = ||y* — ||* averaged over
a batch of data. After finding these parameters #, we now have an approximate function to

map x to y.

The power of NNs comes from the surprising conclusion that, with sufficiently many
hidden units, a NN can approximate any function with any desired nonzero amount of error
[74]. This was proven in the case where the NN consists of a single layer (z — z(!) — y)
with a “squashing” activation function (e.g. sigmoid) and a linear output [97]. This is known
as the universal approximation theorem. Unfortunately, there is no way to use the universal
approximation theorem to find the proper number of hidden units or the NN parameters. In
practice, we vary network architectures and optimization schemes until we achieve acceptably

low errors. We emphasize that this universal approximation theorem motivates the continued
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use of NNs throughout this thesis.

Now, that we have described NNs, we come back to our description of an undercomplete
autoencoder. As mentioned, it consists of an encoding NN and a decoding NN. We link
these together to approximate the full state with @ = ¥ (x(u;0g);0p). Then the parameters
Or and 0p are typically found by performing a method like stochastic gradient descent to
minimize a loss L = ||u—||? averaged over a batch of data. This procedure then provides us
with our two desired mappings y and y. For approximating the correct dimension to use d4
we vary the size of h until we see a sharp drop in the error indicating we selected the correct
dimension [128]. Due to the universal function approximation, we know that this procedure
must work if x and xy ! exist because the error can be made arbitrarily small. However, as
we will see in later chapters, challenges around the amount of data, the NN architecture,
and the optimization procedure will prevent this from always working. We also note that
different autoencoder structures exist for preserving different properties [53, 114]. However,
we do not discuss these approaches here, as it is currently unclear if these approaches offer

any advantages for our systems of interest.

1.3 Time evolution

So far we have described the first step in our low-dimensional modeling framework — using
an autoencoder to approximate a manifold coordinate system from data. The next step is
approximating the dynamics of the system in this manifold coordinate system. In this section,
we do not differentiate between models with and without dimension reduction. All of the
data-driven methods we discuss work for both the full-state u and the manifold coordinates
h. For the these time-evolution models, we consider training data that is evenly sampled
ever 7 times {u(0),u(7),...,u(M7)}, unless otherwise specified. Although this data comes

from solutions to an ODE, we can write this evolution in the form of a discrete-time map

ult +7) = Flu(t)), (1.12)
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where the right-hand side of the discrete-time map is simply the solution of integrating Eq.
1.4 forward 7. It can be useful to consider the discrete-time problem because this matches
the format of our data. We first describe methods that approximate discrete-time maps, and

then describe methods that approximate an ODE.

1.3.1 Approximating discrete-time maps

The simplest way to model the discrete-time system is in a linear fashion u(t + 7) = Au(t),
which can be done using the dynamic mode decomposition (DMD) [117]. This method can
be used for forecasting when the system decays to a fixed point or exhibits quasiperiodic
dynamics with discrete frequencies. For more complicated systems the state u can be aug-
mented with a set of nonlinear observables in a method called extended DMD [234]. For
some nonlinear systems, the correct choice of observables (i.e. change of basis) can result in
a linear dynamical system (e.g. Cole-Hopf transformation of the Burgers’ equation [36, 95]).
However, when the observables are unknown Lusch et al. [137] showed an undercomplete
autoencoder could be used for a few simple nonlinear systems to learn a change of basis
under which the dynamics are linear.

Surprisingly, for any nonlinear system — even chaotic ones — there always exists a linear
Koopman operator [20]. For finite-dimensional dynamical systems, the Koopman operator
is a linear map of the infinite-dimensional space of scalar functions on the state that evolves
these functions forward in time. In essence, to use the Koopman operator we trade nonlin-
ear finite-dimensional dynamics for linear infinite-dimensional dynamics. This creates the
problem of how to determine observables and approximate the Koopman operator, which
is essentially the goal of extended DMD. So-called “dictionary learning” methods have been
used in the extended DMD framework to map the state to the best finite-dimensional set of
observables with NNs when approximating the Koopman operator [125, 238]. Our goal is to
reduce dimension, so we do not take any of these linear approaches.

Now we turn to nonlinear time-evolution methods. Two approaches that have shown
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excellent performance in modeling chaotic systems include reservoir networks [162] and re-
current neural networks (RNN) [220, 222]. We group these methods together because they
are discrete-time maps that are non-Markovian (i.e. the future state depends on a history
of past states). In reservoir computing, this non-Markovian nature comes from the reservoir
state that contains “memory” of the system. Specifically, reservoir computing involves find-
ing a high-dimensional reservoir state r(t) € R%, and finding a mapping from 7 to u. This
reservoir state is evolved forward in time according to r(t+7) = G(r(t), Wizu(t)), with fixed
functions G and W, chosen a priori. Then, the reservoir is mapped back to the state with
w(t + 1) = Wou(r(t + 7); p). An optimization procedure is used to find the parameters of
this function p that minimize (||u(t + 7) — a(t + 7)||*). Pathak et al. [162] used a reservoir
network for modeling chaotic dynamics in the KSE. Doing this involved a reservoir state of
dimension d, = 5000 for a state space dimension of d = 64 — a significant increase in the

dimension of the problem.

In RNNs there is a “hidden” state h, € R%- that is evolved forward in time by h,(t+7) =
on(u(t), he(t); Wy). Then the full state is estimated from the hidden state by u(t + 7) =
ou(he(t+7); W,) [220]. This is similar to reservoir networks in that some term with memory
of the system is evolved instead of the state directly, and then a mapping is found to recover
the state. In the case of RNNs, the functions o5, and o, depend on the type of RNN but
include some set of NNs with weights W), and W,. Again, these parameters come from
an optimization procedure that seeks to minimize (||u(t + 7) — (¢ + 7)||*). Some popular
examples of RNNs include the long short-term memory (LSTM) [91] and the gated recurrent
unit [26].

A detailed comparison of these two methods can be found in Vlachas et al. [220]. In
that work, Vlachas et al. found both methods can predict chaotic dynamics over multiple
Lyapunov times (the relevant timescale for chaotic systems). As mentioned the key drawback
of these methods, in our case, is the non-Markovian nature results in a system that is not

minimum dimensional, and may be even higher than the original state space dimension [162].
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Furthermore, we know our systems are Markovian, so it is unappealing to select a method
that is not. These methods also have some technical challenges in that they typically require
evenly spaced data for training, and start-up often requires multiple states instead of a single
initial condition.

A simpler method is to train a dense NN to approximate the discrete-time map F'(u).
We take this approach in Ch. 2. This approach has been used by many others, for example,
Pérez De Jesus and Graham [163] used a discrete-time map for a two-dimensional turbulent
flow, and Srinivasan et al. [198] compared using dense NN (they refer to it as a multi-
layer perceptron) and an LSTM on a low-dimensional model of wall-bounded turbulence. A
drawback of these methods is, after training, the model can only be used to predict the state
at discrete times forward, which is especially undesirable if our data is sparse in time. To

avoid this, we instead prefer to discover an ODE instead of a discrete-time map.

1.3.2 Approximating ODEs

Before discussing the strictly data-driven methods, we highlight some methods that use
the equations of motion Eq. 1.4 with dimension reduction. When using linear dimension
reduction a classical approach to modeling is projecting onto a low number of modes with
the Galerkin projection [93]. These modes can either be prescribed a priori or come from
data (e.g. PCA) [66, 193]. The accuracy of the Galerkin approach can be improved by
estimating the coefficients of the truncated modes using nonlinear Galerkin [77, 103, 13§]
or post-processing Galerkin [63]. Alternatively, the estimation of the coefficients of these
truncated modes can be approximated with LSTMs [228]. When a nonlinear dimension
reduction technique is used, as opposed to these linear methods, Lee and Carlberg [121]
showed how to use the equations in the manifold Galerkin technique, as described in Sec.
1.1. Finally, without dimension reduction, it is popular to use the equations of motion in
“physics-informed neural networks” [173]. We choose to find models strictly from data in

this thesis, so we do not take any of these approaches.
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In regards to data-driven methods, we first discuss methods where the known “data” is
the right-hand side of the ODE du/dt. Assuming that this is known is somewhat restrictive,
but if data is spaced closely it can be estimated with finite differencing or interpolation. One
of the first works to take this approach was in Gonzalez-Garcia et al. [73], who approximated
f(u) for a regime of the KSE where the dynamics are periodic. They used a dense NN for
this approximation that took the state and spatial derivatives as the input. Similarly, Raissi
et al. [172] used snapshots of closely spaced data in a multistep time-integration scheme to

estimate the right-hand side, which they then trained a NN to approximate.

A drawback of using NNs is the functional form of the right-hand side is difficult to inter-
pret. A method that attempts to overcome this issue is “Sparse Identification of Nonlinear
Dynamics” (SINDy) [15]. In SINDy, sparse regression is used to identify a set of dominant
terms from a predefined dictionary of candidate functions. For low-dimensional systems
(three and below), Champion et al. [22] showed SINDy could be used with dimension reduc-
tion via autoencoders. Also, if spatial derivatives are included in the dictionary of candidate
functions, this method is referred to as “PDE functional identification of nonlinear dynam-
ics” (PDE-FIND) [182]. Rudy et al. [182] showed PDE-FIND could successfully predict the
dynamics of the viscous Burgers equation and the KSE. We choose not to use these SINDy-
based methods because it requires the time derivative, requires the selection of a dictionary
of nonlinear functions (which must include the “correct” terms), and the interpretation of

the resulting equation still remains a difficulty for systems that exhibit chaotic dynamics.

To overcome the issue of needing the right-hand side of the ODE (or closely spaced
data), we use “neural ODEs” [24]. In neural ODEs, we approximate an ODE with a NN (e.g.
du/dt = fun(u;0f)). An ODE solver integrates this neural ODE forward in time to predict
the state at some time 7 in the future @ (¢ + 7). This prediction is then used for computing a
loss, which is often the MSE given by ||u(t; + 7) — u(t; + 7)||* averaged over a batch of data.
By computing the loss directly from snapshots of data, this method overcomes the difficulty

of needing the right-hand side for training.
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The framework for optimizing the parameters of the neural ODE was presented in Chen
et al. [24]. This work addressed how to compute the gradient of the loss with respect to
the parameters of the NN using an adjoint method. However, we note that the standard
automatic differentiate tools used to typically train NNs can be used for neural ODEs at a
higher memory cost than the adjoint method. In many situations, neural ODEs are used
simply as function approximations where some arbitrary time is set to integrate the neural
ODE [48]. However, as should be clear, this method is also powerful for predicting dynamics.
Some relevant uses of neural ODEs for time prediction include applications to Burgers equa-
tion [140], decaying isotropic turbulence [167], and flow around a cylinder in a time-periodic
regime [179]. For a majority of this thesis, neural ODEs will be our method of choice because
they allow for solutions to be evolved to arbitrary points in time — an especially useful trait

for varying the actuation time in control problems.

1.4 Framework

In the following two sections, we outline the general approach to finding low-dimensional
models of chaotic dynamical systems on manifolds that we refer to as “data-driven manifold
dynamics” (DManD), and then the general approach we take to incorporating this method
with control (in particular reinforcement learning (RL)). Here we note that in Ch. 2 and
Ch. 3 we do not refer to the modeling approach as DManD, but it is the same approach.
Also, the nomenclature will vary slightly for Ch. 4 and Ch. 7 because the RL literature uses
different nomenclature than the dynamical systems literature. Notably, it is common in the

RL literature to refer to the state as s instead of w.

1.4.1 Modeling

As mentioned in Sec. 1.1, when the dynamics of a system lie on a manifold we can exactly

describe their evolution in a coordinate system parameterizing this manifold. The three
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a) Learn manifold coordinates

Figure 1.3: (a) Learning the three-dimensional manifold coordinates of the four-dimensional
“spiral” Lorenz (color is the fourth dimension). (b) Learning the vector field in the manifold
coordinates. (c¢) Transforming new initial conditions (black dots) into the manifold coordinates,
evolving them with the vector field g (black curves), and transforming back to the ambient space.

functions needed for this procedure are a mapping to a manifold coordinate system h = x(u),
a mapping back to the full space v = x~(h) (the approximation of which is @ = x(h)), and
a description of the dynamics in this coordinate system dh/dt = g(h). Although we describe
this process for continuous-time methods, in Ch. 2 we treat the dynamics as a discrete-time
problem h(t + 7) = G(h(t)). The DManD modeling framework consists of three steps. 1)
train an undercomplete autoencoder at various dimensions, and select the dimension that
shows a steep drop in the error (in the case of no steep drop multiple dimensions may need
to be considered). 2) use the encoder to map all of the data to the manifold coordinate
system h and train a neural ODE for time evolution of h. 3) evolve new initial conditions
by mapping them to the manifold coordinate system, evolving them with the neural ODE,

and then mapping them back to the full state when desired.

We illustrate this procedure in Fig. 1.3 using data from a solution of the Lorenz equation
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[135] embedded in four dimensions by transforming the z coordinate with the Archimedean
spiral. This mapping is given by [uy,us, us, us] = [x,y, @z cosaz, azsinaz| where x,y, z
are from the standard Lorenz system and o = 0.2. We chose this example because three
dimensions are required to exhibit chaotic dynamics (for an ODE) [201] and we want a
manifold represented in an ambient dimension higher than the manifold dimension.

We plot the “spiral” Lorenz with three spatial coordinates uy, uz, and u, and color as
the fourth coordinate us. In Fig. 1.3a we highlight that this system can be reduced to the
three-dimensional Lorenz system and back without any loss of information. As mentioned,
these two maps can be found with an autoencoder. Then, in Fig. 1.3b, we show how neural
ODE training provides us with a vector field. Finally, Fig. 1.3c, illustrates how to combine

these maps together for predicting the evolution of new initial conditions (shown in black).

1.4.2 Model-based control

Another interesting use case for these low-dimensional models, outside of simply forecasting,
is for finding control policies. We leave the details for Ch. 4 and Ch. 7, but highlight the main
themes in this section. The specific form of control we consider in this thesis comes from
reinforcement learning (RL). In RL, a NN control agent trains through iterative interactions
with an environment to maximize the discounted future reward (r) of that system [202].
The reward is some user-defined control objective for the RL agent (e.g. maximizing negative
drag), and the agent interacts with the environment through actions a. One of the appealing
traits of RL is that it does not require online optimization during deployment. After training,
the actions are simply the output of the RL agent NN that takes the state u as an input.
On the left side of Fig. 1.4 we show the basic iterative process in RL of an agent acting on
an environment (in our case the FOM du/dt = f(u)), resulting in a new state and a reward,
and then the process repeats.

The challenge with RL training is that finding near-optimal policies requires a tremendous

number of interactions with the environment [47]. This could mean many interactions with
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Figure 1.4: Left is the standard RL procedure of a state being fed to an RL agent that acts on
an environment, resulting in a state and a reward. Right is the same procedure on the less
expensive DManD model. u is the full state, h is the state in the manifold coordinates, a is the
action, and r is the reward.

a high-resolution simulation or slow experiments. However, if we simply replace the FOM
with the DManD model, we can drastically speed up these computations, overcoming this
bottleneck. On the right side of Fig. 1.4 we show the same RL framework with the DManD
model. The only major modification required for this replacement is we now make the ODE
a function of the h and a:

dh

gl g(h,a). (1.13)

After making this change to the model, we simply follow the same steps for generating this
model, use it in the RL training, and then deploy the agent learned with the DManD model

on the true environment.

1.5 Outline of this work

Now that we have discussed the general framework of our DManD modeling approach we
outline how the following chapters build this framework and how we use it for forecasting
and control of chaotic systems. In Ch. 2 we explore how to find a manifold coordinate system
using undercomplete autoencoders. Also in this chapter, we show how to predict dynamics

with a NN for discrete-time mapping and how to account for some physical properties of
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the KSE. In Ch. 3, we replace the discrete-time map for a neural ODE, again for the KSE.
Following this, in Ch. 4 we use the KSE DManD model in conjunction with RL. Then, in
Ch. 5 we develop a method for making the neural ODEs stable for long-time forecasting.
We found this stabilizing approach was an invaluable step towards applying the DManD
method to more complex systems. In Ch. 6 we develop DManD models for turbulent three-
dimensional Couette flow, which we again use for finding RL control policies in Ch. 7. Finally,

in Ch. 8 we summarize the key results of this work and discuss future directions.
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Chapter 2

Parameterizing an inertial manifold !

In this chapter, we present a data-driven framework to represent and evolve chaotic dy-
namics on an inertial manifold (IM) and apply it to solutions of the Kuramoto-Sivashinsky
equation. The key result of this chapter is the method we take to parameterize this IM. A
hybrid method combining linear and nonlinear (neural network) dimension reduction trans-
forms between coordinates in the full state space and a coordinate system parameterizing
the IM. Additional neural networks then predict time evolution on the IM. The formalism
accounts for translation invariance and energy conservation, and substantially outperforms
linear dimension reduction, reproducing very well key dynamic and statistical features of the

attractor.

2.1 Introduction

Partial differential equations are formally infinite-dimensional, but the presence of dissipation
(through viscosity or diffusion, for example) leads to the expectation that the long-time
dynamics collapse onto a finite-dimensional invariant manifold [94]. Specifically, for some
systems, including the Kuramoto-Sivashinsky equation (KSE) that we consider here, it can

be proven that all initial conditions exponentially approach an inertial manifold M of finite

!The text of this chapter is adapted from the publication by A. J. Linot and M. D. Graham Physical
Review E., 101, 2020
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dimension d [60], on which the long time dynamics evolve. For states on the IM, v € M,
one can in principle find a coordinate transformation h = x(v) to coordinates h on the
inertial manifold, a change of coordinates v = y(h) back to the full space, and a dynamical
system h(t + 7) = F(h(t)) on M. (Alternately, one could represent the dynamical system
in differential form dh/dt = G(h).) This dynamical system is an exact reduced-order model
(ROM). Such a model can be practically useful, for computationally efficient simulations
of a complex process, and may also be fundamentally important, since the coordinates h

represent the key dynamical variables for the phenomenon of interest.

In the present work, we use “data” in the form of chaotic solutions to the KSE with
periodic boundary conditions, to find neural-network (NN) representations of the functions
X, X, and F. Many prior studies of inertial manifolds, and approximations thereof, take the
inertial manifold to be the graph of a function ® such that M := {v; + ®(vy)}, where
vy = Puv is a projection onto the dps leading eigenfunctions of the linear operator for the
PDE [59, 78, 241]. The present work is not subject to this restriction. Furthermore, our
formalism explicitly accounts for the important physical features of translation invariance
and energy conservation found in this system, and reproduces, very well, with a minimal

number of degrees of freedom, key dynamic and statistical features of the attractor.

A standard machine learning method for nonlinear dimension reduction is the under-
complete autoencoder [74, 90]. This is a pair of neural networks, one mapping from a
high-dimensional space to a low-dimensional one, and the second doing the reverse. The
networks take data w as input, compute an output # and are trained to minimize a loss
function L = ||u — @||> summed over a batch of data vectors u. Autoencoders have been
used for nonlinear dimension reduction in many applications [90], including turbulent flow
fields [143, 154]. For dynamical systems, autoencoders have been used to explicitly yield
coordinate transformations on which the dynamics are linear [137, 156] (e.g. to determine
eigenmodes of the Koopman operator) or have a sparse representation [22]. Gonzalez and

Balajewicz [72] have combined autoencoders with nonlinear time-evolution models for the
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reconstruction of dynamics of isotropic turbulence and lid-driven cavity flow. Lee and Carl-
berg [121] found equations that describe the dynamics of systems that used NN to reduce
the dimension, and applied the method to the transient dynamics of Burgers equation. The
physical interpretation of NN representations of physical phenomena has been explored in

Iten et al. [101].

Other studies have focused on developing NNs for evolving equations with chaotic dy-
namics without nonlinear dimension reduction. An early example of this is Gonzalez-Garcia
et al. [73], who used a NN to predict the right-hand side of the discretized KSE. Specifically,
they input the full state of the KSE and its derivatives into a NN to predict the parameters
of a Runge-Kutta method for time integration. More recently larger NN have been used for
prediction. For example, Pathak et al. [162] showed that a reservoir network trained with
time-evolution “data” from the KSE was capable of making excellent predictions of future
time-evolution. No explicit model reduction was performed. In [136], proper orthogonal
decomposition (POD) and a spectral version (SPOD), both linear dimension reduction tech-
niques, were used to reduce the dimension of fluid flow data that were then used to train
a NN for time-evolution. Vlachas et al. [222] combined various linear dimension reduction
approaches with a long-short term memory NN and mean stochastic modeling to keep tra-
jectories on the attractor. Similarly, in [228] a long-short term memory NN was used in a
nonlinear Galerkin approach to estimate the nonlinearity, a task often achieved by assuming

lower modes evolve slowly, and iteratively solving for the higher modes [58, 78, 106, 139, 209].

Although methods exist for modeling dynamics on an IM, estimating d 4 remains a dif-
ficult problem. In [116], an autoencoder is used to estimate dpq from data for the dynamics
of the complex Ginzburg-Landau (CGL) equation; however, the dynamics on M are not
modeled. A dynamical approach to determining dnq was taken in [237], where the covari-
ant Lyapunov vectors of trajectories the KSE and the CGL were found to decompose into
“physical” and “isolated” modes. Physical modes are entangled, in the sense that tangen-

cies between them result in perturbations of a single mode affecting other modes, whereas
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isolated modes lack tangencies with physical or isolated modes. This suggests the number
of physical modes corresponds to dy. Expanding on that work, Ding et al. [43] found the
dimension for the KSE in similar ways using Floquet vectors from an ensemble of unstable
periodic orbits that are close to the chaotic attractor. The present work combines data-
driven dimension reduction and time evolution using an efficient autoencoder structure that

incorporates translation symmetry and energy conservation.

2.2 Formulation

Our testbed for this approach is the KSE,

atv = —anﬂ) - aa:xv - axmmzvu (21)

with periodic boundary conditions in the domain = € [0, L]. We select L = 22, 44, and
66 because these domain sizes yield increasingly chaotic dynamics, and d, is known at
L = 22 [43]. Solutions to this equation are only unique to within a translation that we will
represent with a phase variable ¢ € R. This equation has an energy conservation principle:
when time-averaged, the energy production rate P = (0,v0,v) balances the dissipation rate
€ = (0ypv0,,v). Here (-) represents averaging over z. These properties are incorporated into
the dimension reduction formulation as detailed below. Trajectories of (2.1) were generated
using a Fourier spectral method in space and a fourth-order time integration scheme [108]
with the code available from Cvitanovi¢ et al. [41]. The solution v(z) is represented on a
uniformly-spaced mesh of d = 64 points; we denote the solution on this mesh as u € R?, so

d is the dimension of the full state space in the present system.
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Figure 2.1: Block diagram for the hybrid autoencoder and time-evolution scheme. NNs are pink
(light gray).

2.3 Methodology and results

Figure 2.1 illustrates our framework for finding the inertial manifold and the dynamical
system on it. The first step of the process exploits translation invariance: the solution
u at every time instant is transformed into a pattern @ € R? and a phase ¢ using an
approach called the “method of slices” [18, 19]. Factoring out the phase leads to a more
compact representation of the data by eliminating the need of training redundant weights for
translated signals. (E.g., the representation will not need to separately represent sin 27z /L
and all of its translations.) Furthermore, such “symmetry reduction” methods have been
found to help elucidate the state space structure in fluid mechanics problems such as pipe
flow [235].

The method of slices involves taking the discrete Fourier transform F of the data in x
to yield a(t) = F{u(t)}. With the data in Fourier space, the phase of the first Fourier
mode a;(t) is found using ¢(t) = atan2(Im(a;(t)), Re(aq(t))). Now we can construct a phase-
aligned solution @(t) so that its first Fourier mode is a pure cosine: a(t) = F~! {a(t)e"*¢®} .

Storage of ¢ for each time instant allows conversion of @ back to u (i.e. u(t) contains both ¢(¢)
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and 4(t)). Times when a;(t) approaches zero require special treatment, as was recognized by
Budanur et al. [19]. We use the solution they proposed, which is to stretch time according to
At = At/|a;(t)|. The rescaled time £ is called “in-slice” time. Given any u(t) we can always
find u(t), ¢(t) and a,(t), so it is always possible to move back and forth between the original
and phase-aligned solutions and between real and in-slice time. The data used for training
the NNs were ~ 4 — 5 - 10° solutions u separated by At = 0.2 “in-slice” time units, which
corresponds to At &~ 0.023 time units on average for L = 22. Data was gathered after the

dynamics had settled onto the attractor.

Given the phase-aligned pattern data w, the first machine learning task is to find the
manifold M, of dimension dy(, on which this data lives, or equivalently the coordinate
transformations h = x(u) and @ = x(h). Because the phase of any given data vector u is
arbitrary, the phase information is not needed for this step. The coordinates h(t) and the
phase ¢(t) completely describe the state of the system so the dimension of the attractor in
the unreduced state space will be dys + 1. (For further discussion of invariant manifolds
in translation-symmetric systems, see Ref. [19].) Indeed, phase alignment allows a more
efficient representation of the data, because phase information need not be encoded — it is

captured separately as noted above.

To find x and y, we use a variant of a standard undercomplete autoencoder, shown as
the “7 = (0" branch of architecture shown in Figure 2.1. This variant uses a NN to represent
the difference between the data and its projection onto the basis arising from principal
components analysis (PCA) of the data set [199]. PCA is widely used for linear dimension
reduction because it yields the projection of dimension d; that minimizes the mean squared
deviation from the original data. Let U be a square orthogonal matrix whose columns are
the PCA basis vectors, and Py, U T and P4, U T the projection onto the first dj, and last

d — dj, such vectors, respectively. The encoding step learns the function E(U4(t)) such that

E(U"(t)) = h(t) — Py, U a(t). (2.2)
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Table 2.1: Architectures of the NNs. “Shape” indicates the dimension of each layer, and
“activation” the corresponding activation functions (sig is the sigmoid activation) [74]. Decoderl
refers to domains L = 22 and 44. Decoder2 refers to L = 66.

Function Shape Activation
Encoder E d/500/d, sig/tanh
Decoderl D dy/500/d sig/linear
Decoder2 D dy/500/500/d sig/linear
Evolution F dy/200/200/dy, sig/sig/linear
Evolution Fy dp/500/50/500/1  sig/sig/sig/linear

This structure is shown inside the blue (upper) box in Figure 2.1. It must be emphasized
that there is no approximation in choosing this representation. Furthermore, U need not
come from PCA; for example, U could be the discrete Fourier transform operator or simply

the identity, the latter corresponding to using the solution values on the mesh points.

The decoding step takes the data h(t) € R% in the inertial manifold coordinates and
transforms it back to the full space, as shown in the yellow (lower) box in Figure 2.1. Again

one can think of learning a difference: the decoder learns a function D(h(t)) such that

D(h(t)) = UTa(t) — . (2.3)

Taking E(U™a(t)) = 0 recovers the original IM formulation, but precludes the representation
of curved manifolds that do not have a one-to-one mapping from a linear projection. An
example of such a manifold is the Archimedean spiral, whose Cartesian representation is
(x,y) = (¢ cos ¢, psing). The autoencoder architecture used here is able to represent this

manifold with d;, = 1.

Finally, inserting Eq. 2.2 into Eq. 2.3, solving for 4, and noting that this can be written
a(t) = U [Py, UTa(t), Pd,thTﬁ(t)}T, shows that the exact solution satisfies E(UTa(t)) +
Dy, (h(t)) = 0, where Dy, contains the first dj, components of D. This constraint can be

satisfied approximately by adding a penalty term to the autoencoder loss function so it
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Figure 2.2: MSE of test data for various dj for L = 22. The legend is described in the text.

becomes

L = |[a(t) — a(t)l]* + al[E(@(t)) + Da, (h(t)) || (2:4)

With this structure, we can in principle achieve an exact representation (within the approx-
imation error of the functions £ and D) of data on a manifold of dimension du for all
dp, > dp. In general, the functions £ and D, or more generally x and Y, need not come
from NNs. Other approaches to nonlinear dimension reduction and function approximation
(e.g. tSNE, diffusion maps, kernel regression [211, 212]) might be useful as well. The overall
structure of our approach would be the same.

Autoencoders of the above structure, which we denote hybrid neural networks (HNN)
were trained (i.e. the functions £ and D were determined) using the phase-aligned data.
At a given value of dj,, twenty HNNs (each initialized with different initial guesses for the
weights), with a = 1 were trained for 1000 epochs with an Adam optimizer using Keras [31].
This process was repeated for a range of d;. Results are reported for the model with the

lowest MSE at each value of d,.

For comparison, we trained three variations on the HNN to evaluate the effect of the
linear projection (P, ), the PCA change of basis (UT), and phase alignment steps. In the
first variation, denoted PCANN, we built a NN without the “Trunc” and “Expand” blocks in
Fig. 2.1, which corresponds to using the PCA basis, but using £ and D to learn the whole

nonlinear coordinate transformation rather than just the difference from PCA. The next
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variation builds upon the previous and removes the “PCA” block in Figure 2.1, which leaves
it in the original basis, so we denote it ONN. Then, the last variation is to remove the phase
shift (No Shift). Both the PCANN and the ONN are trained with the loss L = ||& — a2,
while the unsifted variation is trained with L = ||u— u||*. Hyperparameter tuning of the NN
architectures was performed manually by varying width, depth, and activation functions.
All of these variations used the same architecture, shown in Table 2.1, for functions £ and

D.

Figure 2.2 shows the mean squared error (MSE) on a separate test dataset for the NN
methods described above and PCA for L = 22. At low dj,, the HNN, PCANN, and ONN all
perform similarly, and in all three cases, the MSE drops significantly at d, = 7. For the case
of no shifting, the drop appears at d;, = 8 because the continuous translation symmetry has
not been factored out. All NNs perform orders of magnitude better than PCA. On continuing
to increase dj,, the MSE for the HNN continues to improve while the others stagnate, because
the HNN only needs correct coefficients of the less relevant higher PCA modes, while the
other methods modify all of them. Notably, the abrupt drop in MSE at d;, = 7 coincides
with the true dimension d, of the attractor as found in [43]. The remaining error for dj, > 7
for the HNN is small, at O(1077), which follows from the fact that at this dimension an

exact coordinate transformation exists, so the remaining error is approximation error.

Having in hand the coordinate representation for points on M, we now use NNs to learn
the dynamical system (“exact” reduced-order model) on the manifold, corresponding to the
“17 # 0” branch in Figure 2.1. This approach will be denoted “HNN ROM”. We construct

discrete time mappings

h(t+7) = Fu(h(t)), A=t +7)—o(t) = Fy(h(?)), (2.5)

where [}, and Fj; have the architectures shown in Table 2.1. We use the symbol 7 instead

of 7 to emphasize that the discrete-time mappings use in-slice time. We chose 7 = 2, which
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Figure 2.3: P vs. ¢ state-space projection for the data at L = 22 and HNN ROM prediction
with d, = 7.

reproduces trajectories well, by allowing for the signal to change an appreciable amount, but
not too much, in one time interval. Setting 7 much smaller or larger results in poor model

predictions.

Recall that the energy balance for the KSE requires that the production and dissipation
rates P and € must balance on average. We incorporate this fact in the training of the
dynamic models as follows. We compute the projection of the data onto P and ¢, as shown
in Figure 2.3. The relation between P and ¢ is narrowly distributed around the line P = ¢,
with a sharp boundary, and we can find maximum and minimum dissipation rates €., and
Emin associated with a given value of P. We then add a penalty for crossing this boundary

to the loss function Lp for F}, and Fy, as follows:

Lp = |Ju(t 4+ 7) — @(t + 7)||* + B max(max(0, & —emax(P)), Emin(P) —&), (2.6)

where P and ¢ are calculated from @. We selected 8 = 0.1 so the second term contributed the
same order of error to the loss as the first term. For each dj,, the best dimension reduction
model was chosen, and fifty time-evolution models were trained for 200 epochs. Results are
reported for the best models, as determined at a given d; based on producing low errors in

both short and long-time statistics.

To illustrate the performance of this approach, which we denote HNN ROM, on predicting
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Figure 2.4: Time-correlation function for the data at L = 22, and HNN ROM prediction with
dp ="1.

dynamics, we first present short-time tracking results and then long-time statistics. All
trajectories are evolved from a given initial condition %(0) on the manifold, from which we
find %(0) and ¢(0) by phase alignment and then set h(0) = x(u(0)). This initial condition
in the manifold coordinates is evolved forward in in-slice time with Eq. 2.5. For validating
the performance of the short-time tracking we need a timescale for comparison. Here we

consider the integral timescale T; = fooo C(t) dt = 19, where

is the temporal autocorrelation, and the Lyapunov time T;, & 21 [43]. Figure 2.4 shows the
temporal autocorrelation of the data and the HNN ROM at d;, = du are in good agreement
for ¢t < 30. Likewise, typical trajectories show close tracking for 30 or more real time units.
This comparison appears in Fig. 2.5, where Fig. 2.5a and 2.5c¢ show the evolution of two
initial conditions of test data using the dynamical system found with d;, = dyy = 7, and the
“exact” results are shown in Fig. 2.5¢ and 2.5d obtained from solving the KSE. These results
indicate predictive capability for time scales longer than 77 or T}, and thus represent very

good performance for prediction of chaotic dynamics.

Next, we evaluate the ability of our dynamic model to reproduce key long-time statistical

properties of the attractor, focusing on the quantities u, and u,, that determine the energy
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Figure 2.5: (a) and (c) trajectories (color contours of u(z,t) with solid lines at uw = 1 and dashed
lines at u = —1) evolving from different initial conditions according to the HNN ROM; L = 22.
(c) and (d) true trajectories corresponding to (b) and (d).



39

~\ —— Data
73 '\\\ ~— HNN

= 50 A \
x \
+ \
w25 4 \ )
S ,/,/'/
Y 0
3

—25 4

—50 -

1 1 1 1 1
0 2 4 6 8 10

Figure 2.6: Spatial correlation function for the data and HNN ROM prediction with dp = 7,
L =22

production and dissipation in the KSE. We examine predictions both for d;, = d; and
for values of dj either larger or smaller than dus. The trajectories considered here cover
approximately 9 - 103 real time units.

Figures 2.6 and 2.3, respectively, show the spatial autocorrelation function (averaged
over space and time) and the energy balance (P vs. €) of the HNN ROM for d;, = dx and
for data, illustrating close agreement of these quantities. These statistics show that long-
time trajectories do not diverge from the attractor and that the HNN ROM prediction stays
within the envelope of the energy balance, which was the intent of the penalty in the loss
for the time-evolution training, Eq. 2.6. These predictions deteriorate when d;, < d.

A more detailed representation of the attractor is the joint probability density function
(PDF) of the pointwise values of u, and u,,. Figure 2.7a shows this PDF, on a log scale,
as determined from the data. At d;, = dyp = 7, the HNN ROM prediction, Fig. 2.7b, is
very close to the exact PDF. To highlight the effect of the nonlinear autoencoder, we also
consider predictions with linear dimension reduction from PCA (i.e. E = D = 0), and NNs
for the dynamics; we denote this approach PCA ROM. At the same dimension, Fig. 2.7d
shows that the PCA ROM prediction yields much poorer results. Figure 2.7c shows how
the relative Lo difference between the true PDF and the model predictions varies with dj,.
For d;, = 5, the predictions are poor for both cases, but for d, > 7,the error is small and

nearly unchanging for the HNN ROM case, which is unsurprising since dyp; = 7. On the
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other hand, it takes d; = 14 for the PCA ROM to yield a comparable model to the HNN
ROM at d;, = 7. This result might be expected based on Whitney’s embedding theorem,

which states that any manifold of dimension k can be embedded in R?* [80].

To investigate the generality of this method, we examine its performance for larger do-
mains, L = 44 and L = 66. For L = 22 there is one positive Lyapunov exponent [43, 50],
whereas the dynamics at L = 44 and L = 66 are more chaotic; at these values, Edson et al.
[50] report four and seven positive Lyapunov exponents, respectively. Data gathering and
NN training were performed in the same way as for L = 22. Initial trials for the L = 66
showed poor results, so the capacity of the decoder was increased, as noted in Table 2.1.
Figure 2.8a shows the MSE on a test data set of HNNs with the lowest MSE at various
dy, for L = 44 and 66. The horizontal axis is centered around the d, of each domain size
inferred from the drop in the MSE. This corresponds to dy; = 17 and dpg = 27 for L = 44
and L = 66. Increasing dimension still shows a distinct drop in MSE, however, it becomes
less substantial with increased domain size. The L = 66 autoencoder performs better and

has lower MSE than L = 44 because of the increased capacity.

The results at these domain sizes suggests that there is a linear scaling of da, with L.
This observation agrees well with the results of Yang et al. [237] where they show the
number of physical modes (PM) scales linearly with domain size. Figure 2.8b shows d + 1
(the dimension in the unreduced state space) against the domain size for both our results
and their results, along with the extrapolation of their results to smaller domains. The
excellent agreement between these results provides additional computational evidence that

the dimension of the IM for the KSE scales linearly with L.

Finally, we show the attractor recreation with the joint PDFs of u, and u,,. Figure 2.9a
and 2.9d show these for L = 44 and L = 66 for trajectories of approximately 8-10% and 6-103
real time units, respectively. Model predictions for d;, = dyy — 1, Fig. 2.9b and 2.9e, and
dydpg degrees of freedom, Fig. 2.9c and 2.9f, are shown for comparison. Unlike with L = 22,

where models with too few dimensions tended to land on periodic orbits, here, with more
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Figure 2.9: (a) and (d) joint PDF of data for L = 44,66. (b), (c), (e), and (f) joint PDF of HNN
ROM prediction at dyq — 1 and dpq for L = 44, 66.
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degrees of freedom, models with too few dimensions maintain chaos. However, the PDFs
for dyy — 1 are more diffuse, less accurately recreating the data. In both cases, when the
models retain dy, dimensions the joint PDF agrees well with the data, the main discrepancy
being a broader tail of the model PDF, i.e. a higher, but still very low, probability of large

excursions.

2.4 Summary

In this chapter, we have shown a framework for data-driven “exact” reduction of a dynami-
cal system onto a low dimensional invariant manifold and time-evolution on that manifold.
Translation symmetry and energy conservation, two important features of many systems of
interest, are incorporated naturally into the framework. By observing the model reduction
error as a function of dimension, the dimension dy, of the invariant manifold can be de-
termined, and once dy is known, highly accurate model predictions can be obtained. In
particular, key statistical quantities in a chaotic system can be well-approximated, indicat-
ing that the model dynamics capture the shape of the attractor. In this work, the NNs can
be trained on a single processor in a couple days, and time-evolution over 10* time units
takes only minutes. At present, it is difficult to predict how network size and training time
will scale for more complex problems, especially given that it is not even known in gen-
eral how d, scales. Extensions to systems with higher-dimensional dynamics are underway.
Systematizing this method could provide a straightforward, data-driven means of approxi-
mating the dimension of manifolds and constructing reduced order models, a difficult task

for high-dimensional chaotic systems like turbulence.
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Chapter 3

Dynamics with neural ODEs !

In this chapter, we improve upon the modeling setup of the previous chapter by treating
the dynamics as an ODE instead of a discrete-time map. Again, the manifold coordinates
are discovered using an undercomplete autoencoder — a neural network (NN) that reduces
then expands dimension. Then the ODE, in these coordinates, is determined by a NN using
the neural ODE framework. Both of these steps only require snapshots of data to learn a
model, and the data can be widely and/or unevenly spaced. Time-derivative information
is not needed. We apply this framework to the Kuramoto-Sivashinsky equation for domain
sizes that exhibit chaotic dynamics with estimated manifold dimensions ranging from 8 to
28. With this system, we find that dimension reduction improves performance relative to
predictions in the ambient space, where artifacts arise. Then, with the low-dimensional
model, we vary the training data spacing and find excellent short- and long-time statistical
recreation of the true dynamics for widely spaced data (spacing of ~0.7 Lyapunov times).
We end by comparing performance with various degrees of dimension reduction and find a

“sweet spot” in terms of performance vs. dimension.

!The text of this chapter is adapted from the publication by A. J. Linot and M. D. Graham Chaos, 32,
2022



45

3.1 Introduction

A common question in many applications is: given a time series of measurements on a system
how can a predictive model be generated to estimate future states of the system? For prob-
lems like weather forecasting, just knowing the future state of the system is useful. In other
problems, like minimizing turbulent drag on an aircraft, models are desirable for creating
control policies. These models can sometimes be generated from first principles, but insuffi-
cient information on the system often limits the ability to write them explicitly. Even when
a model can be written out explicitly, it may be very high-dimensional and computationally
expensive to simulate. Thus it is often desirable to generate a low-dimensional model from
data.

We consider data sets {u(t1),u(ts), ..., u(ty)}, where u(t;) € R? comes from measuring
the state of a system at a given time ¢;. The full state at a given time can be represented
by direct measurements (e.g. position and velocity of a pendulum) or by a representation
that is diffeomorphic to the state. One such representation is time delay measurements of
the system, as shown by Takens [203]. In the case of the pendulum, for example, this could
correspond to writing the state as u(t) = [0(t),0(t — 7),0(t — 27),0(t — 37)], where 0 is the
angle of the pendulum and 7 is the delay time. If u lies on a d-manifold then a time delay
representation in R?**! is diffeomorphic to u [203].

For many systems of interest the state space is high-dimensional and the dynamics are
chaotic. Despite this complex behavior, when these systems are dissipative the long-time
dynamics often lie on a smooth invariant finite-dimensional inertial manifold M C R? of a
much lower dimension (d) than that of the state space [206]. Two such systems are the
Kuramoto-Sivashinsky equation (KSE) [60, 107, 207, 241] and the complex Ginzburg-Landau
equation [44]. Similarly, for the Navier-Stokes in two and three spatial dimensions, it has
been shown that there is an approximate inertial manifold [59, 205]. It is approximate in the
sense that there are small variations in many dimensions that can be assumed to be zero

and still provide an accurate approximation of the state.
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With a mapping to the manifold coordinate system the state can be represented (at least
locally) in the manifold coordinates h(t) € R, That is, mappings y and Y exist such that
h = x(u) and u = ¥(h). In the machine learning literature, x and y correspond to the the
encoder and decoder, respectively, of a so-called undercomplete autoencoder structure [128],
as we further discuss below. It should be noted that there is no guarantee that M can be
globally represented with a cartesian representation in dj, dimensions. Indeed in general
this cannot be done, and an “atlas” of overlapping local representations, or “charts”, must be
used [120]. The application considered here will not require this more general formalism, but
for related work using charts, see [57]. Our aim here is to use data from a spatiotemporally
chaotic system to learn the mappings x(u) and y(h) back and forth between R? and a
coordinate system on M and then to learn the evolution equation for the dynamics in this
coordinate system. This will be a minimal-dimensional representation for the dynamics of
the system in question. We first introduce some background for the dimension reduction

problem and then for the time evolution problem.

3.1.1 Dimension reduction methods

Dimension reduction is a challenging and widely-studied problem, and many approaches
have been considered. In Ch. 1 we overview a wide range of dimension reduction techniques
and determine nonlinear techniques provide the most versatility to approximate a manifold
coordinate system. In this chapter, we again use the hybrid autoencoders from Ch. 2. This
approach is advantageous because it approximating the mappings to the manifold coordinates
x and back y from data. We describe the specifics of the autoencoders used in this chapter

in more detail in Section 3.2.

3.1.2 Time evolution methods

We now turn to developing, from data, dynamical models for the evolution of a state wu(t).

We consider systems that display deterministic, Markovian dynamics, so if u(t) is the full
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state (either directly or diffeomorphically through embedding of a sufficient number of time

delays), then the dynamics can either be represented by a discrete-time map

u(t+7) = F(u(t)), (3.1)

or an ordinary differential equation (ODE)

du_

o fw). (3.2)

The learning goal is an accurate representation of F' or f, or their lower-dimensional analogs

in the case that we apply dimension reduction.

Again, in Ch. 1 we explored many different techniques for performing this time evolution.
Of the many discrete-time maps, we are particularly interested in generating low-dimensional
data-driven Markovian models. In the previous chapter, we showed this is possible using a
dense NN to approximate F'(u), and that we can drastically reduce the state dimension
in a domain size of L = 22 from u € R% to h € R®. We found this coordinate system
using an undercomplete autoencoder that corrected on PCA, as described in more detail in
Section 3.3.1. Representing the state in this minimal fashion allows for faster prediction,
and may provide insight by limiting the system to only the essential degrees of freedom. Iten
et al. [101] illustrated the latter point by recovering physical variables from data in some

low-dimensional example settings.

Rather than approximating F'(u) in Eq. 3.1, the discrete-time representation, one can,
in principle, approximate f(u) in Eq. 3.2, the continuous-time representation. This is more
challenging because one does not generally have access to data for du/dt, which eliminates
many of the techniques we mentioned in Sec. 1.3. The task of learning f(u) is closely related
to the problem of data assimilation [4]. In that problem, the general functional form of f
is given and the task is to learn a relatively small number of parameters, whereas in the

present case we wish to represent f(u) as an essentially arbitrary function. A framework
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for doing this, with f given as a neural network, was presented by Chen et al. [24], who
dubbed the approach “neural ODEs”. To determine the neural network parameters of f,
the difference between data and predictions is minimized. To determine the derivatives of
f with respect to the parameters, either an adjoint problem can be solved, or an automatic
differentiation method used. With a given f, the state evolution at arbitrary points in time
can be computed as the solution to Eq. 3.2. We further describe and apply, this approach

in Section 3.2.

Neural ODEs have been applied to a number of time series problems. Maulik et al.
[140] used neural ODEs and LSTMs for Burgers equation, and showed that both outperform
a Galerkin projection approach. Portwood et al. [167] used the neural ODE approach to
find an evolution equation for dissipation in decaying isotropic turbulence, showing that
it outperformed a heuristic model. Neural ODEs have also been applied to flow around a
cylinder in the time-periodic regime, where velocity field simulation data were projected onto

8 PCA modes, and the time evolution of these modes was determined [179].

The present work combines nonlinear dimension reduction using autoencoders with the
neural ODE method to model the dynamics of a system displaying spatiotemporal chaos,
the Kuramoto-Sivashinsky equation, over a range of parameter values. In Section 3.2, we
introduce the framework of our methodology. Section 3.3.1 briefly describes the results
for the dimension reduction problem alone, then Section 3.3.2 uses the reduced-dimensional
descriptions to illustrate the performance of the neural ODE approximation for closely spaced
data. An important conclusion here is that dimension reduction can improve neural ODE
performance relative to predictions in the ambient space, where artifacts arise. Section 3.3.3
examines the role of data spacing on neural ODE performance, showing that even for chaotic
systems, good performance on both short-time predictions and long-time statistics can be
obtained even from widely spaced data, up to a fairly well-defined limit. Finally, Section 3.3.4
shows comparisons of neural ODE performance with various degrees of dimension reduction,

finding a “sweet spot” in terms of performance vs. dimension. We summarize in Section 3.4.
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3.2 Framework

Here we recapitulate and extend the framework presented in Sec. 1.4. We consider data
u € R that lies on a d-dimensional manifold M that is embedded in the ambient space
R? of the data. With the data, we find a coordinate transformation y : R? — R giving
the state in the manifold coordinates, h € R%. We also find the inverse y : R — R? to

reconstruct u from h. Then we describe the dynamics on M with the differential equation

dh

ar g(h). (3.3)

If we do not do any dimension reduction then Eq. 3.3 is the same as Eq. 3.2. Of course, for
an arbitrary data set, we do not know d, a priori, so in Section 3.3.4 we present results
with various choices for dj,, where h € R% . Using the mapping to the manifold coordinates,
the evolution in the manifold coordinates, and the mapping back, we evolve new initial
conditions forward in time. So, our task is to approximate y, x, and g. We also consider
the case with no dimension reduction, where we determine f(u), the right-hand side (RHS)
of the ODE in the ambient space. In general, there can be no expectation that any of these
functions have a simple (e.g. polynomial) form, so here we approximate them with NNs, as

detailed below.

Figure 1.3, in Sec. 1.4, illustrates this framework on data from a solution of the Lorenz
equation [135] that we embedded in four dimensions by mapping the z coordinate of the
Lorenz equation to the Archimedean spiral. The change of coordinates for this embedding is
given by [uq, ug, us, us] = [z, y, az cos az, azsin az] where x, y, z are the standard variables in
the Lorenz equation and a = 0.2. In Fig. 1.3a we show an example of learning the manifold
coordinates for this system. The three spatial dimensions for the embedded data are uq, us,
and uy and the color is uy. For a trajectory to be chaotic it must lie on at least a three-
dimensional manifold, so the minimum embedding dimension for a chaotic trajectory that

requires all the steps in this framework is four dimensions. Figure 1.3b illustrates learning
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the vector field g in the manifold coordinates. In Fig. 1.3c we show how, after learning
these functions, new initial conditions can be mapped to the manifold coordinates, evolved

forward in time, and then mapped back to the ambient space.

To find x and y, we represent them as NNs and find parameters that minimize a recon-

struction loss averaged over a batch of data given by

L = ([l — x(x(u;61); 62)[1%) , (3.4)

where 6; and 6, are the weights of x and y, respectively. Here, and elsewhere, we use
stochastic gradient descent methods to determine the parameters. Further details are given
in Section 3.3.1. This architecture is known as an undercomplete autoencoder, where y is an
encoder and Y is a decoder [98]. Autoencoders are widely used for dimension reduction; in
the fluid mechanics context they have been used for many examples including flow around an

airfoil [154], flow around a flat plate [151], Kolmogorov flow [157], and channel flow [62, 143].

As noted above, to approximate g in Eq. 3.3, we use the neural ODE approach of Chen
et al. [24]. In the neural ODE framework we use g to estimate h(t; + 7), an approximation

of the reduced state h(t; + 7), at some time ¢; + 7 by integrating

bt ) = hit) + [ T gh(e): 00)dt, (35)

where 05 is the set of weights of the NN. Then g is learned by minimizing the difference
between the prediction of the state (A(t; + 7)) and the known state (h(t; + 7)), in the

manifold coordinates, at that time. Specifically, the loss we minimize is
J = (|Ihti +7) = bt + 7)1 ) (3.6)

Here ||.||; denotes the Li-norm — of course, other norms can be used. By taking this approach

we can estimate g from data spaced further apart in time than when ¢ (or more precisely,
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dh/dt) is estimated directly from finite differences. The difficulty comes in determining the

gradient of the loss with respect to the weights of the NN, 0.J/065.

One approach to the computation of 9J/003 is to use automatic differentiation to back-
propagate through all of the steps of the time integration scheme used to solve Eq. 3.5.
Another approach involves solving an adjoint problem backwards in time, which is the pri-
mary method used in [24], and indeed is the classical approach to optimization problems
involving differential equation constraints [4]. A drawback of back-propagating through the
solver is that to calculate the gradient, the entire state must be stored at each time step,
which can lead to memory issues [24]. However, we consider a chaotic system which puts an
implicit constraint on how far apart data can feasibly be sampled (roughly one Lyapunov
time) and still yield a good estimate of g. In the present work, we reach this limit before
the memory limit of back-propagation becomes an issue. In our trials, the adjoint method
yielded results in good agreement with back-propagation, but required longer computation

times for training, so we chose to use the back-propagation approach.

Note that we have separated the training problems for determining the manifold coordi-
nates (i.e. the dimension reduction problem) from that for learning the dynamics in those
coordinates. In principle, one could have put those problems together, minimizing a sin-
gle loss that is a linear combination of Eq. 3.4 and Eq. 3.6. Indeed, Champion et al. [22]
did something similar, though it must be noted that their approach requires data for time
derivatives, while ours does not, and also that they knew in advance the dimensions of the
manifolds where their data lives, which we do not. And in any case, the invariant manifold
dimensions in their examples were three or fewer. There are two reasons why we treated the
two problems separately. The first is conceptual. The question of finding the manifold on
which a data set lies is a self-contained problem. It seems natural to address this problem
first, and only afterward address the question of how the dynamics evolve on that manifold.
The second reason is more practical. Even if one knows a priori the dimension of the man-

ifold, solving simultaneously for the autoencoder and time evolution means simultaneously
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solving for three neural networks with a very complicated loss landscape. Indeed, when we
attempted to train both models together the predictive capabilities were extremely poor.
Furthermore, in the problems we address, the manifold dimension is not known a priori, so
trying to learn a vector field (RHS of an ODE) when one does not even have an idea of how
many dimensions that vector field should have may lead to much-wasted computer time.
Therefore, we take the view that it makes more sense to first get an estimate of how many
dimensions are required to represent the data, and only then to estimate the vector field
that determines the dynamics.

The data sets we consider are numerical solutions of the 1D Kuramoto-Sivashinsky equa-
tion (KSE),

ov_ v 0w Odw (3.7)

in a domain of length L with periodic boundary conditions. The domain size determines
the types of dynamics this system exhibits. For the domain sizes we consider, trajectories
exhibit sustained chaos. The dimension of the manifold that contains the global attractor
has been computationally approximated using several approaches [43, 128, 237]. We generate
high-dimensional state representations (u € R?) via a Galerkin projection of v onto Fourier
modes. Then, we use an exponential time differencing method [108] to integrate the resulting
system of ordinary differential equations forward in time. The code used is available from
Cvitanovi¢ et al. [41]. The data vectors u that we use are solutions v of the KSE on d = 64
equally-spaced grid points in the domain. We performed resolution checks on a grid of
d = 128 and found, for the domain sizes we consider, trajectories from the same initial

condition track one another for multiple Lyapunov times.

3.3 Results

Section 3.3.1 briefly describes the dimension reduction (manifold representation results).

Section 3.3.2 considers neural ODE predictions, with and without dimension reduction, for
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closely spaced data. Section 3.3.3 shows the effect of data spacing on the results, and Section
3.3.4 illustrates the effect of the degree of dimension reduction. We summarize in Section

3.4.

We consider datasets for three domain sizes, L = 22, 44, and 66, where we estimate the
manifold dimension to be dy, = 8, 18, and 28, as explained in the following section. The
relevant timescale for each of these system is the Lyapunov timescale (inverse of the largest
Lyapunov exponent), which we previously found to be be very close to the integral time for
KSE data [128]. For these domain sizes, the Lyapunov times are 7, = 22.2, 12.3, and 11.6,
respectively [43, 50]. We use 10° time units of data for training at each domain size, and
vary how frequently we sample this dataset in time. For training the NNs we use Keras [31]
for the autoencoders and PyTorch [161] for the neural ODEs. The neural ODE code is a
modification on the code used in [24], which includes methods for computing the gradient

both with the adjoint method and back-propagation.

3.3.1 Dimension reduction with autoencoders

In each section we use autoencoders to approximate the map to the manifold coordinates
x and back y. We found in [128] that a useful way to represent the map to the manifold
coordinates (h = x(u)) is as a difference from a linear projection of the data onto the leading
d;, PCA modes:

h = E(Uu;0,) + Py, U u. (3.8)

Here E is a NN, U is the full PCA matrix, and P, is the projection onto the leading dj,

modes. Similarly, we can learn a difference for the decoder (a2 = x(h))

h
i=UD(h;6)+U | |, (3.9)
0
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Figure 3.1: MSE of test data as a function of dimension for domain sizes L = 22, 44, and 66. The
expected manifold dimensions are daq = 8, 18, and 28 for these domain sizes, respectively.

where D is a NN. By taking this approach we simplify the problem such that the NN only
needs to correct upon PCA. We refer to this as a hybrid NN (HNN).

In [128] we also took advantage of the translational invariance of the problem. We used
the first Fourier mode method-of-slices [19] to phase shift the data. In this method, the phase
is calculated as ¢(t) = atan2{Im[a;(t)], Re[a; ()]}, where a; is the projection of the state
onto the first Fourier mode. Then, the state is phase shifted at each time using the Fourier
shift theorem i, (t) = a(t)e~*¢®). This approach removes the continuous symmetry, which
reduces the dimension of the problem by one. More precisely, it decouples the evolution of
the phase ¢ from the evolution of the pattern u, — the phase evolution depends on 4, but
not vice versa. This reduction in dimension improves the performance of the autoencoder
but introduces near-discontinuities in the flow that arise when a; approaches zero that must
be accounted for by warping time with “in-slice” time [19]. These near-discontinuities add
additional difficulties in training the time evolution models, so we did not take this approach
here.

In [128] we trained these HNN using an Adam optimizer with a learning rate of 0.001, for
multiple dimensions dj,. Figure 3.1 shows the mean squared reconstruction error (MSE) of a
test data set not used in training at various dimensions for each of the domain sizes. When

using this hybrid approach we see a significant drop in the MSE at dimensions of d;, = 8, 18,
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and 28 for the domain sizes L = 22, 44, and 66, respectively. We take these values of dj, to be
the “correct” dimension, d,,, in Sections 3.3.2 and 3.3.3. It is worth noting that finding this
drop requires careful hyperparameter tuning. For example, we found using rectified linear
units rather than sigmoids resulted in higher MSE for d;, 2 d ¢ while having little effect on
dj, < dq, making the drop in MSE less evident. Due to difficulties in autoencoder training,
and due to the increased complexity of the system at larger domain sizes it can be difficult to
determine the dimension from the drop in the autoencoder MSE alone. In Section 3.3.4, we
further examine the issue of estimating manifold dimension by considering the performance
of neural ODE models as a function of dimension — if the estimate of du, is poor (especially

on the low side) then the dynamic model is poor.

The estimated dimension at L = 22 of dy, = 8 is in agreement with estimates by Ding
et al. [43], Vlachas et al. [221], Yang and Radons [236] and Cvitanovic et al [39]. Ding et al.
reached this conclusion by considering a finite number of unstable periodic orbits embedded
in the long-time attractor and performing Floquet analysis on these solutions. Vlachas
et al. also used an autoencoder approach of varying dimension and considering the MSE
at different dimensions. In that work, they used different autoencoder architectures (e.g.
convolutional autoencoder), with different activation functions (continuously differentiable
exponential linear unit), and still found the same drop at d;, = 8. Yang and Radons [236]
showed that the Lyapunov vectors can be split into two categories by looking for a drop
in the Lyapunov exponents. The positive and weakly negative Lyapunov exponents give
Lyapunov vectors called “physical modes” that were shown to span a linear space that locally
approximates the inertial manifold [236]. This drop in Lyapunov exponents was found to be

at dj, = 8 in [39] and at dj;, = 9 in [236].

For larger domains, the dimension estimates reported here are consistent with Yang et
al. [237]. In that work, they tracked the number of physical modes for larger domain sizes of
the KSE. We showed in [128] that our estimates of da( agree with the predicted dimensions

and linear scaling of dimensions shown in Yang et al. [237]. Linear scaling is also seen in
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Sondak and Protopapas [195], though their estimate of the manifold dimension is higher than
ours or any of the other works mentioned here. They approximated dimension by training
autoencoders with a high-dimensional latent space, and then considered the variance of each
latent variable. Then d,, was taken to be the number of latent variables with a variance
above some threshold.

These results guide our selection of dimension in the next two sections. Furthermore,
we find that once d, 2 d, the same MSE is achieved whether we use the full HNN or
simply project on to day PCA modes (by setting E(UTu) = 0 in Eq. 3.8). This observation
indicates, for the KSE with periodic boundary conditions, that the leading PCA amplitudes
fully parameterize the state. Note that this parametrization is nonlinear, because a nonlinear
decoder is still needed to reconstruct the full state. So, in the next two sections, y is the
projection onto dn; PCA modes and x is a NN that approximates the remaining PCA

coefficients from the leading ones. Table 3.1 shows the architectures for the autoencoders

and for the NNs used for time evolution in Sections 3.3.2 and 3.3.3.

3.3.2 Effect of dimension reduction on time evolution

Now that we have a map to the manifold coordinates and back, the next step is approximating
the ODE. Here we train three different types of ODEs to evaluate the impact of mapping the
data to the manifold coordinates. We learn the RHS of the ODE in the manifold coordinates:
h = g(h), in physical space: @ = f(u), and in the space of the spatial Fourier coefficients:
i = f(@), where @& = F(u) and F is the discrete Fourier transform. For the last two cases,
there is no dimension reduction, so y is the identity in the first case and the discrete Fourier
transform in the second, with x being, again, the identity in the first case and the discrete
inverse Fourier transform in the second.

We train each of the NN with data spaced 0.25 time units in these trials. This timescale
is substantially shorter than the Lyapunov time, which decouples the issue of dimension

from that of time resolution. Each NN is trained until the loss levels off using an Adam
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Table 3.1: Architectures of NNs and matrices used in Sections 3.3.1-3.3.3. “Shape” indicates the
dimension of each layer, and “activation” the corresponding activation functions (“sig” is the
sigmoid activation) [98].

Function Shape Activation
Encoder L = 22,44, 66 X d/dm linear
Decoder L = 22, 44 X dn/500/d sig/linear
Decoder L = 66 X dnr/500/500/d sig/sig/linear
ODE f.g d,dx/200/200/200/d,dpg  sig/sig/sig/linear
Discrete Map G dnr/200/200/200/dpq sig/sig/sig/linear

optimizer with a learning rate of 1072 that we drop to 10~* halfway through training. First,
the autoencoder is trained, then the neural ODE. To avoid spurious results, we train 5 au-
toencoders then 10 ODEs and select the combination of autoencoder and ODE that provides
the best short-time tracking. Due to random weight initialization and the stochastic nature
of the optimization, we train multiple models and use the one that performs best. This is
a common practice in neural network training, as noted by Bishop in Section 9.6 of [11].
As mentioned earlier, the models are trained to minimize the loss in Eq. 3.6. In previous
work [128], we added an additional contribution to the loss for the time evolution problem
that penalizes predicted states that fall outside the envelope of the joint PDF for energy
production and dissipation. In the present work, we found excellent performance of the best
models without the need for this additional term, because we did not phase-shift the data

and thus did not have to work in “in-slice” time.

In Fig. 3.2 we compare the short- and long-time trajectories between the data at L = 22
(Fig. 3.2a) and the NN models (Fig. 3.2b-3.2d). For this domain size, the Lyapunov time is
71, = 22.2. The same initial condition, which is on the attractor, is used for all cases. The
first model prediction, shown in Fig. 3.2b, comes from g (the low-dimensional ODE, with
dp = 8), the second model prediction, shown in Fig. 3.2¢, comes from f (the full physical
space ODE), and the third model prediction, shown in Fig. 3.2d, comes from f (the full
Fourier space ODE). For each of these figures, the first 50 time units (about 2.5 Lyapunov

times) are shown in the left column and 450-500 time units (i.e. after the solution has evolved
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Figure 3.2: Examples of trajectory predictions for different models, L = 22,7 = 0.25. The left
shows predictions up to ~ 2.3 Lyapunov times, and the right shows predictions after ~ 23
Lyapunov times. (a) true trajectory, (b) predicted trajectory when approximating g with dyq = 8.
(c) predicted trajectory when approximating f. (d) predicted trajectory when approximating

F(f)-
for more than 20 Lyapunov times) are shown on the right.

All three of the models are able to generate good predictions for times up to about
t = 30; this is a reasonable quantitative prediction horizon for a data-driven model of chaotic
dynamics. After many Lyapunov times, a good model should still yield behavior consistent
with the data. Indeed, at long times the reduced model no longer matches the true solution,
but continues to exhibit realistic dynamics, as shown in Fig. 3.2b. In the next section, we
discuss the long-time behavior of the reduced model in more detail. In contrast, the full state
model predictions at long times, shown in Figs. 3.2c and 3.2d, develop high wavenumber
striations , which eventually pollute the lower wavenumbers, and are thus not faithful to the
dynamics. This same behavior appears when modeling the full state evolution for the larger
domain sizes L = 44 and 66. Training high-dimensional neural ODEs is computationally

more expensive, and the predictions from these models are worse.

To diagnose the origin of the spurious high wavenumber behavior, we plot the magnitude
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Figure 3.3: Magnitude of Fourier modes over time when evolving an initial condition with a
neural ODE approximation of (a) the full-space dynamics in real space (f) and of (b) the
full-space dynamics in Fourier space (f), L = 22,7 = 0.25. The inset in (b) is the evolution of the
real part of fgo.

of the Fourier modes as a function of time in Fig. 3.3 over a very long time interval —
hundreds of Lyapunov times. In both cases, we observe a very slow linear growth in the
high-wavenumber modes. The inset in Fig. 3.3b shows the time evolution of the RHS of the
ODE for the real part of one of the high-wavenumber modes fgo. At long-times fgo settles to
a constant — effectively a bias term. The time-integration of this constant results in the linear
growth seen in Fig. 3.3. We tested multiple activation functions in the NN architecture, and
we see growth in the high wavenumbers regardless of whether sigmoids, hyperbolic tangents,
or rectified linear units are used.

To further explain the origin of the bias that leads to the linear growth, we first note
that in the true system the high wavenumbers are strongly damped due to hyperdiffusivity
in the KSE, so data sampled from the attractor has negligible content in these wavenumbers.
In particular, with the data given, the model has no information with which to learn that
these modes are strongly damped. Furthermore, the prediction horizon in the training of the
neural ODE is short (0.25 here), so small errors in high wavenumbers have a negligible effect
on the loss. Thus the model does not learn that there should be a strong damping term that
would overwhelm any small bias that arises in the RHS due to the stochastic nature of the

initialization and training of neural net representations. Indeed, experiments that explicitly
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Figure 3.4: Example of trajectory and predictions for data spaced 7 = 10 apart, L = 22: (a)
true trajectory; (b) predicted trajectory; (c) absolute error between the two trajectories; (d) norm
of the error. The norm of the error is shown for the raw data, and for the spatial shift that
minimizes this error at each time.

introduce a damping term, modifying Eq. 3.3 to read dh/dt = g(h;05) — ah where a > 0,
is sufficient to stabilize models against this slow linear growth. In [132] we show this is the
case when the damping is chosen to match the linear term in the KSE. The combination
of these factors is why the trajectories of the high-dimensional models leave the attractor,
while the trajectories of the reduced-dimensional models, where degrees of freedom that are

strongly damped and thus have negligible amplitude on the attractor are absent, do not.

3.3.3 Effect of temporal data spacing on time evolution prediction

Now we consider only reduced-dimension ODE models, and address the dependence of model
quality on the temporal spacing 7 between data points. For L = 22, 44, and 66, we select the
manifold dimensions mentioned in Section 3.3.1 — dyq = 8, 18, and 28, respectively. We judge
the model performance based on, first, short-time tracking for L = 22 and then long-time
statistical agreement for all domain sizes. In these cases autoencoders and ODEs were both

trained with 7 much larger than the value of 0.25 used in Section 3.3.2, while keeping all other
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Figure 3.5: Normalized difference between trajectory and prediction as a function of time for
different training data spacing, L = 22, d} = 8.

training parameters the same (e.g. architecture, optimizer, dimension). Figure 3.4 compares
a true short-time trajectory (3.4a) to the model prediction (with 7 = 10) of this trajectory
(3.4b) starting from the same initial condition. Qualitatively the space-time plots exhibit
similar behavior over around 80 time units. The magnitude of the difference is shown in
3.4c. Here we see the difference growing at around 40 time units due primarily to a growing
spatial phase difference between the true and predicted results. Figure 3.4d shows the norm
of this difference and the minimum value of the norm when shifting @ to any position in
the domain. The minimum translated difference, in 3.4d, remains much smaller than the
standard Euclidean distance indicating that, in this case, the phase difference causes most
of the error.

We now consider ensemble average quantities to better understand the reconstruction
quality of the models as a function of 7. In addition to the ODE models, we also consider
discrete-time maps h(t; + 7) = G(h(t;)). Details of the discrete-time map NN architecture
is given in Table 3.1.

Figure 3.5 shows the root mean squared difference between the exact trajectory and
ODE/discrete-time map models as a function of time, averaged over 1000 initial conditions
and normalized by the root mean squared difference between random training data, which

is denoted with D. In this figure, the ODE models and discrete time maps use data spaced
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Figure 3.6: Temporal autocorrelation for models learned with different data spacing, L = 22,d), =
8.

7 =10—16. For 7 < 10, there is little improvement in the ODE models’ performance. ODE
predictions at and below 7 = 15 all track well for short times, with the error being halfway to
random at around t ~ 1.57, and diverge at long times, with the error leveling off at around
t ~ 37p. Then, performance degrades sharply at 7 = 16 (yellow curve). In all cases, the
discrete-time map performs worse than the ODE with the same data spacing. Furthermore,
although we do not show it here, the performance for discrete-time maps becomes even worse
when trying to interpolate between prediction times. This is a significant drawback not seen
when using ODEs.

A similar trend appears in the temporal autocorrelation. Figure 3.6 shows the temporal
autocorrelation of u at a given gridpoint averaged over space and 1000 initial conditions. The
temporal autocorrelation of the neural ODE matches the exact temporal autocorrelation well
for data spaced up to 7 = 15. Then, there is an abrupt deviation from the true solution
at 7 = 16. Also, in Fig. 3.6 we show the temporal autocorrelation for discrete-time maps.
At 7 = 10 discrete-time maps perform worse than all ODEs below 7 = 15, and predictions
worsen when increasing 7.

The other half of evaluating a model is determining if trajectories stay on the attractor
at long times. For this purpose, we consider the long-time joint PDF of the first (u,) and

second (u,,) spatial derivatives of the solution. In the KSE, u2 is the energy production and
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Figure 3.7: (a) joint PDF at L = 22,d;, = 8. (b) and (c) joint PDFs when approximating the
ODE and the discrete-time map, respectively, at 7 = 10. (d)-(f) joint PDFs when approximating

the ODE for 7 = 15, 16, and 20.
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Figure 3.8: KL divergence of the models trained with different data spacing. Here time is scaled
with Lyapunov time for the corresponding domain size. For L = 22,44, 66 we use d = 8,18, 28.

u—fm is the dissipation [39], where T is the spatial average. We select these quantities because
of their relevance to the energy balance, and because two-dimensional joint PDFs are more
challenging and important to reconstruct than one-dimensional PDFs. In Fig. 3.7 the joint
PDF for the data is compared to various models. The colormap is a log scale, with low
probability excursions in black, and no data in white regions. When 7 = 10, the ODE model
matches well, with differences primarily in the low probability excursions, while at 7 = 10
the discrete-time mapping appears more diffuse in the high probability region and matches
poorly. At 7 = 15, the joint PDF for the ODE prediction still matches well, degrading once

7 > 16. This deterioration becomes more evident at 7 = 20.

We quantify the difference between true and predicted PDFs by computing the KL di-

vergence

B 0 oo P
Dicr(P||P) = / / P(ux,um)lnMdumdum (3.10)

(U Ug)
between the true joint PDF, P, and the predicted PDF, P. We take the convention of setting
the quantity under the integral to 0 when P = 0 or P = 0 as was done in [21]. The KL
divergence appears in Fig. 3.8 for various 7, where we normalize by the Lyapunov time 7.
For all domain sizes, the joint PDF's for neural ODE models match the true PDF very well

when data is spaced below ~0.7 Lyapunov times. In contrast, good reconstruction of the
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Table 3.2: Architectures of NNs used in Section 3.3.4. Labels are the same as in Table 3.1.

Function Shape Activation
Encoder L = 22 X d/500/d, sig/linear
Encoder L = 44,66 X d/500/500/d}, sig/sig/linear
Decoder L = 22 X d/500/d sig/linear
Decoder L = 44,66 X dy/500/500/d sig/sig/linear
ODE g dn/200/200/200/d;,  sig/sig/sig/linear

joint PDF with the discrete-time model, for L = 22, requires 7/7, < 0.4.

3.3.4 Effect of model dimension on time evolution predictions

In the previous sections, the model dimension was fixed at values assumed to be the cor-
rect inertial manifold dimensions based on other studies [43, 128, 237]. Here we vary the
dimension and consider the dynamical model performance, which provides more information
on the necessary number of dimension. For training we again use 10 time units of data
spaced apart 0.25 time units and train 5 autoencoders and 15 neural ODEs. The data is
normalized by subtracting the mean and dividing by the standard deviation before training
and projected onto the full set of PCA modes before going into the autoencoder (UTu).
Training was done with an Adam optimizer with learning rate scheduling from 1073 to 10~*
halfway through training. For L = 22 we trained for 5000 epochs and for L = 44,66 we
trained for 500 epochs, due to the computational cost of the larger networks. In all these
trials, the loss plateaued at the end of training, but further training in the L = 44, 66 cases
could lead to mild improvement. The code used for training these autoencoders is available
on GitHub [130].

Our first result here is the observation that, for models with a lower dimension than the
“correct” one, reasonable approximations of the joint PDF of u, and u,, can be obtained, but
only if a nonlinear encoder is used for dimension reduction. This point is illustrated in Figure

3.9a, for the case L = 22, where we see good reconstruction of the joint PDF when using a
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Figure 3.9: (a) KL divergence of the best autoencoder and neural ODE pair at multiple
dimensions for L = 22. The nonlinear encoder corresponds to an autoencoder with a NN for
encoding, and the linear encoder corresponds to an autoencoder with the projection onto the first
dp, Fourier modes for encoding. Both cases use a NN for decoding. (b) mean squared error of
reconstruction for the nonlinear autoencoder at each dimension.

nonlinear encoder. Accordingly, the results below all use a nonlinear encoder; architectures
are reported in Table 3.2. However, even though this statistic is reconstructed well at low
dimensions, Fig. 3.9b shows the MSE for the autoencoder, with a nonlinear encoder, still
drops significantly at d, = 8. This MSE is on test data normalized using the training data
mean and standard deviation. As with the autoencoders used in Sections 3.3.2 and 3.3.3,
we again performed manual hyperparameter tuning. Changing the activation functions from
sigmoids to rectified linear units and removing the learning rate scheduler both resulted in
higher MSE for d;, 2 d.

Figure 3.10 shows the ensemble-averaged short-time tracking error of the models with the
best tracking as the dimension varies. For all domain sizes the recreation gradually improves
and then becomes dimension-independent as dimension increases. This happens because the
short-time tracking is directly related to the loss minimized in training the neural ODEs,
and h contains the same information as u if dj, is large enough. As mentioned before, for
L = 22, 44, and 66, respectively, the “correct” manifold dimensions are 8, 18, and 28, and
Fig. 3.10 shows the tracking error becoming dimension-independent near these values.

Now we turn to long-time statistical recreation upon varying dimension. Figure 3.11

shows the KL divergence from the true joint PDF P(u,,u,,) for all the autoencoder and
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Figure 3.10: Short-time error at various dimensions. Domain sizes are L = 22,44, 66 for (a)-(c).

neural ODE pairs trained for each dimension and domain size. For reference, the dashed
lines show Dy when comparing the true joint PDF, used to compute D, for the models,
to a separate joint PDF from the true system, and evolved forward for the same amount of
time as the models but from a different initial condition. This gives a baseline for how two

empirical joint PDFs from the true system compare.

In all the cases, when the dimension is low, the models do a poor job of reconstructing
the joint PDF. When we are near the expected manifold dimension i.e. d; =~ 8, 18, and 28,
for L = 22,44, and 66, respectively, the typical model performance dramatically improves
and the variation in performance between the models decreases, with Dy ~ 1072 for the
best-performing models and only a factor of two or three larger for the worst. Furthermore,
Dy, between true and best-model predictions is only slightly larger than that between the
two time intervals for the true system, with a particularly close agreement for L = 22
and 44. In Fig. 3.12, we plot the true PDFs and the best model PDFs at L = 22,44, 66
and d;, = 8, 18,28, illustrating the excellent agreement. However, with further increase of
dimension, the variation in performance again becomes large, although the best models still
perform well. Like the short-time prediction, the joint PDFs of the best models become

dimension-independent, but here we see that errors arise, particularly the slow linear growth
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Figure 3.11: KL divergence for all trained models at different dimensions. Domain sizes are
L = 22,44,66 for (a)-(c). The dotted lines on each plot correspond to the Dg, computed by
comparing two joint PDFs of the true system.

in high wavenumbers, when training the neural ODE with unnecessary dimensions. Finally,
recall that the error at high dj, arises from spurious slow linear growth at high wavenumbers,
which, as we saw in Section 3.3.2, arises in the absence of any autoencoder at all.

In summary, Figure 3.11 highlights that there is a “sweet spot”, d;, ~ dq, where we see
robust model performance. Below this, too few dimensions are retained so model performance
is poor, and above it, spurious slow growth of high wavenumbers pollutes the long-time
predictions. So lack of robustness in model performance is an indication that the dimension
has been chosen incorrectly — either too low or too high. As noted previously, we also find

that stabilizing long-time dynamics is possible with the addition of a damping term.

3.4 Summary

Neural ODEs and undercomplete autoencoders can be used to create accurate data-driven
models for time evolution of spatiotemporal chaotic dynamical systems, with dimensions near
the expected manifold dimension, which for the present examples is in the approximate range
8 —28. Dimension reduction is a vital step in the process. Both the training process and the
prediction of trajectories are more expensive with more dimensions, and additional dimen-
sions lead to computational difficulties with the introduction of small spurious bias that leads

to slow linear growth of high-wavenumber modes. With dimension reduction, we find that
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Figure 3.12: (a)-(c) True joint PDFs for L = 22,44, 66. (d)-(f) joint PDFs from the best models
(lowest Dgp,) for L = 22,44,66 at dj, = 8,18, 28.

training with data spaced up to ~ 0.7 Lyapunov times gives accurate short-time tracking
and long-time statistical reconstruction. Finally, we investigate the impact of varying the
dimension and find that model performance improves with dimension, and stops improving
once the manifold dimension is reached. However, because of the spurious excitation of high
wavenumbers, keeping too many dimensions hurts training, resulting in many poor models.
While we have used the Kuramoto-Sivashinsky equation as a model system, this compu-
tational approach using data mediated neural ODEs might also be useful in the modeling
of PDE systems like atmospheric phenomena [135], in the modeling of infinite-dimensional
discrete-time maps [153], or in the modeling of other complex spatially distributed systems
[111]. In forthcoming work we will show how this reduced order modeling approach can be
integrated into a reinforcement learning framework for control of spatiotemporally chaotic

dynamics.
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Chapter 4

Reinforcement learning with

model-based control!

In this chapter, we modify the model we used in Ch. 3 to model the KSE with control and
apply deep reinforcement learning (RL) to the model. RL is a data-driven method capable
of discovering complex control strategies for high-dimensional systems, making it promising
for flow control applications. In particular, here the goal of the RL is to reduce energy
dissipation in turbulent flows, and the example considered is the spatiotemporally chaotic
dynamics of the KSE. A major challenge associated with RL is that substantial training
data must be generated by repeatedly interacting with the target system, making it costly
when the system is computationally or experimentally expensive. We mitigate this challenge
in a data-driven manner by combining dimensionality reduction via an autoencoder with a
neural ODE framework to obtain a low-dimensional dynamical model from just a limited
data set. We substitute this data-driven reduced-order model (ROM) in place of the true
system during RL training to efficiently estimate the optimal policy, which can then be
deployed on the true system. For the KSE actuated with localized forcing (“jets”) at four

locations, we demonstrate that we are able to learn a ROM that accurately captures the

!The text of this chapter is adapted from the publication by K. Zeng, A. J. Linot and M. D. Graham
Proc. Royal Soc. A., 478, 2022
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actuated dynamics as well as the underlying natural dynamics just from snapshots of the
KSE experiencing random actuations. Using this ROM and a control objective of minimizing
dissipation and power cost, we extract a control policy from it using deep RL. We show that
the ROM-based control strategy translates well to the true KSE and highlight that the RL
agent discovers and stabilizes an underlying forced equilibrium solution of the KSE system.
We show that this forced equilibrium captured in the ROM and discovered through RL is

related to an existing known equilibrium solution of the natural KSE.

4.1 Introduction

In recent years, deep reinforcement learning (RL), a data-driven model-free control method,
has achieved recognition for its ability to learn and discover complex control strategies for
high-dimensional systems. Many of its milestone achievements involve defeating the best
professional players in complex games such as GO [189], DOTA II [155], and Starcraft II
[215], as well as the leading GO, Chess, and Shogi engines [190]. The successes of RL
in these complex and nontrivial systems has made its application towards control of high-
dimensional chaotic dynamical systems, such as turbulent flows, extremely promising. Deep
RL has recently been demonstrated to be able to discover strategies in flow systems that
exhibit nonchaotic dynamics such as reducing the drag in flow over bluff bodies [54, 124, 159,
171, 176] and decreasing convection amplitude in Rayleigh-Benard systems [8]. Using the
Kuramoto-Sivashinsky equation (KSE) as an example, Bucci et al. [16] demonstrated that
RL is able to direct a system with natural chaotic dynamics to a given (i.e. previously known)
equilibrium solution of the system. In another study of the KSE in a chaotic parameter
regime, the present authors [242] demonstrated that an RL policy whose aim is to minimize
dissipation is able to discover and stabilize a nontrivial underlying equilibrium solution with
low dissipation, even when no such information of its existence is given. The aim of the

present work is to combine RL with data-driven reduced-order dynamical models for the
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purpose of control of spatiotemporal dynamics, as a step toward the goal of reducing energy

dissipation in turbulent flows.

Despite all of the successes of deep RL, a major challenge is that it suffers from poor
sampling complexity. For example, recent work by Du et al. [46] showed that even if the
optimal control policy could be perfectly represented by a linear function, the reinforcement
learning agent still requires an exponential number of trajectories to find a near-optimal
policy. Furthermore, the overall practical problem is further exacerbated by the temporal
credit assignment problem, which is the difficulty in parsing out what actions in a long
series of actions actually contributed to the end result-often bottlenecking RL algorithms

attempting to train large models with millions of weights in application [81].

In practice, this issue is often addressed by simply brute-force generating an extraordinary
amount of interaction data from the target system for training. For example, to achieve the
previously mentioned accolades, over 11,0004 years of DOTA II gameplay [155], 4.9 million
self-play games of GO [189], and 200 years of Starcraft IT gameplay [215] was required. In the
realm of fluid control, even learning a two-parameter control scheme for reducing drag in an
LES bluff-body simulation required over 3 weeks of training and simulation time [54]. The
default solution of simply generating more data can quickly make deep RL a prohibitively
costly solution when the target flow system is computationally (e.g. via direct numerical

simulations) or experimentally (e.g. via wind tunnel tests) expensive to realize.

Despite these challenges, there are growing efforts toward developing more data-efficient
learning algorithms and work-around techniques. These efforts can be broadly categorized
into three groups: modified RL algorithms with added complexity, true off-policy RL, and
model-based RL. The first group, modified RL algorithms, is a catch-all group comprising
of methods that build upon existing established algorithms with advanced architectures
and formulations and/or incorporate domain knowledge or hierarchy to improve training
stability and data efficiency at the cost of greater implementation and training complexity.

For example, [242] reduced the data-sampling complexity of RL by exploiting the natural
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symmetries of the system and [148] found complex behavior tasks could be learned efficiently
via a hierarchical RL framework. A comprehensive survey of RL combined with attention
mechanisms, transfer learning, and hierarchy can be found in [125]. The second group, true
off-policy or Offline RL, is comprised of methods that reformulate or modify the typical
semisupervised RL problem to extract control strategies from a pre-existing limited data set
of transitions [1, 123]. However, these methods are still in the early stages of development

and it is still unclear how well they perform and generalize in our complex systems of interest.

The last group, model-based RL, are methods that utilize a model of the target environ-
ment. These methods are advantageous in that they can leverage the existing vast classical
modeling principles as well as the newly emerging deep learning techniques. As a result,
model construction, implementation, and degree of data-drivenness vary widely from method
to method. For example, Nagabandi et al. [149] introduced the Model-Based+Model-Free
method, which utilizes a system model and an MPC controller to initialize the RL agent’s
weights. Towards more data-driven approaches, Wahlstrom et al. [225] introduced Deep Dy-
namical Models, which uses an autoencoder to learn a reduced-order representation of the
observation data and a feedforward neural network to learn a discrete time stepping model
in said reduced-order representation to control an inverted pendulum from pixel inputs.
Similarly, Watter et al. [231] also utilized autoencoders and feedforward neural networks
to learn a local linear dynamical representation of the pendulum problem. Feinberg et al.
[55] utilized models to generate short “imagined” trajectories at each training step to bet-
ter estimate the value functions. This so-called “Dyna’-style of model-based RL [202] has
been recently applied in control of spatiotemporally chaotic systems by Liu et al. [134] who
demonstrated with autoencoded recurrent network models containing hardcoded boundary
conditions and soft conservation constraints that the number of real interactions needed with
the target system to achieve control could be greatly reduced. Alternatively, Chua et al. [32]
demonstrated another form of model-based RL wherein a data-driven dynamics model is it-

eratively learned online with model predictive control (MPC) serving as the controller. The
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authors demonstrated that this method was able to reach similar asymptotic performance to
state-of-the-art model-free RL algorithms on benchmark tasks while using much fewer data
samples, although at the expense of requiring real-time model trajectory optimization at
every step during implementation. Finally, Ha and Schmidhuber [81] introduced recurrent
world models, which model the control system of interest with mixture density networks and
recurrent neural networks. In this method, the authors use a data-driven model in place of
the real environment during RL training to estimate a control policy for driving a 2D car
and playing DOOM. We will refer to this style of utilizing a data-driven model as a surrogate

training ground as “model-based RL".

The learning process of the above-defined model-based RL parallels the classic control
design philosophy [142] which is: 1) create a model for control, 2) design a control policy
based on the model, and 3) simulate based on a high-fidelity model and repeat if needed. In
parallel to these principles, we seek to: 1) learn a model — specifically a reduced-order, but
still highly accurate model — for control from data, 2) learn a control policy based on the

model with RL, and 3) validate based on a high-fidelity model.

A key aspect of this approach is the development of an efficient reduced-order model of

the process, which we will consider to be completely governed by a state space representation

d
= = f(s.a), (4.1)
or its discrete-time version
Str = F(s1, ar), (4.2)

where s € R? is the state of the system and a € R% a time-dependent actuation. Our focus

will be the continuous-time case Eq. 4.1, where we will seek a reduced-order representation

dh

g f(h,a), (4.3)
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where h € R% and dj, < d. Before describing our specific approach, we briefly review other

methods for developing dynamic models from data. A more detailed discussion is given in

129].

If the governing equations of the process are known, one approach is simply to use a direct
simulation without any model reduction. Here of course none of the efficiency gains enabled
by reducing the dimension of the model are realized. A traditional approach to reducing the
dimension of these problems is the Galerkin projection method [93] and other variants like
nonlinear Galerkin [77, 103, 138] or post-processing Galerkin [63], which have higher accuracy
than the traditional Galerkin approach for given number of unknowns. Additionally, such
approaches can be improved by adding data-driven information. For example, Wan et al.
[228] approximated the unresolved dynamics in nonlinear Galerkin with an LSTM. The
concept of combining first-principles and data-driven models is a widely studied one (see

e.g. “physics-informed neural networks” [173]).

In the present work, however, our focus is data-driven models. The classical approach
is to seek a linear discrete-time model; a specific example of this approach, which has seen
wide use recently even for nonlinear systems, is dynamic mode decomposition (DMD)[117].
We describe and implement an adaption of DMD to closed-loop control, known as DMDc,
in Section IIIB. As a linear state space model, at long times, trajectories predicted by DMD
always evolve toward a fixed point or a quasiperiodic orbit with a discrete set of frequencies,
so it cannot faithfully characterize chaotic dynamics, which is our interest here. In principle,
for all nonlinear systems there does exist a linear, albeit infinite-dimensional, operator called
the Koopman operator that describes the evolution of arbitrary observables [20, 118]. We
choose not to take this approach because our aim is to reduce the dimension of our model.
In any case, effective methods for approximation of chaotic long-time dynamics with data-

driven Koopman operator approximations remain elusive.

With the increasing power of neural network representations, nonlinear data-driven mod-

eling methods have received substantial recent attention. Two popular methods include re-
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current NN (RNN) [91, 96] and reservoir computing [102, 122]. These approaches are similar
in that a hidden or reservoir state r; is used along with the current state s; to predict a future
hidden or reservoir state r;.,. Then a function is used to predict the new state s, from
the hidden state. The two approaches are different in how these functions are approximated.
In reservoir computing the functions for evolving the reservoir are chosen a priori, and the
mapping back to s;, is learned. In RNNs, specific neural networks are trained to learn all
of the functions — two examples are LSTMs [91] and gated recurrent units [33]. Vlachas et
al. [220] shows that both these methods perform well at predicting chaotic dynamics. How-
ever, because they involve hidden variables, these approaches do not reduce the dimension of
the system, but rather increase it: i.e. they do not determine s;,, from s; alone, but rather

also use past history stored in r; to make predictions.

A more direct approach to learning dynamical models is to learn the right-hand side
(RHS) of Eq. 4.1 or Eq. 4.2 from data. One way to do this, at least for low-dimensional
systems, is using the “Sparse Identification of Nonlinear Dynamics ” (SINDy) approach [15].
In this method a dictionary of candidate nonlinear functions are selected to approximate f
in Eq. 4.1. Then, by using sparse regression, the dominant terms are identified and kept.
Alternately, one could simply represent f with a neural network [73]. If one does not have

time-derivative data or estimates, then the neural ODE approach [24, 129] can be used.

Now we turn to the issue of dimension reduction. The dynamics of formally infinite-
dimensional partial differential equations describing dissipative flow systems are known to
collapse onto a finite-dimensional invariant manifold [204]-a so-called “inertial manifold”.
In past works, it was shown that one can capture a high-dimensional system’s dynamics
on this lower-dimensional manifold by using a combination of autoencoders, to identify
the manifold coordinates, and Neural ODEs (NODE) [24], to model the dynamics on the
manifold in discrete time [128] or continuous time [129]. Our aim is to adapt this data-
driven, low-dimensional model framework as a data-efficient surrogate training grounds for

model-based RL. Once training is complete, this ROM-based policy is then deployed to the
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real system for assessment or further fine-tuning. We refer to our method as Data-driven

Manifold Dynamics for Reinforcement Learning, or DManD-RL for short.

Unlike the previous implementations of data-driven models in model-based RL [81, 225,
231], which model the evolution of the controlled system in fixed discrete time steps, our
method models the vector field of the dynamics on the manifold in the presence of control
inputs using neural ODEs [24]. The choice of using neural ODEs has several benefits: 1)
it allows one to utilize the vast and already present array of integration schemes for time-
stepping, 2) it allows one to train the model from data collected from variable time step
sizes as well as make variable time step predictions, which grants one the ability to adjust
the transition time step in RL without resorting to recollecting new data and training a
new dynamics model, 3) it is a natural formulation for the modeling of the dynamics of
our physical flow systems. We highlight that this framework is not limited to fixed time
intervals, can utilize unevenly and/or widely spaced data in time, respects the Markovian
nature of the dynamics of the systems we are interested in capturing, and respects the Markov
environment assumption that underlies RL theory [202], unlike other common data-driven
approaches such as recurrent neural networks [91, 96] and reservoir computing [102, 122].
Finally, we do not impose that the underlying relationship between the control input and
the dynamics is affine in control (i.e. that ds/dt = f(s)+ g(s)a where s is the state and a is
the control input), as some past works have done [231]. This is advantageous for application
towards complex flow control systems of practical interest as many, such as aircraft [13] and

underwater vehicles [64], do not have relationships with this affine structure.

We highlight here an important interplay regarding the RL problem and our dissipative
systems of interest. In RL the general algorithm seeks to learn a strategy by exploring
and optimizing the state-action space. At first glance, this may seem hopeless for flow
systems exhibiting high-dimensional ambient spaces. However, an important distinction here
is that although our formally infinite-dimensional flow systems may require O(10°") degrees

of freedom to resolve in the ambient space, the underlying dynamics can be much lower
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dimensional. This indicates that the underlying complexity of the problem is independent
of mesh resolution (assuming the system is already resolved). Assuming we can find a
high-fidelity reduced-order representation of the data, the state-action space that we seek to
optimize and capture in our method is actually only of complexity manifold dimension x
action dimension, which leaves an optimistic outlook for our method toward application to
larger and more complex flow systems.

The remainder of this paper is structured as follows: In Section 4.2 we introduce the
Kuramoto-Sivashinsky equation, a proxy system for turbulent flows that displays rich spa-
tiotemporal chaos, and the control objective which serves as a drag reduction analog. We
conclude this section with an outline of our ROM-based RL framework. In Section 4.3 we
examine the performance of our learned reduced-order model, the control strategy extracted
from the model using RL, and the dynamical systems relevancy of the strategy. In Section

4.4 we summarize our findings and discuss applications to more complex systems.

4.2 Formulation

4.2.1 Kuramoto-Sivashinsky equation

The Kuramoto Sivashinsky Equation (KSE) is given by,

— = — —— — — + F(x,1). (4.4)

Here f is a spatiotemporal forcing term that will be used for control actuation. We
consider the KSE in a domain of length L = 22 with periodic boundary conditions as this is
a dynamically well-characterized system [39]. The uncontrolled KSE, F = 0, exhibits rich
dynamics and spatiotemporal chaos, which has made it a common toy problem and proxy
system for the Navier-Stokes Equations. Spatially localized control is implemented in the

KSE with N = 4 equally spaced Gaussian “jets” located at X € {0, L/4,2L/4,3L/4} as done
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by Bucci et al. [16] and Zeng and Graham [242], where a;(t) € [—1,1] is the control signal

output by the RL control agent,

Fla ) = i ailt) oo (—M) (4.5)

2
20

The system is time evolved with a time step of At = 0.05 using the same numerical
method and code as Bucci et al. [16] with a third-order semi-implicit Runge-Kutta scheme,
which evolves the linear second and fourth order terms with an implicit scheme and the
nonlinear convective and forcing terms with an explicit scheme. Spatial discretization is per-
formed with Fourier collocation on a mesh of 64 evenly spaced points and in our formulation,
the state vector u consists of the solution values at the collocation points. To serve as an
analog to energy-saving flow control problems, we are interested in the minimization of the
dissipation, D, and total power input, P required to power the system and jets of the KSE
system, which are described by D = <(%)2> and Py = ((24)?) + (uF), respectively. Here (-)

is the spatial average. These arise from writing an evolution equation of the “kinetic energy”

5(u?) by multiplying (4.4) by v and integrating over the domain to yield the equation

A1, ,

4.2.2 Background and method formulation

At its core, deep RL is a cyclic learning process with two main components: the RL agent
and the environment. The agent is the embodiment of the control policy and generally a
neural network, while the environment is the target system for control. During each cycle,
the agent makes a state observation of the system, s;, and outputs an action, a;. The impact
of this action on the environment is then quantified by a scalar quantity, r;, which is defined
by the control objective. During training, the agent attempts to learn the mapping between

s¢ and a; that maximizes the cumulative long-time reward and updates accordingly each
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cycle. This learning cycle is shown in Fig. 4.1.

Deep RL’s poor sampling complexity makes this cyclic process costly or even intractable
for learning control strategies when simulations or experiments of the environment are ex-
pensive to realize. We aim to circumvent this issue in a completely data-driven manner
by training the RL agent with a surrogate reduced-order model (ROM) of the target sys-
tem. Our method can be divided into five steps: 1) obtain ROM training data 2) learn a
reduced-order embedding coordinate transformation using an autoencoder 3) learn the RHS
of the controlled system’s dynamics in the reduced-order coordinates using Neural ODEs,
4) extract a control policy from this ROM using deep RL, 5) deploy and assess the control

strategy in the real system. An outline of this process is presented in Fig. 4.2.

Step 1: Training Data Collection: We obtain our training data for our data-driven
model by observing actuated trajectories of the target system. As we assume there is nei-
ther a model nor control strategy available at this stage, the actuations applied are randomly
sampled from a uniform distribution of the available range of control inputs. We comment
here that although the ambient space dimensionality for many flow systems can be extremely
high, the underlying dynamics are generally much lower dimensional. And equally impor-
tantly, we only need to sample the responses of the system to the available actuations, not
to random perturbations in every dimension of the ambient state space. Our approach de-
termines the total number of degrees of freedom — 12 in the present case — needed to model
the actuated dynamics. This means that when collecting data to sample the state-action
space, we are not concerned with the dimensionality of the ambient input configurations and
action configurations, but rather we need to sufficiently sample the combinations of manifold
states and actions. In other words, although our formally infinite-dimensional system may
be resolved indefinitely by adding more grid points, the underlying dynamics do not change.
Thus data sampling complexity is independent of mesh resolution (assuming the system is
already resolved and we have a decent reduced-order representation) and the state-action

space complexity is of size manifold dimension X action dimension.
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The observed series of states, s;, applied actions, a;, at time ¢, and the resulting state
after 7 time units, s,,, are saved as transition snapshots [s;, at, s;1,] for ROM training. In
our demonstration with the KSE, we take the state observable to be the solution of the KSE
at time t, s; = u(t), and the coinciding control signals to the jet actuations to be the action,

a; = a(t) (where a;(t) is the signal to the ith jet).

Step 2: Learning the Manifold Coordinate System: We utilize undercomplete
neural network autoencoders [74] to learn the coordinate transformation to and from the
lower-dimensional manifold of the actuated dynamics of our system. Undercomplete autoen-
coders are hourglass-shaped neural networks that are composed of an encoder that restricts
the number of degrees of freedom and the decoder that expands back to the full space. The
encoder, hy = x(s¢;0E), is tasked with learning the mapping from the full-state representa-
tion, s; € R%, to the manifold representation, h; € R%  and is parameterized by weights 0.
Importantly, d;, < ds as our objective is to learn a reduced-order manifold representation.
The decoder, §; = x(hs; 0p), is tasked with learning the mapping from the manifold represen-
tation to the full-state representation and is parameterized by weights 6. The autoencoder
is trained to minimize the mean squared reconstruction loss (MSE) Lap = (||s; — &)
where $§; = x(x(s;)) using the snapshots of state data obtained from the previous step and
(-) is the average over a training batch. In our example with the KSE, we also perform an
intermediary change of basis from the observed state s; to its projection onto the Principal
Component Analysis basis (computed from the training data) prior to input to x(s;; 0g) and
a return to the full space post output from x(h;;0p). This change of basis does not reduce
dimension and although NNs are universal function approximators, we found empirically in
[128] that this change of basis results in a lower reconstruction error indicating that this

change of basis eases the training procedure.

We identify the dimension of the finite-dimensional manifold, d, by tracking the MSE
performance of the autoencoders as we vary d, [128, 129]. We comment that we use a stan-

dard autoencoder here as we and others [129, 223] have found empirically that it performs
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well and yields a manifold representation that is conducive to forecasting tasks. [223] found
that variational autoencoders and convolutional autoencoders exhibited no clear advantage
over standard feedforward autoencoders for the KSE system as well as the FitzHugh-Nagumo
equation. However, for systems with more complex underlying dynamics (e.g. intermittent
bursting), consideration may be warranted for different AE frameworks and latent space
regularization mechanisms. For example, in [57] the authors found that systems with mul-
tiple time-scales could be better captured via a charts and atlases approach of splitting the
manifold dynamics into a collection of autoencoders and time-stepping models. [230] found
improvement in forecasting the Lorenz system by promoting orthogonality and isotropy in
the latent space while [53] promoted orthogonality with 8-VAEs. However, what properties
a latent space should possess for improved forecasting is still an open and active research

question, we opt for simplicity.

Step 3: Learning the Actuated Dynamics along the Manifold: We next develop
a neural-ODE (NODE) model of the dynamics in the manifold coordinates h by learning the
RHS (vector field) of the ODE h = g(he, a; 0p), where 0y denotes the neural-network pa-
rameters that are to be determined [24]. To make dynamical forecasts given a manifold state,
h:, and input control action, a;, the evolution of the manifold state 7 time units forward,
hiyr, can be computed for a given g(hy, a;; 0yr) with a standard time-integration algorithm.
To train the NODE network, the same dataset generated in step 1, [y, at, S¢4,| can be used.
Because the NODE network’s purpose is to model the vector field of the dynamics in the
manifold coordinates, we must first convert the training data to [h, a;, hyir| using x(ss; 0g).
This data set can then be used to train the NODE network to minimize the forecasting loss:
Lyope = {||htsr — szTHQ) where fLHT is the forecast made by integrating the NODE with
a numerical integrator forward 7 time units. In this work we use the Dormand-Prince 45
numerical scheme [45]. The gradient of the loss with respect to the network parameters, 6y,
can be obtained by either performing back-propagation via automatic differentiation through

all the steps of the time integration scheme (which can be memory intensive for very large
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forecasts) or by the adjoint method described by Chen et al. [24]. In this work, we opt for
the former as we did not encounter memory issues and past works have demonstrated good
agreement between both options [129]. We highlight that once training is complete, NODE
forecasted trajectories, which are in the manifold coordinates, can be recovered back to the

original ambient space, s, at any point using the decoder, x(hy; 0p), obtained in step 2.

Step 4: Learning a control strategy from the NODE-ROM with deep RL: We
differentiate our DManD-RL method from typical RL with two distinctions. First, the RL
agent learns by interacting with the learned NODE-ROM, not the true environment. Second,
during training, the RL agent learns in the manifold coordinate, h, not the observable space,
s. We point out that the usual RL nomenclatures for state transitions, s;,1 or s', are written
here as h;,, in the manifold representation and s;,, in the ambient representation, to make
explicit the fact that the time interval 7 is, in fact, a parameter of the system. To train the
RL agent, the NODE-ROM is first initialized with an encoded initial condition. The agent
learns by interacting only with the NODE-ROM: given a state in the manifold representation,
hs, the agent attempts to map it to the optimal control action. This action is then passed
back to the NODE-ROM and the evolution in A subject to the prescribed actions is obtained
by integrating the NODE-ROM forward in time. In this work we aim to lower the total
power consumption D + Py of the KSE dynamics, so we define the immediate reward for
the RL algorithm as r, = —(D(t) + P¢(t)). The algorithm seeks to maximize the long-time
discounted cumulative reward R; = Zzoio Yripr where v = 0.99. The reward return for
this manifold state-action pair ([h, a;]) can be estimated by decoding the resulting manifold
trajectory using x(h; 0p) and estimating r;, which is used to update the agent. The learning
cycle then repeats. In this work, we use the Deep Deterministic Policy Gradient (DDPG)
RL method [126], but we emphasize that any general RL method can be used with our

framework.

Step 5: Deploying and Validating the DManD-RL Control Strategy: Once
RL training within the NODE-ROM is complete, the learned DManD-RL policy can be
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Figure 4.1: Typical reinforcement learning cycle.

. 1 : Generate Training Data with Random Actuations - ;. 4 : Train Agent in the Manifold Model
:  Encode
Environment 1 3 h, = x(s;6;) |
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~NODE ROM
h = g(h,a; 6y

Figure 4.2: Procedure for learning a NODE-ROM from data, combining it with RL to
approximate a control policy, and deploying the approximate policy back to the true system.

applied to the true system. As the agent was trained in the reduced manifold space, the
encoder obtained in step 2 must be inserted between the environment and agent to map
state observations to the manifold representation prior to input to the agent. The DManD-
RL policy can then be applied in the typical closed-loop fashion. If desired, new additional
on-policy data can be collected to further improve the model/agent in an iterative fashion

or the agent can even be simply fine-tuned with real-system training.
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4.3 Results

4.3.1 Neural ODE model evaluation

Training data was collected by capturing snapshots of the KSE experiencing jet actuations
whose magnitude and direction are randomly sampled from a uniform distribution of the al-
lowable action range described in Section 4.2. We collect 40,000 of these transition snapshots
spanning 10,000 time units for our NODE-ROM training, where 7 = 0.25 time units. We
emphasize here that in this study 7 is kept constant for simplicity but in practice 7 can vary
from snapshot to snapshot. Actuation signals applied during these trajectories and during
control are held constant for the duration of 7 (i.e. zero-order hold; see Fig. 4.5a for typical

actuation trajectories).

As the autoencoder serves as the mapping function to and from the manifold represen-
tation h;, we need to estimate the number of degrees of freedom in the manifold, dj, to
accurately capture the dynamics of the system. As dj, is generally not known a priori for
complex systems, we empirically estimate it by tracking the reconstruction error as a function
of dj, as done by Linot and Graham [128, 129]. In this work our autoencoder networks utilize

encoders and decoders each with a hidden layer of size 500 activated by sigmoid functions.

Before considering actuated data, we first apply the autoencoder analysis to the natural
unactuated KSE. For the domain size L = 22 considered here, the manifold dimension has
been determined to be dys = 8 in past studies [43, 128]. This will aid in validating our pro-
cedure and give insight into the results with the actuated system. To validate our procedure
with the natural KSE, we collect 40,000 snapshots of the KSE where a; = 0, to capture
the unactuated KSE dynamics. Shown in Fig. 4.3a are the mean-squared errors (MSE) of
reconstruction for undercomplete autoencoder networks trained on natural, unactuated KSE
snapshots for bottleneck layers of varying dimension d;. We note that as dj increases from
7 to 8 the MSE exhibits a sharp drop. Here, d;, = 8 corresponds to the minimum number

of degrees of freedom required to fully represent the manifold in which the natural KSE
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data lives, which agrees with previous studies [43, 128]. We denote this manifold dimension
of d, = 8 as dy. We note that increasing dj; beyond dus does not significantly improve
reconstruction error, indicating that the data can be effectively represented in d;, = 8 and

additional dimensions are superfluous [128].

Repeating this analysis with the snapshots collected from the randomly actuated KSE
to estimate the dimensionality of the actuated dynamics, we observe a similar phenomenon.
Shown in Fig. 4.3b are the mean-squared errors of reconstruction as dj, is changed for un-
dercomplete autoencoders trained with KSE snapshots obtained from trajectories perturbed
randomly by the four jet actuators. We note that compared to the Fig. 4.3a, the sharp drop

in MSE is delayed to d;, =9, with a lesser drop at d;, = 11.

To dynamically explain this, shown in Fig. 4.3c is a cartoon of the dy; = 8 embedded
manifold M on which the long time dynamics of the unactuated KSE lives, where states that
begin off of the manifold are attracted exponentially to it due to dissipation. When actuations
are applied, the KSE produces states and trajectories that live off of the natural attractor,
effectively giving the manifold “thickness” in additional dimensions, as shown schematically
in Fig. 4.3d. This “thickness” require additional degrees of freedom, i.e. increased d from

the original system, to accurately capture the dynamics.

To further support this view, shown in Fig. 4.4 is the power spectral density of the
unactuated and actuated data sets u(t) used to train the autoencoders shown in Fig. 4.3.
We note that in the presence of actuations the data exhibits a broadening of the high-
wavenumber tail compared to the unactuated data. Physically, this indicates that there
are additional high-wavenumber spatial features in the actuated data set, which require
additional degrees of freedom to accurately capture. Finally, we highlight in Fig. 4.3a and
Fig. 4.3b that our autoencoders outperform dimensionality reduction using only Principal
Component Analysis in reconstruction error by several orders of magnitude once du, has

been reached.

The autoencoder MSE landscape of the actuated KSE data suggests that a manifold
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Figure 4.3: Mean squared reconstruction error for autoencoders trained on a) unactuated and
b) actuated KSE data vs. manifold representation dimension, dj,. Cartoon illustrations of the
inertial manifolds in which the data lives on for the ¢) unactuated and d) actuated system.

1 0()

a
7

3 10784 ¢
o,

—— Unactuated

Actuated

]0—|(| {
0

10

15 20
k

25 30

Figure 4.4: Power spectral density vs. wavenumber of unactuated and actuated data.

representation of d, = 12 should be sufficient to capture the dynamics of the controlled

KSE. Using the y, x mappings learned by the d;, = 12 autoencoder, a NODE network with

two hidden layers of size 200, 200 with sigmoid activation was trained to model the actuated

dynamics in the d, = 12 manifold. This NODE was trained using the same data used to

train the autoencoder by simply converting the collected data of [s;, at, azir] to [hy, ag, hyyr]

To demonstrate the learned NODE-ROM’s predictive capability, shown in Fig. 4.5¢

and Fig. 4.5d are two example KSE trajectories experiencing random jet actuation signal
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sequences visualized in Fig. 4.5a, Fig. 4.5b, respectively. We also show in Fig. 4.5e¢ and
Fig. 4.5f the decoded d;, = 12 trajectory forecast by the NODE-ROM beginning from the
same initial condition and following the same actuation signal sequence as its ground truth
trajectory, Fig. 4.5¢, Fig. 4.5d, respectively. We note that the forecasted trajectories agree
qualitatively with the ground truth for about 20-30 times units or 1-1.5 Lyapunov times of
the natural system, shown in Fig. 4.5g, Fig. 4.5h. Finally, we show in Fig. 4.5i, Fig. 4.5]
the 12 dimensional manifold representation of these trajectories, h. We highlight that the

learned representation evolves smoothly in time.

To quantitively compare the ensemble performance of the NODE-ROM and the actuated
KSE, an ensemble of 50 actuated forecast/ground truth pairs of trajectories (where the
random actuation sequence and initial conditions between each pair are the same) was used
to compute the spatial and temporal autocorrelation, shown in Fig. 4.6a and Fig. 4.6b,
respectively. We note that the NODE-ROM accurately captures the spatial autocorrelation
of the actuated KSE, while the temporal autocorrelation exhibits good agreement with a
slight temporal dilation. These results indicate that the NODE-ROM is accurately capturing

the distribution of features of the actuated KSE in both space and time.

As the NODE-ROM was trained with only transition snapshots experiencing random
actuations, a natural question is: how well does our model capture the underlying natural
dynamics, i.e. with a; = 07 Shown in Fig.4.7a and Fig.4.7b are two example KSE trajectories
where a; = 0. Accompanying the unactuated ground truth trajectories shown in Fig.4.7a
and Fig.4.7b are the decoded d;, = 12 trajectories forecasted by the same NODE-ROM
that was trained on actuated data beginning from the same initial conditions and with
zero actuation signal input, shown in Fig.4.7c and 4.7d, respectively. We note that the
forecasted trajectories agree qualitatively with the ground truth for about 1-1.5 Lyapunov
times. We again assess the spatial and temporal autocorrelations between an ensemble of 50
pairs of ground truth trajectories and NODE-ROM forecasts, shown in Fig. 4.6¢ and 4.6d,

respectively. We note that the ROM matches the spatial autocorrelation of the KSE very
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Figure 4.5: Left column: (a) random actuation sequences a;(t) (c) ground truth KSE trajectory
starting from a random initial condition following actuation sequences in (a), (e) the decoded
NODE-ROM trajectory following actuation sequence (a) and the same initial condition in (c).
The absolute error difference is shown in (g) while the manifold representation, h, is shown in (i).
A second example is shown in the right column: (b), (d), (f), (h), and (j), respectively.

well while the temporal autocorrelation reveals that the ROM exhibits a more pronounced
but still quantitatively small temporal dilation. We emphasize that despite the training
data for the ROMs being obtained from randomly actuated trajectories and that there is no

substantial unactuated data, the ROMs still recover the unactuated dynamics well.

4.3.2 Model-based control performance

With this data-driven NODE-ROM, a control agent was trained by interacting only with
the NODE-ROM in the manifold space with r; estimated from the s = X(h;0p) decoded
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Figure 4.6: a) Spatial and b) temporal autocorrelation computed from an ensemble of
trajectories experiencing random jet actuations. NODE-ROM (dj, = 12) forecasts were produced
using the same initial conditions and jet actuation sequences as each respective trajectory
produced from the true KSE. c) Spatial and d) temporal autocorrelation computed from an
ensemble of trajectories with actuations set to zero. NODE-ROM (d}, = 12) forecasts were
produced using the same initial conditions as each respective trajectory produced from the true
KSE.

Figure 4.7: Example unactuated trajectories of the KSE in a) and b) and their corresponding
decoded NODE-ROM (dj, = 12) forecasts starting from the same initial conditions in c) and d),
respectively.
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state. We set the NODE-ROM model transition time to be 7 = 0.25 for all experiments.
The control agent was trained with 1000 episodes of 100 time units long (i.e. 400 transitions
per episode), with each episode beginning from a random on-attractor initial condition of
the natural, i.e. unforced, KSE. Jet actuations implemented by the control agent, a;, were
maintained constantly from s; to s;.,. In this work the DDPG actor and critic networks use
ReLU-activated hidden layers of size 128 and 64, respectively, followed by tanh and linear

activations to the outputs of size 4 and 1, respectively.

To assess the performance of our DManD-RL policy, the learned control agent was ap-
plied to the NODE-ROM, with an example controlled trajectory shown in Fig. 4.8a. We
note that after a brief control transient, the control agent navigates the NODE-ROM to an
equilibrium(steady) state and stabilizes it. The quantities targeted for minimization, D and
Py, estimated from the predicted trajectory w(t), are shown in Figure 4.8c, revealing that
this equilibrium exhibits dissipation much lower than the natural unactuated dynamics. To
assess how well this DManD-RL control policy transfers to the original KSE (i.e. the true
system), the same policy is applied to the true KSE with the same initial condition, as shown
in Fig. 4.8b. We note that the controlled trajectory in the KSE yields not only quantita-
tively similar transient behavior but also the same low-dissipation equilibrium state as was
targeted in the NODE-ROM. The transient behaviors between the two are structurally very
similar, although the NODE-ROM displays slightly less strongly damped oscillations as it
drives the trajectory to the steady state. The values of D and P; computed from the true

system, shown in Fig. 4.8d, are nearly identical to that of the NODE-ROM in Fig. 4.8c.

To demonstrate the robustness of the DManD-RL policy, shown in Fig. 4.8e are the
dissipation trajectories of the true KSE beginning from 15 randomly sampled test initial
conditions that the DManD-RL control agent has not seen before. We highlight that the
control agent is able to consistently navigate the system to the same low-dissipation state
within ~ 150 time units, with one initial condition requiring ~ 200 time units to converge.

Finally, we note that although the RL training horizons were only 100 time units long, the
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control agent is able to generalize to achieve and maintain control well beyond the horizon

it was trained in.

Here we emphasize that the DManD-RL policy drives the dynamics to an equilibrium
state in both the NODE-ROM and the true KSE, indicating that not only does the NODE-
ROM capture this state, but it captures the dynamics leading to it accurately enough such
that the RL agent could discover it during training and exploit it in a manner that still
translates to the original system. We further emphasize that both the NODE-ROM and
agent were never explicitly informed of this low-dissipation state’s existence. Finally, we
highlight that the discovered low-dissipation state is an unstable state that is stabilized by

the control agent. If control is removed, the system returns to the natural chaotic dynamics.

These observations indicate that the RL policy trained on the model transfers very well to
the true system. We attribute this performance to the fact that both the NODE-ROM and
RL agent operate in Markovian fashion. The agent is not forced to act out a series of actions
based on a forecasted trajectory but rather it is reassessing at every action point in the
true system. Even if the model has slight inaccuracies, so long as the modeled dynamics are
reasonably accurate this does not matter once the agent makes its new state observation. An

example of the policy still succeeding far from the training horizon can be seen in Fig. 4.8e.

Returning to the dynamical significance of the low-dissipation equilibrium state discov-
ered and stabilized by the RL agent, a continuation in mean forcing magnitude was per-
formed. To do so, we Newton-solved for equilibrium solutions to the KSE starting with the
discovered equilibrium state while gradually decreasing the magnitude of the mean actua-
tion profile to zero, as was done in [242]. Solutions identified by this continuation in forcing
magnitude are shown in Fig. 4.10, which reveals that the equilibrium state captured by
the NODE-ROM and discovered by the RL agent is connected to a known existing solution
of the KSE known as E1 [39]; we obtained a similar result with an RL agent trained on

interactions with the full system [242]. A similar observation was made for RL control of 2D

bluff body flow [124].
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We speculate that in systems with complex dynamics, the discovery and stabilization of
desirable underlying equilibrium solutions (or other recurrent saddle-point solutions such as
unstable periodic orbits) of the system may be a fairly general feature of RL flow control
approaches that aim to minimize dissipation while penalizing control action; as was shown in
[124, 242]. The nonlinear and exploratory nature of RL algorithms facilitates the discovery
of such solutions, and since the dynamics are slow near these solutions, little control action
should be required to keep trajectories near them. This is a promising outlook for RL as the
dynamics of even more complex chaotic systems, such as turbulent flows governed by the

Navier-Stokes equations, are also known to be structured around such solutions [76].

To highlight the importance of the type of data-driven model, we compare to Dynamic
Mode Decomposition (DMD), a common data-driven method that has been applied to fluid
flows and dynamical systems. Recently, Qin et al. [169] demonstrated active flow control of
2D cylinder flow with a reward signal targeting the minimization of DMD mode amplitudes.
Here we specifically investigate the performance of using DMDc [168], the extension of DMD
to account for control input, as an alternate data-driven model of the KSE dynamics for RL

policy learning. The DMDc model takes the following form,

St+r = ASt + Bat, (47)

where A is the state transition matrix and B is the control input matrix. Using the same
training data as our NODE-ROM, [sq, a;, s;1-]|, , we obtained a full state DMDc model by
simultaneously fitting the two matrices with the [s;, a;, s;1,] data as described in [168]. This

model was then used as the environment for the RL policy training.

Shown in Fig. 4.9a is the DMDc-based RL control agent applied to the DMDc model it
was trained in. We show in Fig. 4.9c that the agent is able to rapidly minimize the DMDc
model values of D, P;. We highlight that the DMDc-based strategy accomplishes this by

exploiting the unphysical dynamics of the DMDc model. To elaborate, shown in Fig. 4.9b
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Figure 4.8: ROM-based RL agent applied to the same initial condition in the a) true KSE and
b) data-driven reduced-order model (decoded, dj, = 12). The corresponding invariant quantities of
dissipation and total input power for the c¢) true KSE and d) learned reduced-order model. The
dashed black line represents the system average of the natural KSE dynamics. e) Controlled
dissipation trajectories of the true KSE beginning from 15 randomly sampled test initial
conditions of the KSE.

is the same strategy applied to the true KSE with the same initial condition as the DMDc
trajectory in Fig. 4.9a. The DMDc-based RL strategy fails to minimize the control objective
when applied to the true KSE. Furthermore, the strategy even results in performance that
is even worse than the time-averaged uncontrolled system, which can be seen in the above
average D, Py values at long times in Fig. 4.9d, where the controller appears to get trapped
in a high energy region of the KSE. This mismatch in performance is due to the inability of

the linear model to describe the nonlinear dynamics of the KSE.

4.4 Summary

In this chapter, we introduce our NODE-ROM-Based RL method, DManD-RL, that main-
tains an end-to-end data-driven method of learning control policies from a limited data set.

The governing equations and control term do not need to be known or specified—we only
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Figure 4.9: DMDc control policy applied to the same initial condition in the (a) DMDc model
and (b) True KSE. Corresponding dissipation and total input power for the (¢) DMDc model and
(d) KSE. The dashed black line represents the average of the natural KSE dynamics.

00 25 50 75 100 125 150 175 200

Figure 4.10: Forcing continuation from the forced equilibrium state (under forcing f = ag2)
discovered by NODE-ROM based RL policy (orange, dashed) to the unactuated KSE system
(purple). The known equilibrium E1 of the KSE system is also provided (dots).
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assume that the system’s actuated dynamics can be represented by some governing system
of ODEs in the manifold coordinate. Furthermore, we do not impose any structural rela-
tionship between the control input and the dynamics of the systems as previous methods
have done in the past. This is advantageous for many complex flow control systems as the
relationship between the dynamics and the control inputs are not simple linear relationships
[13, 64]. We exploit the notion that many nominally high-dimensional systems actually
display low-dimensional dynamics and aim to capture and model these actuated dynamics
from data using a combination of autoencoders and Neural ODEs. Then, with deep RL,
we extract control policies from our data-driven ROMs. Importantly, our method does not
require RL to directly interact with the target system nor does it require great modification

of standard RL algorithms.

Our method identifies the lower-dimensional manifold the actuated dynamics live on
with autoencoders and models the dynamics with neural ODEs, which are capable of mak-
ing predictions for arbitrary time intervals [24] and have been demonstrated to produce good
predictions of spatiotemporal chaotic systems [129]. Neural ODEs are also a natural formu-
lation and deep architecture for the systems we are attempting to model and control. Our
method also respects the Markovian nature underlying many RL frameworks as well as those
of our target dynamical systems, unlike other common data-driven methods such as reservoir
computing and recurrent neural networks. The use of high-fidelity low-dimensional models
allows for faster interaction simulations (or even running multiple surrogate environments in

parallel) compared to costly simulations or experiments.

By using a more informative and compact state space representation than a high-dimensional
sensed state, the RL policy training load is lessened. In naive applications of RL, a portion
of the agent’s network capacity is exhausted in learning to transform the raw inputs to more
useful internal representations [81]. Similar to Ha and Schmidhuber [81], in our method, we
also explicitly separate the agent’s learning of the control policy and the task of learning a

useful state representation into two discrete tasks.
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We apply our DManD-RL RL method to the KSE, a proxy system for turbulent flows
that exhibits rich spatiotemporal chaotic dynamics. From a limited data set generated
from trajectories of the KSE under random actuations, we are able to find a reduced-order
mapping between the full state and the reduced low-order dynamics of the actuated KSE, as
well as to successfully model the dynamics in this reduced space. We find that our NODE-
ROM has good forecasting ability and captures ensemble characteristics of the KSE well for
not only actuated predictions but also unactuated predictions, for which it was not given
training data. In this work, it was found that NODE-ROM training data obtained from
snapshots of the KSE experiencing random jet actuations was sufficient. With even more
complex systems, it may be possible that this sampling approach is insufficient. If necessary,
the NODE-ROM can be iteratively improved by applying the learned control strategy to
the true system, collecting additional data, and fine-tuning the NODE-ROM with the new
data. Using the updated NODE-ROM, the RL agent can then be updated. Together the
control agent and model can be improved in a cyclic training fashion. We highlight that
our model could be alternatively trained and used in the “Dyna’-style [202] for improved
online learning. We comment that, in the scope of this article, the manifold coordinate is
learned from the full state. However, in many systems of interest, this information may
not be readily available. In the absence of full-state observations, a combination of sensor
measurements and time-delays should suffice so long as they satisfy Whitney’s Embedding
Theorem. While we demonstrate in this article that this framework can achieve similar
performance compared to past studies that involved direct applications of RL [242], other
systems of interest may exhibit much higher dimensional action spaces or greater dynamic

complexity, which may require smarter data collection and successive model updates.

Finally, we acknowledge here that although we do not obtain substantial speed up in
per-step computation time between the semi-implicit KSE solver and the NODE-ROM, we
emphasize that for flow systems of increasing complexity and Re, the time to solve O(10°) or

more degrees of freedom in a direct numerical simulation is much greater than that of solving
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a system of ODEs O(10' —10?). In Ch. 7 this speed-up will be imperative for finding control
policies for Couette flow. Aside from the computational speed up, we also emphasize that
our method greatly reduces the data generation burden, as we successfully obtained a control
strategy for the KSE using only 40,000 transition snapshots, while a naive application of RL
directly on the KSE required generating approximately 1.6 million transition snapshots [242].

Applying RL to the NODE-ROM environment resulted in an interesting control pol-
icy that discovered a low-dissipation equilibrium state and exploited this state to minimize
D, Ps. When we deployed this DManD-RL control policy to the true KSE, we observe that
not only are the same equilibrium states targeted, but the performance is nearly indistin-
guishable from our learned NODE-ROM. This indicates that not only does the NODE-ROM
capture the existence of the forced equilibrium, but it also captures the dynamics suffi-
ciently well such that the agent could find it during training and exploit it in a manner
that still translates in the original system. We emphasize that we accomplished this with
a 12-dimensional NODE-ROM while the full state is 64-dimensional. A continuation in the
magnitude of the forcing profile reveals that the RL discovered equilibrium state is connected
to an existing equilibrium solution of natural KSE. The naturally occurring RL optimization
about underlying solutions of the system has been observed in the KSE [242] as well as
bluff-body flows [124], which is promising, as more complex dissipative systems, such as the
turbulent dynamics of the Navier-Stokes equations, are also known to be organized about

various types of invariant solutions [76].
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Chapter 5

Stabilized neural ODEs !

After discovering we could accurately model and control the KSE, our next goal was to apply
our modeling approach to turbulent flows. However, we discovered, for higher-dimensional
systems, that the dynamics would become unstable at long-times. This chapter explores
how to better structure the neural ODEs for stability, and interesting additional uses of this
added structure. We do not use autoencoders to reduce dimension in this chapter.

In data-driven modeling of spatiotemporal phenomena careful consideration is needed in
capturing the dynamics of the high wavenumbers. This problem becomes especially chal-
lenging when the system of interest exhibits shocks or chaotic dynamics. We present a data-
driven modeling method that accurately captures shocks and chaotic dynamics by proposing
a new architecture, stabilized neural ordinary differential equation (ODE). In our proposed
architecture, we learn the right-hand-side (RHS) of an ODE by adding the outputs of two
NN together where one learns a linear term and the other a nonlinear term. Specifically,
we implement this by training a sparse linear convolutional NN to learn the linear term and
a dense fully-connected nonlinear NN to learn the nonlinear term. This contrasts with the
standard neural ODE which involves training a single NN for the RHS. We apply this setup
to the viscous Burgers equation, which exhibits shocked behavior, and show that stabilized

neural ODEs provide better short-time tracking, prediction of the energy spectrum, and ro-

!The text of this chapter is adapted from the publication by A. J. Linot et al. Journal of Comp. Physics,
474, 2023
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bustness to noisy initial conditions than standard neural ODEs. We also apply this method
to chaotic trajectories of the Kuramoto-Sivashinsky equation. In this case, stabilized neural
ODEs keep long-time trajectories on the attractor, and are highly robust to noisy initial
conditions, while standard neural ODEs fail at achieving either of these results. We con-
clude by demonstrating how stabilizing neural ODEs provide a natural extension for use
in reduced-order modeling by projecting the dynamics onto the eigenvectors of the learned

linear term.

5.1 Introduction

With the ever-increasing amount of data available from experiments or high-resolution sim-
ulations it has become common to build models directly and strictly from data. This tactic
is powerful in that no a priori knowledge of the system is needed and it forces the data to
guide the solution. Unfortunately, models built without any knowledge of the system often
lack robustness to perturbations in the data and do a poor job of generalizing outside of
the training data. In particular, we are interested in the problem of modeling dynamical
systems from time-series data. For example, this could be predicting the future location of
a pendulum given angle and velocity data, predicting the weather, or predicting chemical
concentrations in a reactor. Time-series predictions are especially susceptible to issues of
robustness because states are repeatedly put through the model and error that pushes states
away from the training data becomes worse as the state moves further and further away from

the training data.

Here we seek to overcome the issue of robustness that can appear in data-driven models,
by using the fact that often in dissipative partial differential equations (PDEs), stability
comes from a linear operator that dissipates energy [37]. In particular, we are concerned with
the nonlinear stability of attractors. By nonlinear stability, we mean finite perturbations

to states on the attractor are pushed back to the attractor. This type of stability can
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be shown using the energy method [200], with Lyapunov functions [112], or for dynamical
systems which possess an inertial manifold [37]. The energy method in particular highlights
the importance of the linear term in stabilizing many dissipative PDEs. For example, when
computing the energy balance for the Viscous Burgers Equation (VBE) and the Navier-Stokes
Equation dissipation comes from the diffusive term [166] and for the Kuramoto-Sivashinky
equation (KSE) hyperdiffusivity dissipates energy [40]. Below we make this notion of stability

more precise.

When modeling time-series data of autonomous systems (i.e. the right-hand side does

not explicitly depend on time) we can represent the dynamics as an ODE

du_

= ), (1)

where u is the state of the system at a given time. If we want to model this system from
snapshots of data {u(ty),...,u(ty)} we can take the neural ODE approach outlined in the
previous two chapters. Some advantages this approach has over the other methods include
data can be spaced further in time, trajectories can be evolved to arbitrary points in time,

and adaptive time stepping can be used.

In Ch. 3 we showed that the long-time dynamics of the KSE could be captured using
neural ODEs. However, this only works when the dimension of the problem is reduced.
Without any dimension reduction high wavenumbers are amplified resulting in trajectories
leaving the attractor. In this chapter, we seek to overcome this problem of high-wavenumbers
amplifying not by dimension reduction, but by explicitly adding a linear term into the neural

ODE approach. The properties of this linear term are described below.

A similar idea to learn a linear term of an ODE is “Linear and Nonlinear Disambiguation
Optimization” (LANDO) [5]. In this approach, Eq. 5.1 is approximated with a dictionary-
based kernel model. Then, the linear term on the RHS of the ODE is approximated by

calculating the Jacobian of f around the zero base state. There are two clear practical
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differences between that approach and the one we present. First, LANDO requires either
time derivative data, or data closely spaced in time, whereas neural ODEs can use data
widely spaced in time. Second, the Jacobian around the base state is only accurate if the
function approximation is accurate around the base state. In our case, the base state is
the zero solution, and the data we use for training never approaches the base state, so the

Jacobian around this state may be poorly estimated.

In what follows, we show that by adding an explicit linear term into the neural ODE we
can improve long-time predictive capabilities, we can improve robustness to “noisy” initial
conditions outside of the range of the training data, and we can create a reduced-order model
(ROM) from the basis given by the linear term. Section 5.2 describes the framework we take
for constructing and training our models. Then, in Section 5.3 we present the performance
of the different models on the VBE (Section 5.3.1) and on the KSE (Section 5.3.2). The
VBE is presented to show how the model can handle shock behavior. The KSE is presented
to show how the model handles the prediction of chaotic dynamics on an attractor and how
the learned linear term provides a basis for a ROM. A key result in both situations is for
standard neural ODEs, that lack an explicit linear term, high wavenumbers grow in time,
but by learning a linear term this erroneous behavior is avoidable and the models become
much more robust to noise. Finally, we conclude that the proposed models perform better at
capturing statistics, are more robust to noise, and provide a method for selecting a natural

basis for ROMs in Section 5.4.

5.2 Stabilized Neural ODE Framework

We first introduce our proposed stablized neural ODE framework, which builds a dissipative
linear mapping into the conventional neural ODE framework. The approach is motivated
by the stabilizing effect the linear term has in many dynamical systems. Then, we further

discuss a natural and interesting extension of the proposed approach for ROMs.
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For our analysis we consider snapshots of data {u(t;),u(ts),...,u(ty)} that come from

solutions to an autonomous ODE with the form

du_

prl f(u) = Au+ F(u). (5.2)

Here u(t;) € R? is the state, t € R is time, A € R¥? is a matrix, and f : R? — R% and F :
R% — R are nonlinear functions. In particular we investigate systems where A is symmetric
and F' contains a quadratic nonlinearity, but the ideas should hold for any system with a
dissipative linear term. For the two equations we consider, the VBE and the KSE in one
spatial dimension, we know, not only that the long-time solutions lie on attractors, but that
the long-time dynamics also collapse onto inertial manifolds [60, 224]. An inertial manifold
is a finite-dimensional invariant attractive manifold that attracts trajectories exponentially

fast [58].

With this data, we seek to train a NN to approximate the RHS of this ODE using the
neural ODE framework. Typically only f is represented by a NN, but here we show that a
better approach is training two NNs simultaneously, a linear NN — in our case this will be a
convolutional NN (CNN) — for A and a nonlinear NN for F'. When we approximate one of
these terms with a NN, or make a prediction with these approximations, we will denote the

approximation with a tilde (e.g. f).

To train these NNs, we numerically integrate an ODE forward in time to estimate the
state @(t; + 7)

a(t; +7) = u(t;) + /t‘tm” h(u(t); 0)dt. (5.3)

In what follows we consider three variations on this ODE h: 1) a nonlinear NN, A(u) =
f(u;6y), 2) a nonlinear NN with a fixed linear term, h(u) = Au+ F(u;6,), and 3) a nonlinear
NN with a linear CNN, h(u) = A(fs)u + F(u;6,). Variations 2 and 3 are what we refer to
as stabilized neural ODEs. In all of these cases, 6; refers to the parameters that are trained.

These parameters are trained to minimize the norm of the difference between the predicted
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states, @(t; + 7;), and the known states, u(t; + 7;)

J = <Z||u(tz+7'])—ﬂ(tZ+T])||>, (54)

where the predicted states come from integrating h forward in time and K are the samples
of the state along the trajectory. We only predict forward to a single 7 (K = 1) unless noted
otherwise. Here we use the Li-norm. Other norms are applicable, but in our experience, the

choice between L; and Ly does not appear to substantially change results.

The selection of the linear term — whether in selecting A beforehand or in how to optimize
A(fs) — is an important choice when using stabilized neural ODEs. In some cases, like the
trials shown here, it may be known that the linear term is diffusive or hyper-diffusive, in which
case the suspected linear term can be used directly. Even if there is a suspected set of possible
linear terms, each could be applied and the most accurate model selected. Alternatively, if
the structure of the linear term is unimportant, but long-time model stability is important,

then A can simply be a scalar damping term. However, often it may be desirable to discover

the form of the linear term directly from the data, which involves training a linear term

A(6y).

When training the stabilized neural ODEs there are many ways to parameterize 121(93).
The simplest approach is to allow all parameters of the matrix to be trainable. For some
simple cases, this may work, but we found training with this many degrees of freedom led to
a poor approximation of the linear term in the examples studied here. Instead, we chose to
train linear CNNs with a single filter, a stride of one, and different filter widths N. This is
equivalent to learning a sparse N-diagonal matrix whose filter width determines the number
of trainable parameters. We know the equations in the cases investigated here, so we set the
appropriate filter widths. For cases where the linear term is unknown, but expected to act
locally, then the filter width becomes another hyperparameter to search over in training. No

a priort information is necessary to train stabilized neural ODEs, but training improves as
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additional structure is applied to A(6s).

In addition to using CNNs, we constrain A(@g) to be symmetric for the VBE, and apply
no constraints for the KSE. Although this symmetry exists in both systems we found that
enforcing the symmetry improved results in the VBE case, but was less important for the
KSE case. These constraints do not need to be applied A(f3) to use this method. We chose
to limit the constraints applied to the stabilized neural ODEs because the underlying systems
possess nonlinear stability in the form of an inertial manifold. We took this approach to show
that the model can learn this property from the data when a linear term is trained in the
neural ODE. An alternative future direction is explicitly enforcing the existence of an inertial
manifold. This could be done by enforcing a spectral gap condition, which guarantees the

existence of an inertial manifold [241]. The spectral gap condition is

)‘N+1 — Ay > 2L (55)

where ); is the i*" eigenvalue of A, sorted in increasing order, and L is the Lipschitz constant
of F. In order to satisfy this condition, a recently developed class of NNs called Recurrent
Equilibrium Networks could be used, which guarantee an upper bound on L [177].

For learning the parameters of these NNs, the gradient of this loss with respect to all
the parameters, 6;, must be calculated. This gradient can either be calculated by backprop-
agating through the solver with automatic differentiation or by solving an adjoint problem
backwards in time [24]. When backpropagating all of the data must be stored at each
time-step, which becomes memory intensive when the prediction horizon becomes large. For
our trials we do not consider training data spaced apart far enough in time where this be-
comes a problem, and empirically we found using the adjoint method took longer, so we use
backpropagation for training.

In addition to stabilizing the dynamics, which we show in the following section, the
addition of a linear term leads to an interesting ROM framework, i.e., the stabilized neural

ODE framework implies a natural basis for ROM based on the eigenvectors of the linear
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term. This “flips” the traditional ROM approach in that we first discover dynamics and then
use this dynamical system with classical methods for ROM. In particular, we apply standard
Galerkin and nonlinear Galerkin approaches for ROM. These methods require that the ODE
in Eq. 5.2 is known, but because we learn this equation from data we can directly apply

these methods without knowing the equation a priori.

Specifically, we perform an eigendecomposition on the linear term, which we learn from
a CNN, to find Av; = A\;v; and then we project the model approximation of Eq. 5.2 onto the

leading eigenvectors, giving the resolved dynamics

d 5 5
é = Ap+ PF(p+q), (5.6)

and the trailing eigenvectors, giving the unresolved dynamics

d . .
— = Ag+QF(p+q). (5.7)

Here p = Pu is the projection onto the leading eigenvectors (resolved dynamics) and ¢ = Qu
is the projection onto the trailing eigenvectors (unresolved dynamics). For the systems we
consider, A is symmetric, which results in real eigenvalues and orthogonal eigenvectors. This
means the projections can be written P = V;,VPT and ) = %V;IT, where V,, = [vo,...,v,] and
Vi, = [Vp+1, - .-, va]. The classic way to sort the eigenvectors is in the order of decreasing real
part of the eigenvalues [138]. In section 5.3.2 we study the best approach to organizing the

eigenvectors.

With Eq. 5.6 and Eq. 5.7 ROM can be performed by either assuming ¢ = 0, which is
the standard Galerkin approach, or by assuming dg/dt¢ = 0, which is the nonlinear Galerkin
approach [103, 138]. With the standard Galerkin approach Eq. 5.6 can be solved forward in
time without any additional equations. With the nonlinear Galerkin approach ¢ is approxi-

mated iteratively by

Giv1 =ATQF(p+ q), (5.8)



107

— Data - Nonlinear —-= Fixed Linear =~ === CNN

b)

' t=3.0

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Figure 5.1: Snapshots of VBE trajectories of true system and model predictions for different
initial conditions. The rows indicate different initial conditions and the columns indicate solution
fields at t = 1, 3, and 5, respectively.

with an initial guess of ¢ = 0. In our trials, we only use one iteration to calculate ¢,
because additional iterations had little effect on the results. Nonlinear Galerkin is more
accurate than Galerkin, but is computationally more expensive due to solving for ¢ at every
timestep. Another alternative is postprocessing Galerkin where p is solved forward in time

using standard Galerkin and ¢ is approximated for all p at the end with Eq. 5.8 [63].

5.3 Results

In the following sections, we demonstrate the importance of constructing neural ODEs with
a linear and a nonlinear term on the VBE and the KSE. We examine the VBE to highlight
the ability of this method to accurately capture the shock behavior seen at low viscosity and

to accurately capture the energy spectrum. Then, we consider the KSE to show how our
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approach is needed to keep the long-time trajectories of a chaotic dynamical system on the
attractor. This then leads to a demonstration of reduced order modeling via Galerkin and
nonlinear Galerkin using the eigenvectors of the linear term we discover. In all cases, results
are shown for test data that was not used for training any of the models. Neural ODEs are

trained using PyTorch [161] with code modified from Chen et al. [24].

5.3.1 Viscous Burgers equation

In this section, the data comes from numerical solutions of the 1D viscous Burgers equation
(5.9)

in a domain of unit length (L = 1) with periodic boundary conditions, with viscosity v =
8 -10~%. This parameter set results in what is known as Burgers turbulence or Burgulence
[140]. We solve this equation using a pseudospectral Runge-Kutta Crank-Nicolson scheme
as described in [184]. The state u is then represented in R5!? by v sampled at equidistant
points in the domain. We construct 1000 random initial conditions for training the models
and 100 random initial conditions for testing model performance. We then evolve each initial
condition over the interval [0, 5] sampling every 0.05 time units. This results in 10* total
snapshots of data used for training. All figures compare test data to model reconstruction
of the test data.

When generating training and test datasets, the space of feasible initial conditions is infi-
nite, so we must first limit this region. Here, we chose to limit the random initial conditions

such that the ensemble-averaged energy spectrum

Bk, 1) = <%|ﬁ(k,t)|2> (5.10)

at t = 0 satisfies [ E(k,0)dk = 0.5L/(2m). In Eq. 5.10 k is the wavenumber and the Fourier

transform is & = F(u). This energy condition is satisfied by selecting the initial conditions



109

Nonlinear — .= Fixed Linear  =x=e= CNN
1.5
a) ¢=0.0 | b) e=01 | ©) €=0.5
= 1.0 i
> ----------- —-_'n
l 0.5 4 BT st e _L‘.'-/./
— /_ i S VR S e / L — — e+ e 4 -
UU T T T T T T
0 - 4 2 4 0 2 4

Figure 5.2: Ensemble averaged error of predictions of all models with noisy initial conditions of

e =0.0, 0.1, and 0.5 for (a)-(c).

Table 5.1: Architectures of NNs and matrices used in Sections 2A. “Shape” indicates the
dimension of each layer, “Activation” the corresponding activation functions, “Learning Rate” is
the learning rate the NN switches to evenly over the training period, and “Weight Init” is the
distribution used to initialize the weights of the NNs. “relu” is the rectified linear unit. Fy is the
NN trained with the true A and FQ is the NN trained with A.

Function Shape Activation Learning Rate Weight Init
f 512/200/200/200/512  relu/relu/relu/linear  [1072,107%,107°]  AN(0,1072)
3 512/200/200/200/512  relu/relu/relu/linear  [1073,1074,107°]  N(0,1072)
Iy 512/200/200/200/512  relu/relu/relu/linear [1073,107*] N(0,1072)
A 512/512 linear [10°,1071,1072 N(0,10%)
according to
u(k,0) = \/2Eq(k) (cos(2n¥ (k)) — sin(27 ¥ (k)), (5.11)

with Ey(k) = Ak"exp (— (k/ k0)2), and ¥ (k) coming from a uniform distribution between
0 and 1 for each wavenumber (V(k) = U(0,1)). The constants A and ko are the same
as in [140]. Selecting the initial conditions in this manner results in training and testing
datasets contained within a region of different initial energies. By selecting a region of initial
conditions with similar energies we densely sample trajectories allowing the neural ODEs
to learn similar dynamics. We later show that the stabilized neural ODEs can successfully

generalize to “noisy” initial conditions outside of the range of the training data.

With this data, we train neural ODEs for the three cases listed above: 1) h(u) = f(u;6,),

2) h(u) = Au+ Fy(u;05), and 3) h(u) = A(0s)u+ Fy(u; 6,), which we will denote as nonlinear,
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fixed linear, and CNN (we replace F with F, to denote the nonlinear term for the different
approaches). We train these models for 10* epochs at which point the error in the loss
(Eq. 5.4) stops decreasing. The architectures and training parameters for each of these NNs
are presented in Table 5.1. Hyperparameter tuning was performed manually by training
many NNs and selecting the NNs with the best short-time tracking performance. First,
hyperparameter tuning was done in the fixed linear case by varying the width of the layers,
the number of layers, and the activation functions for F. Then, these hyperparameters were
used for F' in the CNN case, and the learning rate and weight initialization were tuned for the
linear term. The linear term in particular showed sensitivity to hyperparameter selection.
When the initialization or the learning rates were too small the weights of the linear term
would remain small and the predictions were poor. Finding a systematic way to avoid this

should be investigated further in future work.

We construct f and F from fully connected NNs, and A from a linear CNN with stride one,
one filter, and a filter width of 3. This is equivalent to learning a sparse tridiagonal matrix.
In the case of the VBE, we enforce symmetry in A by training a CNN B(63) and letting
A = B(6s) + B(#5)T. Without applying the symmetry we found the results were much less
accurate in terms of the approximation of the linear term and the tracking error. With this
tridiagonal structure, the optimal filter for approximating the derivative is [210, —420, 210]
(this is the approximation of the second derivative with central differencing), and the filter
learned after training is [45, —90,45]. Although the scale of the filter is off, we will see the

results with this filter and the true filter match well.

In Fig. 5.1 we show the performance of the three neural ODE approaches on different
initial conditions of the VBE. For all three initial conditions, we see that stabilized neural
ODE approaches (fixed linear and CNN) result in good agreement between the true solution
and the model prediction. When, instead we take the nonlinear approach high-wavenumber

behavior appears in the solution and persists at long times resulting in a poor prediction.

The behavior just described becomes even more pronounced when considering the relative
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error averaged over initial conditions, shown in Fig. 5.2a. Here, all methods match at very
short times. The fixed linear approach performs the best followed by the CNN approach, and
then by the nonlinear approach. For the two stabilized neural ODE methods the errors level
off, or slightly go down, at long times indicating that trajectories tend to separate somewhat
and then decay in a similar fashion causing them to stay the same relative distance apart.
However, this is not the case for the nonlinear method where the high-wavenumber behavior

at long times continues to push the trajectory further away increasing the relative error.

We also consider the ensemble-averaged energy spectrum defined in Eq. 5.10. Figures
5.3a-5.3c show the energy spectrum at various times. At early times, when the shock de-
velops, there is an increase in the tail of the energy spectrum, and we see the development
of a k=% scaling. At t = 1 all methods capture most of the spectrum with errors appearing
at high-wavenumbers. Then, at ¢ 2 2, both the stabilized methods match the true energy
spectrum over full range of wavenumbers, while the high-wavenumber behavior of the non-
linear model deviates drastically as time increases. Capturing the dynamics properly at all

scales requires a linear term to damp out high wavenumbers.

The explicit linear term in our approach also contributes to the robustness and gener-
alizability of the neural ODE setup by accurately predicting the evolution of noisy initial
conditions outside of the range of the training data. The purpose of considering these new
initial conditions is to investigate the ability of the stabilized neural ODEs to handle per-
turbations away from the manifold that the training trajectories lie on. We show this by
comparing the evolution of noisy initial conditions between the true system and the models.
The initial conditions are generated by adding random Gaussian noise of the form AN(0, €?)
to each grid location for the 100 original test initial conditions. Then those noisy initial con-
ditions are evolved forward with the true equations and the learned models for comparison.
Fig. 5.4a shows examples of an initial condition with different levels of noise, and Fig. 5.4b
shows ensemble-averaged energy spectrum for the different datasets. The initial conditions

with noise added contain much more energy in the higher wavenumbers than the original
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Figure 5.3: Ensemble-averaged energy spectrum of the true system and the model predictions at
different times and noise on the initial conditions. (a)-(c),(d)-(f), and (g)-(i) are with noise
€ = 0.0, 0.1, and 0.5, at times t = 1, 3, and 5, respectively.
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Figure 5.4: Comparison of training initial conditions to noisy initial conditions. (a) compares
example initial conditions and (b) compares the ensemble-averaged energy spectrum.
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data.

Figures 5.2b and 5.2¢ show the relative error in predictions for various levels of noise
added to the initial condition. In all these cases the error in the nonlinear cases rapidly
increases, while the stabilized neural ODE cases show an initial rise in the error and then a
leveling off in error as the trajectories decay at a similar rate. This result matches the trend
of the trials with no noise, with slightly larger error. We also show the ensemble-averaged
energy spectrum at different times for the different levels of noise in Figs. 5.3d-5.3f and Figs.
5.3g-5.3i. The strictly nonlinear model does a poor job of capturing the spectrum at any
wavenumber, while the stabilized neural ODEs accurately capture the spectrum as they did
for the initial conditions with no noise.

These results highlight that the stabilized neural ODEs accurately track and reproduce
statistics of trajectories from noisy initial conditions that are much different from the training
data. The ability of the stabilized neural ODEs to generalize outside of the training dataset
is due to the fact that the linear term is independent of the state and it is the damping
due to this linear term that dominates the initial dynamics of the true trajectories. So even
though there is likely a poor approximation of the nonlinear term (F'(u)) at short times, the
dynamics are dominated by the linear term at these times. Then, after this decay, the state
is pushed back towards a region of space similar to the training data, and F'(u) is accurately

approximated.

5.3.2 Kuramoto-Sivashinsky equation

In the previous section, we showed that our setup captures the shock dynamics and transient
decay exhibited by the VBE. In that case, all solutions decay to zero at long times. Now
we examine the KSE, where the dynamics are chaotic and collapse onto a low-dimensional
inertial manifold at long times [60, 107, 207, 241]. A useful model for the KSE should keep
long-time trajectories on the attractor and provide a means for reduced-order modeling to

capitalize on the low dimensionality of the manifold on which the data lies.
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Table 5.2: Neural ODE details for 5.3.2. Labels are the same as in Table 5.1. “Sig” is the
sigmoid activation

Function Shape Activation Learning Rate Weight Init
f 64,/200/200/200/64 sig/sig/sig/linear [1073,107] N(0,1072)
3 64/200/200/200/64  sig/sig/sig/linear [1073,107] N(0,1072)
F 64/200/200/200/64  sig/sig/sig/linear [1073,107] N(0,1072)
A 64/64 linear [10°,1071,1072]  U(—+/1/3,/1/3)

We numerically solve the 1D KSE,

(5.12)

with periodic boundary conditions on a domain of size L. = 22. Solutions are found by
performing a Galerkin projection onto Fourier modes and using exponential time differencing
to evolve the ODE forward in time [108]. After solving in Fourier space, we then transform
the data back to physical space for training the neural ODEs. Code for solving the KSE is
available in Cvitanovié¢ et al. [41]. The data used is a single trajectory that has collapsed
onto the inertial manifold evolved over ¢ = [0, 10°] sampled every 0.25 time units resulting in
4-10° snapshots of data. The first 80% of this data is used for training and the remaining 20%
is used as test data. For comparison, in [220] 10° snapshots of data were used for training
reservoir computers and RNNs. We chose a large enough amount of data so that the data
would not hinder model performance. However, we also ran a sweep over the amount of data
used in the CNN stabilized neural ODE models and found that statistics were captured well

with as little as 10* snapshots of training data.

We train neural ODEs for 4 - 10* epochs, and consider the same three neural ODE
structures as before — nonlinear, fixed linear, and CNN. Table 5.2 contains details on the
architectures and training parameters used for each of these NNs. Small modifications were
made in the architectures due to the different dynamics of the KSE. Hyperparameters were
tuned manually using the same approach as with the VBE. As before, f and F are fully

connected NN and A is a linear CNN. For A we selected a wider filter of width 5 because
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Figure 5.5: Predictions of trajectories using different models. (a) is the true trajectory. (b) is
the predicted trajectory with the nonlinear model. (c) is the predicted trajectory with the fixed
linear model. (d) is the predicted trajectory with the CNN model.

higher-order gradients need to be approximated. In general, the linear term is unknown, so
the filter width can be viewed as an additional tuning parameter that is similar to selecting
the stencil size for a finite difference approximation. For our system, and filter width,
the optimal filter parameters are [—72,278,—413,278, —72] (this is central differencing of
the diffusive and hyperdiffusive terms), while the parameters learned for the CNN were
[—0.7,1.8,—2.7,1.8, —0.7]. Here we also ran trials where we forced symmetry in the filter,
but we found the training procedure resulted in the symmetry without the need to enforce
it. Despite the magnitude of the parameters being much smaller, we will show the CNN
successfully damps out high wavenumbers.

Figure 5.5 compares a true trajectory to predictions from the three methods. The left
side shows short-times, where model predictions should match the true trajectory. The
right side shows long times, where the model predictions should have statistics that agree
with the true trajectory. In Fig. 5.5b the nonlinear method prediction is shown. At early

times the predicted trajectory matches the true trajectory, but at long-times erroneous high-
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wavenumber behavior appears and the trajectory has moved far away from the attractor.
This result agrees with what was found in [129] and shows for chaotic systems even model
error can push trajectories off the manifold with the standard neural ODE approach resulting
in incorrect long-time predictions. Predictions from the stabilized neural ODEs appear in
Figs. 5.5¢ and 5.5d for the fixed linear and CNN methods, respectively. In the linear cases,
there is good agreement at short times, with the fixed linear method tracking slightly better,

and, more importantly, at long-times, the trajectories stay on the attractor.

The advantage stabilized neural ODEs have over the standard neural ODE, for the KSE,
is the prediction at long times. In Fig. 5.6 we show the true joint PDF of the first (u,) and
second, (ug,) derivatives of the state plotted for every spatiotemporal point of a trajectory
evolved forward for 10* time units. Figure 5.6b therein, which corresponds to the nonlinear
ODE prediction, shows the probability of finding a point in the nonlinear OSE prediction
with the correct first and second derivatives is nearly zero. Both stabilized neural ODEs,

shown in Figs. 5.6¢c and 5.6d, accurately match the true joint PDF.

Similar to the VBE, the presence of a linear term makes the KSE models highly robust to
perturbations off the attractor. The robustness to perturbations of states off the attractor is
particularly important in this case because, as shown in Fig. 5.5, even without the addition
of noise the strictly nonlinear model will push trajectories far from the attractor. Figure 5.7
shows the short-time evolution of predictions from the CNN and the standard neural ODE
approach with varying levels of noise. Here the initial condition is perturbed with Gaussian
noise of magnitude N(0,€?) at each grid location. In Figs. 5.7a and 5.7c we set € = 0.5
and 10 for the CNN approach. Despite the magnitude of the CNN linear term being much
smaller than the true linear term, the CNN still rapidly damps high-wavenumbers like the
true system. Similarly, in Figs. 5.7b and 5.7d we set ¢ = 0.5 and 10 for the standard neural
ODE approach. Without a damping linear term the noise in the initial condition grows in

time.

The previous results highlight the method successfully pushes perturbed trajectories back
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Figure 5.6: (a) is the true joint PDF at L = 22. (b)-(d) are the joint PDFs for the nonlinear,
fixed linear, and CNN models, respectively.

Figure 5.7: (a) and (c) are trajectories of the CNN model for initial conditions with € = 0.5 and
10. (b) and (d) are trajectories of the standard neural ODE model for initial conditions with

e = 0.5 and 10.
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to the manifold with clean training data. Next, we investigate whether the CNN-stabilized
neural ODEs work with noisy training data. Figure 5.8 shows an example snapshot for three
levels of noise applied, and the joint PDFs for running NNs trained with this noisy data. We
apply noise to all snapshots of training data with noise at all grid locations in the same way
described above. The initial condition used in generating the joint PDFs is free of noise so

that the PDFs reflect how well the underlying dynamics were captured.

For training the NNs at the different levels of noise we used multiple snapshots, still
separated every 0.25 time units, along a trajectory in the computation of the loss (Eq. 5.4)
which we found to improve training in these cases. Specifically, we used K = 1,3, and 5
for ¢ = 0.1,0.3, and 0.5. In these cases, we trained 10 CNN-stabilized neural ODEs and
show the most accurate joint PDFs. For the smallest amount of noise, the joint PDF is very
well captured, and as more noise is added the joint PDFs become more compact, with the
e = 0.5 eventually landing on a fixed point. This shows that a stabilizing linear term can be

discovered even from noisy training data.

Although the direct application of stabilized neural ODEs to training data can work for
the KSE, we found in the case of the VBE equation that it only worked with very little noise.
We believe this is due to noise being added at every gridpoint on a fine grid and due to the
stiff nature of the VBE. In either case, the structure is not necessarily designed to deal with
noisy training data. Instead, when dealing with noisy data a better approach may be to
preprocess the training data — as is frequently done. For example, in the PDE-FIND method
[182] described in the introduction a polynomial interpolation was used to preprocess the

noisy data.

The other useful aspect of the stabilized neural ODE architecture is it lends itself naturally
to reduced-order modeling (ROM). As mentioned in section 5.2, a standard approach to ROM
involves projecting the true ODE (Eq. 5.2) onto a basis given by the leading d, eigenvectors
of A. This is the resolved dynamics in Eq. 5.6. Then, the unresolved dynamics, Eq. 5.7 can

be approximated by setting ¢ = 0, which is the standard Galerkin approach, or by using Eq.
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Figure 5.8: (a) shows three example snapshots of the training data with different levels of noise
(€). (b)-(d) are joint PDFs of the CNN model for € = 0.1,0.3 and 0.5, respectively.

5.8 to solve for ¢, which is the nonlinear Galerkin approach. Here we show we can successfully
apply both these ROM methods to our CNN neural ODE model that we find strictly from
data, whereas typically Eq. 5.2 must be known. We first compare the projection operator of
the CNN neural ODE to the true projection operator, and then we compare the long-time

statistical performance of the ROM when varying dimension d,,.

For these ROM approaches the eigenvector basis is typically selected from largest to
smallest eigenvalues. However, selecting the eigenvectors in this fashion does not necessarily
result in the best agreement with the underlying assumption of this ROM — that dg/dt = 0.
To investigate this assumption, we consider the dynamics from projecting the equation onto
each eigenvector dv!u/dt = v;. The ROM assumption is reasonable when, for some p, v; &~ 0

foralli=p+1,...,d.

In Fig. 5.9 we show the variance in v; sorted from largest to smallest eigenvalue \;. Each

eigenvector can be considered separately because the linear term is symmetric in both the
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Figure 5.9: (a) is the variance of the true ODE projected onto each eigenvector of the true
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linear term sorted from largest to smallest eigenvalue. (b) and (c) are the projection operators
from the eigenvectors of the true linear term sorted by the eigenvalues and the variance in (a),

respectively. (d) is the variance of the CNN ODE projected onto each eigenvector of the CNN
linear term sorted from largest to smallest eigenvalue. (e) and (f) are the projection operators

from the eigenvectors of the CNN linear term sorted by the eigenvalues and the variance in (c),

respectively. The projection operators are for 10 eigenvectors.
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true system and from the CNN approach resulting in an orthogonal basis. Figure 5.9a shows
the eigenvalues of the true linear term and Fig. 5.9d shows the eigenvalues of the CNN linear
term. In both cases sorting by eigenvalue does not lead to a monotonic decrease in v;. We
show the projection matrices when sorting from largest to smallest eigenvalue for the true
linear term in Fig. 5.9b, and for the CNN linear term in Fig. 5.9e. There is a substantial
difference between the matrices when sorting the eigenvectors according to the eigenvalue,

and the CNN projection matrix, in particular, is not useful for ROM.

In general, when only data is available there is no immediate way to compute v;, however,
because we learn the ODE directly from data computing v; after the fact is trivial. This
motivates another reason why our stabilized neural ODE approach naturally lends itself to
ROM. Instead of organizing according to eigenvalues, we can, instead, sort according to the
variance of v;, which more accurately reflects the assumption taken in nonlinear Galerkin.
In Fig. 5.9¢ we show the projection matrix from the true linear term with this sorting and
in Fig. 5.9f we show the projection matrix from the CNN linear term. The two projection

matrices match nearly exactly.

With the projection selected according to this variance criterion, we show the standard
Galerkin and nonlinear Galerkin approaches performance in Fig. 5.10. For this comparison
we consider both the CNN neural ODE, sorted according to the variance criterion, and the
true ODE, sorted by the standard eigenvalue criterion. We compare ROM performance with

the Kullback-Leibler (KL) divergence of the u, vs t,; joint PDF

P(Um, um:r)

Ay Ay . 513
(0, 1) P (5.13)

DKL(]SHP):/ / P(ux,um)ln

In this equation, P is the true joint PDF, and P is the ROM joint PDF. When P = 0 or

P = 0 we adopt the convention of setting the term in the integral to 0 as was done in [21].

In Fig. 5.10 we vary the dimension d, (i.e. the number of modes on which we project)

and compute the KL divergence between the true joint PDF and the ROM joint PDFs,
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generated the same way as in Fig. 5.6. In the case of the Galerkin ROM, we see that the
CNN approach does a better job than even the true Galerkin approach at reconstructing
the joint PDF. In the case of nonlinear Galerkin, the CNN approach shows more error
than the true nonlinear Galerkin approach but performs better than the standard Galerkin
approaches. For all ROMs, we see excellent agreement around a dimension of d, ~18, as can
be seen in the inset, above which there is little change in the KL divergence and the ROM
agree well with the full system. These results show that by using classical ROM approaches
on our data-driven stabilized neural ODEs we can achieve excellent model performance at

far fewer dimensions than the underlying system.

5.4 Summary

In this chapter, we showed that stabilizing neural ODEs with a linear and a nonlinear term is
an effective way to improve the predictive capabilities of these models. By implementing this
structure we find the models are more robust to noise, perform better in capturing statistics
and provide a method for selecting a natural basis, different from conventional approaches,
for reduced-order models. We test this setup first on the VBE, where the addition of the
linear term results in a model that effectively captures the shock dynamics and the energy
spectrum, along with generalizing to noisy initial conditions. We then test it on the KSE,
where we find the linear term is necessary to keep trajectories on the attractor, and again
the linear term provides excellent robustness to noise. With the KSE we further show our
stabilized neural ODE method lends itself naturally to ROM, and that, with proper sorting
of the eigenvectors of the linear term, we can accurately recreate the joint PDF of u, and

Uz, with far fewer dimensions than required for the full simulation.
The future directions of this research include applying the method to more complex
problems, where the existence of an inertial manifold may be unknown, and investigating

the importance of adding explicit constraints on the NNs for stability. In particular, we
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Figure 5.10: KL divergence of the joint PDFs generated with either standard Galerkin “G” or
nonlinear Galerkin “NG” when using the CNN neural ODE “CNN” or the true equations “True”.
The inset is the CNN Galerkin ROM at a dimension d, = 18.

are immediately interested in applying this method to canonical fluid flow problems (e.g.
Couette flow). This modeling could either be directly data-driven, as in this paper, or for
the closure of low-resolution physics-based models. Regardless, with problems of increasing
complexity, it may require the use of adding additional constraints for stability. This can
be done by enforcing that the linear term has a specific eigenvalue spectrum, or by tuning

the Lipschitz constant of the nonlinearity. For example, we could enforce the spectral gap

condition, which would guarantee the existence of an inertial manifold.
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Chapter 6

Low-dimensional model of Couette

flow !

We no explore applying the modeling approaches of the previous chapters to turbulent plane
Couette flow. Because the Navier-Stokes equations are dissipative, the long-time dynam-
ics of a flow in state space are expected to collapse onto a manifold whose dimension may
be much lower than the dimension required for a resolved simulation. On this manifold,
the state of the system can be exactly described in a coordinate system parameterizing the
manifold. Describing the system in this low-dimensional coordinate system allows for much
faster simulations and analysis. We show, for turbulent Couette flow, that this description
of the dynamics is possible using a data-driven manifold dynamics modeling method. This
approach consists of an autoencoder to find a low-dimensional manifold coordinate system
and a set of ordinary differential equations defined by a neural network. Specifically, we
apply this method to minimal flow unit turbulent plane Couette flow at Re = 400, where
a fully resolved simulation requires O(10°) degrees of freedom. Using only data from this
simulation we build models with fewer than 20 degrees of freedom that quantitatively cap-

ture key characteristics of the flow, including the streak breakdown and regeneration cycle.

1Parts of this chapter have been adapted from the manuscript titled “Dynamics of a data-driven low-
dimensional model of turbulent minimal Couette flow” by A. J. Linot and M. D. Graham on arXiv and
submitted for review to the Journal of Fluid Dynamics.
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At short times, the models track the true trajectory for multiple Lyapunov times, and, at
long times, the models capture the Reynolds stress and the energy balance. For comparison,
we show that the models outperform POD-Galerkin models with ~2000 degrees of freedom.
Finally, we compute unstable periodic orbits from the models. Many of these closely re-
semble previously computed orbits for the full system; additionally, we find nine orbits that

correspond to previously unknown solutions in the full system.

6.1 Introduction

A major challenge in dealing with chaotic fluid flows, whether it be performing experiments,
running simulations, or interpreting the results, is the high-dimensional nature of the state.
Even for simulations in the smallest domains that sustain turbulence (a minimal flow unit
(MFU)), the state dimension may be O(10°) [83, 105]. However, despite this nominal high-
dimensionality, the dissipative nature of turbulent flows leads to the expectation that long-
time dynamics collapse onto an invariant manifold of much lower dimension than the ambient
dimension [94]. By modeling the dynamics in a manifold coordinate system, simulations
could be performed with a drastically lower-dimensional state representation, significantly
speeding up computations. Additionally, such a low-dimensional state representation is
highly useful for downstream tasks like control or design. Finding a low-dimensional — or
ideally a minimal dimensional — parameterization of the manifold and an evolution equation
for this parameterization are both challenges. In this work, we aim to address these challenges
with a data-driven model, specifically for the task of reconstructing turbulent plane Couette

flow.

The classic way to perform dimension reduction from data is to use the proper orthogonal
decomposition (POD), also known by Principal Component Analysis (PCA) or Karhunen-
Loeve decomposition [92]. This is a linear dimension reduction technique in which the state is

projected onto the set of orthogonal modes that capture the maximum variance in the data.
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The POD is widely used for flow phenomena, some examples of which include: turbulent
channel flow [6, 146], flat-plate boundary layers [175], and free shear jet flows [3]. Smith
et al. [193] showed how to incorporate system symmetries into the POD modes, the details

of which we elaborate on in Sec. 6.3.

While the POD has seen wide use and is easy to interpret, more accurate reconstruction
can be achieved with nonlinear methods — a result we highlight in Sec. 6.3. Some pop-
ular methods for nonlinear dimension reduction include kernel PCA [186], diffusion maps
[35], local linear embedding (LLE) [180], isometric feature mapping (Isomap) [208], and
t-distributed stochastic neighbor embedding (tSNE) [89]. These methods are described in
more detail in Ch. 1, and an overview of other dimension reduction methods can be found
in [212]. One drawback of all of these methods, however, is that they reduce the dimension,
but do not immediately provide a means to move from a low-dimensional state back to the
full state. A popular dimension reduction method without these complications is the under-
complete autoencoder [90], which uses a neural network (NN) to map the input data into a
lower-dimensional “latent space” and another NN to map back to the original state space.
We describe this structure in more detail in Sec. 6.2. Some examples where autoencoders
have been used for flow systems include flow around a cylinder [147], flow around a flat plate
[151], Kolmogorov flow [157, 163], and channel flow [143]. Although we will not pursue this
approach in the present work, it may be advantageous for multiple reasons to parametrize

the manifold with overlapping local representations, as done in [57].

After reducing the dimension, the time evolution for the dynamics can be approximated
from the equations of motion or in a completely data-driven manner. The classical method
is to perform a Galerkin projection wherein the equations of motion are projected onto
a set of modes (e.g. POD modes) [92]. However, in this approach, all the higher POD
modes are neglected. An extension of this idea, called nonlinear Galerkin, is to assume
that the time derivative of the coefficients of all of the higher modes is zero, but not the

coefficients themselves [58, 77, 209]; this is essentially a quasisteady state approximation for
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the higher modes. This improves the accuracy, but comes at a higher computational cost than
the Galerkin method, although this can be somewhat mitigated by using a postprocessing
Galerkin approach [63]. Wan et al. [228] also showed a recurrent NN (RNN) — a NN that
feeds into itself — can be used to improve the nonlinear Galerkin approximation. This RNN
structure depends on a history of inputs, making it non-Markovian. In addition to these
linear dimension reduction approaches, an autoencoder can be used with the equations of
motion in the so-called manifold Galerkin approach, which Lee and Carlberg [121] developed

and applied to the viscous Burgers equation.

When the equations of motion are assumed to be unknown, and only snapshots of data
are available, a number of different machine learning techniques exist to approximate the
dynamics. Two of the most popular techniques are RNNs and reservoir computers. Vlachas
et al. [220] showed both these structures do an excellent job of capturing the chaotic dynam-
ics of the Lorenz-96 equation and Kuramoto-Sivashinsky equation (KSE). For fluid flows,
autoencoders and RNNs (specifically long-short term memory networks (LSTM)) have been
used to model flow around a cylinders [51, 86], pitching airfoils [51], bluff bodies [85], and
MFU plane Poiseuille flow (PPF) [152]. Although these methods often do an excellent job of
predicting chaotic dynamics, the models are not Markovian, so the dimension of the system
also includes some history, and these models perform discrete timesteps. These two proper-
ties are undesirable because the underlying dynamics are Markovian and continuous in time,
and modeling them differently complicates applications and interpretations of the model. In
particular, we want to use the model for state space analyses such as the determination of
periodic orbits, where standard tools are available for ODEs that do not easily generalize to

non-Markovian dynamic models.

Due to these issues, we use neural ordinary differential equations (ODE) [24]. In neural
ODEs, the right-hand-side (RHS) of an ODE is represented as a NN that is trained to
reconstruct the time evolution of the data from snapshots of training data. In Linot and

Graham [129] it was shown that this is an effective method for modeling the chaotic dynamics
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of the KSE. Rojas et al. [179] used neural ODEs to predict the periodic dynamics of flow
around a cylinder, and Portwood et al. [167] used neural ODEs to predict the kinetic energy

and dissipation of decaying turbulence.

In this work, we investigate the dynamics of MFU Couette flow. The idea behind the
MEFU, first introduced by Jiménez and Moin [105], is to reduce the simulation domain to the
smallest size that sustains turbulence, thus isolating the key components of the turbulent
nonlinear dynamics. Using an MFU for Couette flow at transitional Reynolds number,
Hamilton et al. [83] outlined the regeneration cycle of wall-bounded turbulence called the
“self-sustaining process” (SSP), which we describe in more detail in Sec. 6.3. This system
was later analyzed with covariant Lyapunov analysis by Inubushi et al. [100], who found a

Lyapunov time (the inverse of the leading Lyapunov exponent) of ~ 48 time units.

Many low-dimensional models have been developed to recreate the dynamics of the SSP.
The first investigation of this topic was by Waleffe [226], who developed an 8-mode model
for shear flow between free-slip walls generated by a spatially sinusoidal forcing. He selected
the modes based on intuition from the SSP and performed a Galerkin projection onto these
modes. Moehlis et al. [145] later added an additional mode to Waleffe’s model which enables
modification of the mean profile by the turbulence and made some modifications to the chosen
modes. In this “MFE” model, Moehlis et al. found exact coherent states, which we discuss
below, that did not exist in the 8-mode model. In addition, Moehlis et al. [144] also used the
POD modes on a domain slightly larger than the MFU to generate POD-Galerkin models.
These low-dimensional models have been used as a starting point for testing data-driven
models. For example, both LSTMs [198] and a Koopman operator method with nonlinear
forcing [52] have been used to attempt to reconstruct the MFE model dynamics. Borrelli

et al. [12] then applied these methods to PPF.

Finally, we note that a key approach to understanding complex nonlinear dynamical
phenomena, such as the SSP of near-wall turbulence, is through the study of the underlying

state space structure of fixed points and periodic orbits. In the turbulence literature, these
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are sometimes called “exact coherent states”, or ECS [76, 110]. Turbulence organizes around
ECS in the sense that trajectories chaotically move between different such states. The first
ECS found were fixed point solutions in PCF [150]. Following this work, Waleffe [227] was
able to connect ECS of PCF and PPF to the SSP. Later, more fixed point ECS were found
in MFU PCF and visualized by Gibson et al. [68]. Unlike fixed points, which cannot capture
dynamic phenomena at all, periodic orbits are able to represent key aspects of turbulent
dynamics such as bursting behavior. Kawahara and Kida [109] found the first two periodic
orbits (POs) for MFU PCF, one of which had statistics that agreed well with the SSP. Then,
Viswanath [219] found another PO and 4 new relative POs (RPOs) in this domain, and

Gibson made these solutions available in [69], along with a handful of others.

In the present work, we use autoencoders and neural ODEs , in a method we call “Data-
driven Manifold Dynamics” (DManD) [132], to build a ROM for turbulent MFU PCF [83].
Section 6.2 outlines the details of the DManD framework. We then describe the details
of the Couette flow in Sec. 6.3.1, the results of the dimension reduction in Sec. 6.3.2,
and the DManD model’s reconstruction of short- and long-time statistics in Sec. 6.3.3 and
Sec. 6.3.4, respectively. After showing that the models accurately reproduce these statistics,
we compute RPOs for the model in Sec. 6.3.5, finding several that are similar to previously
known RPOs, as well as several that seem to be new. Finally, we summarize the results in

Sec. 6.4.

6.2 Framework

Here we outline our method for an “exact” DManD modeling approach. In this sense “exact”
means all of the functions described allow for perfect reconstruction, but error is introduced
in approximating these functions due to insufficient data, error in learning the functions,
or error in evolving them forward in time. This differs from coarse-grained ROMs, which

approximate the physics to generate a closed set of equations. A key component allowing
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DManD to be “exact” is that we only seek to discover the evolution of trajectories after they

collapse onto an invariant manifold M.

In general, the training data for the development of a DManD model comes in the form
of snapshots {uy, ug, ..., ups }, which are either the full state or measurements diffeomorphic
to the full state (e.g. time delays [203, 239]). Here we consider full-state data u that lives
in an ambient space RY. We generate a time series of data by evolving this state forward in

time according to
du
— = f(u). 6.1
= J(w) (61)
(In the present context, this equation represents a fully-resolved direct numerical simula-

tion (DNS).) With the full state, we can then define a mapping to a low-dimensional state

representation

h = x(u), (6.2)

with A € R% is a coordinate representation on the manifold. Finally, we define a mapping
back to the full state
u=x(h). (6.3)

For data that lies on a finite-dimensional invariant manifold these functions can exactly
reconstruct the state (i.e. @ = u). However, if the dimension dj, is too low, or there are
errors in the approximation of these functions, then @ approximates the state. Then, with

this low-dimensional state representation, we can define an evolution equation

dh

- = 9(h). (6.4)

The DManD model consists of the three functions y, x, and g. By approximating these
functions, the evolution of trajectories on the manifold can be performed entirely in the
manifold coordinates h, which requires far fewer operations than a full simulation, as d;, < d.

We choose to approximate all of these functions using NNs, but other representations could
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be used.

First, we train y and y using an undercomplete autoencoder. This is a NN structure con-
sisting of an encoder, which reduces dimension (), and a decoder, which expands dimension
(X). As mentioned in Sec. 6.1, a common approach to dimension reduction is to project onto
a set of POD modes. POD gives the optimal linear projection in terms of reconstruction
error, so we use this fact to train an encoder as the sum of POD and a correction in the form
of an NN:

h=x(u;0g) = U u+ EU w; 0p). (6.5)

In this equation, U, € R%¥* is a matrix whose k columns are the first & POD modes as
ordered by variance, and £ is a NN. The first term (U i u) is the projection onto the leading
dp, POD modes, and the second term is the NN correction. The matrix U, in this term may
either be a full change of basis with no approximation (r = d), or involve some dimension

reduction (d > r > dy,).

For mapping back to the full state (decoding), we again sum POD with a correction
i = x(h;0g) = U.([h,0]" +D(h;0p)). (6.6)

Here, [h,0]” is the h vector zero padded to the correct size, and D is a NN. The first term
is the POD mapping back to the full space, and the second term is a NN correction. In
Linot and Graham [128] we refer to this structure as a hybrid autoencoder. In Sec. 6.3.2
we contrast this to a “standard” autoencoder where h = (U u;0g) and @ = U,D(h;0p).
These hybrid autoencoder operations act as a shortcut connection on the optimal linear
dimension reduction, which we [128] found useful for representing the data and achieving
accurate reconstruction of u. Yu et al. [240] also took a similar approach with POD shortcut

connections over each layer of the network.
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We determine the NN parameters 0r and p by minimizing

L= % 121 u(t;) — X(x(u(t); 0p); 0p)|] + dhLK iZICVHg(UrTU(ti); 0r) + Da, (h(t:): 0p)| .

(6.7)
The first term in this loss is the mean-squared error (MSE) of the reconstruction 4, and
the second term is a penalty that promotes accurate representation of the leading d;, POD
coefficients. In this term, Dy, denotes the leading d;, elements of the decoder output. For
finite o, the autoencoder exactly matches the first d, POD coefficients when this term

vanishes. Details of the minimization procedure are discussed in Sec. 6.3.

Next, we approximate g using a neural ODE. A drawback of training a single dense NN
for g is that the resulting dynamics may become weakly unstable, with linear growth at long
times [129, 132]. To avoid this, we use a “stabilized” neural ODE approach by adding a linear

damping term onto the output of the NN, giving
g(h(ti); 04) = gan(h(ti); 0g) + Ah. (6.8)
Integrating Eq. 6.8 forward from time ¢; to ¢; + 7 yields
~ ti+T
h(t; + 1) = h(t;) + / gan(h(t);04) + Ah(t)dt. (6.9)
t;

Depending on the situation, one may either learn A from data or fix it. Here we set it to

the diagonal matrix

where o;(h) is the standard deviation of the ith component of h, 5 is a tunable parameter,
and ¢;; is the Kronecker delta. This linear term attracts trajectories back to the origin,
preventing them from moving far away from the training data. In Sec. 6.3.4 we show that

this approach drastically improves the long-time performance of these models.
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We then determine the parameters 6, by minimizing the difference between the predicted

state h(t; + 7) and the true state h(t; + 7), averaged over the data:

J = LKZ:(HM ) — At + 7|2 ) (6.11)

For clarity, we show the specific loss we use, which sums over only a single snapshot forward
in time at a fixed 7. More generally, the loss can be formulated for arbitrary snapshot spacing
and for multiple snapshots forward in time. To compute the gradient of J with respect to
the neural network parameters 6,, automatic differentiation can be used to backpropagate
through the ODE solver that is used to compute the time integral in Eq. 6.9, or an adjoint
problem can be solved backwards in time [24]. The adjoint method uses less memory than
backpropagation, but A is low-dimensional and our prediction window for training is short,

so we choose to backpropagate through the solver.

So far this approach to approximating y, Y, and ¢ is general and does not directly account
for the fact that the underlying equations are often invariant to certain symmetry operations.
For example, one of the symmetries in PCF is a continuous translation symmetry in z and
z (i.e. any solution shifted to another location in the domain gives another solution). This
poses an issue for training, because in principle, the training data must include all these
translations to accurately model the dynamics under any translation. We discuss these and

other symmetries of PCF in Sec. 6.3.1.

In practice, accounting for continuous symmetries is most important along directions that
sample different phases very slowly. For PCF, the mean flow is in the x direction, leading to
good phase sampling along this direction. However, there is no mean flow in the z direction,
so sampling all phases relies on the slow phase diffusion in that direction. Therefore, we will
only explicitly account for the z-phase in Sec. 6.3, but in the current discussion, we present

the general framework accounting for all continuous symmetries.

To address the issue of continuous translations, we add an additional preprocessing step
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to the data, using the method of slices [18, 19] to split the state u into a pattern u, € R? and
a phase ¢ € R°. The number of continuous translation symmetries for which we explicitly
account determines c¢. We discuss the details of computing the pattern and the phase in Sec.
6.3.1. Separating the pattern and phase is useful because the evolution of both the pattern
and the phase only depend on the pattern. Thus, we simply replace v with wu, in all the
above equations and then write one additional ODE for the phase

a6 _

o = 901 05). (6.12)

We then fix the parameters of ¢ to evolve h (from u,) forward in time and use that to make

a phase prediction

_ ti+T1
ey = o)+ [ gulh(t: 00t (613)

Finally, we determine the parameters 4 to minimize the difference between the predicted
phase ¢(t; + 7) and the true phase @(t; + 7)

K

> (ot + ) — ot + 1IE) (6.14)

i=1

1

P =K

using the method described above to compute the gradient of Jy.

6.3 Results

6.3.1 Description of plane Couette flow data

In the following sections we apply DManD to DNS of turbulent PCF in a MFU domain.
Specifically, we consider the well-studied Hamilton, Kim, and Waleffe (HKW) domain [83].
We made this selection to compare our DManD results to the analysis of the self-sustaining
process in this domain, to compare our DManD results to other Galerkin-based ROMs, and

to compare our DManD results to known unstable periodic solutions in this domain.
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For PCF we solve the Navier-Stokes equations

88_? +u-Vu=-Vp+Re 'V, V-u=0 (6.15)

for a fluid confined between two plates moving in opposite directions with the same speed.
Eq. 6.15 is the nondimensionalized form of the equations with velocities in the streamwise z €
0, L,], wall-normal y € [—1, 1], and spanwise z € [0, L,| directions defined as u = [u,, u,, u.],
and pressure p. We solve this equation for a domain with periodic boundary conditions in x
and z (u(0,y, z) = u(Lg,y, 2),u(z,y,0) = u(z,y, L,)) and no-slip, no-penetration boundary
conditions in y (ug(z,=*1,2) = £1,u,(x, £1,2) = u,(z,%1,2) = 0). The complexity of
the flow increases as the Reynolds number Re increases and the domain size L, and L,
increase. Here we use the HKW cell, which is at Re = 400 with a domain size [L,, L, L,] =
[1.757,2,1.27r] [83]. The HKW cell is one of the simplest flows that sustains turbulence
for extended periods of time before relaminarizing. We chose to use this flow because it is
well studied (refer to Sec. 6.1), it isolates the SSP [83], and a library of ECS exists for this
domain [69]. Here we are interested in modeling the turbulent dynamics, so we will remove

data upon relaminarization as detailed below.

Eq. 6.15, under the boundary conditions described, is invariant (and its solutions equiv-

ariant) under the discrete symmetries of point reflections about [z, vy, z] = [0, 0, 0]

P : [(uam uya Uz,p)(.’lf, Y, z, t)] = (_uaw _uy> _uzap)<_x> —-Y,—z, t) (616)

reflection about the z = 0 plane

R - [(umauya uzap)(x>y7 Z>t)] = (uxa uy7 _uzap)<xay7 _Z,t) (617)



136

and rotation by 7w about the z-axis

RP - [(uz7uy7 Uz,p)@,y; Z7t)] = (_u17 _uy7u27p)(_x7 —-Y, Z7t)' (618)

In addition to the discrete symmetries, there are also continuous translation symmetries in

z and z

nx,az : [(uzvuy7uzap)($ayvzvt)] = (uxauyaump)(x + Oz, Y, %2 + Jzat)' (619)

We incorporate all these symmetries in the POD representation [193], as we discuss further
in Sec. 6.3.2. Then, we use the method of slices [18] to phase align in the z direction. By
phase aligning in z we fix the location of the low-speed streak. Without the alignment in z,
models performed poorly because the models needed to learn how to represent every spatial
shift of every snapshot. In what follows, we only consider phase alignment in z, but we
note that extending this work to phase alignment in x is straightforward. To phase-align
the data, we use the first Fourier mode method-of-slices [18]. First, we compute a phase by
taking the Fourier transform of the streamwise velocity in « and z (U, (ks, y, k) = Foo(us))

at a specific y location (y;) to compute the phase
¢ = atan2(imag (. (0,y1, 1)), real (4, (0,41, 1))). (6.20)

We select y; to be one grid point off the bottom wall. Then we compute the pattern dynamics
by using the Fourier shift theorem to set the phase to 0 (i.e. move the low-speed streak to
the center of the channel)

w, = F, L (wexp(—ik.¢)). (6.21)

We generate turbulent PCF trajectories using the pseudo-spectral Channelflow code de-
veloped by Gibson et al. (2012, 2021). In this code, the velocity and pressure fields are
projected onto Fourier modes in x and z and Chebyshev polynomials of the first kind in

y. These coefficients are evolved forward in time first using the multistage SMRK2 scheme
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[197], then, after taking multiple timesteps, using the multistep Adams-Bashforth Backward-
Differentiation 3 scheme [164]. At each timestep, a pressure boundary condition is found
such that incompressibility is satisfied at the wall (du,/dy = 0) using the influence matrix
method and tau correction developed by Kleiser and Schumann [115].

Data was generated with At = 0.0325 on a grid of [N,, N,, N,] = [32,35,32] in z, v,
and z for the HKW cell. Starting from random divergence-free initial conditions, we ran
simulations forward for either 10,000 time units or until relaminarization. Then we dropped
the first 1,000 time units as transient data and the last 1,000 time units to avoid laminar
data and repeated with a new initial condition until we had 91, 562 time units of data stored
at intervals of one time unit. We split this data into 80% for training and 20% for testing.
Finally, we preprocess the data by computing the mean (u) (y) from the training data and
subtracting it from all data u’ = u— (u), and then we compute the pattern u), and the phase
¢ as described above. The pattern u, described in Sec. 6.2 is u;, flattened into a vector (i.e.
d =3N,N,N,). The POD and NN training use only the training data, and all comparisons

use test data unless otherwise specified.

6.3.2 Dimension reduction and dynamic model construction
Linear dimension reduction with POD: From O(10°) to O(10%)

The first task in DManD for this Couette flow data is finding a low-dimensional parameter-
ization of the manifold on which the long-time dynamics lie. We parameterize this manifold
in two steps. First, we reduce the dimension down from O(10°) to 502 with the proper or-
thogonal decomposition (POD), and, second, we use an autoencoder to reduce the dimension
down to dj,. The first step is simply a preprocessing step to reduce the size of the data, which
reduces the number of parameters in the autoencoder. Due to Whitney’s embedding theorem
(232, 233], we know that as long as the manifold dimension is less than 251 (dy < 251) then
this POD representation is diffeomorphic to the full state. As we show later, the manifold

dimension appears to be far lower than d,, = 251, so no information of the full state should
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be lost with this first step.

Proper orthogonal decomposition (POD) originates with the question of what function

® maximizes
(', ®)*)

Ik (6.22)

Solutions @™ to this problem satisfy the eigenvalue problem

Z:/o% /11 /OLZ (ui(x, 0 (¢, 1)) @ (x) dx’ = N9 (x) (6.23)

[92, 193]. Unfortunately, upon approximating these integrals, with the trapezoidal rule
for example, this becomes a d x d matrix, making computation intractable. Furthermore,
computing the average in Eq. 6.23, without any modifications, results in POD modes that

fail to preserve the underlying symmetries described above.

In order to make this problem computationally tractable, and preserve symmetries, we
apply the POD method used in Smith et al. [193], with the slight difference that we first
subtract off the mean of state before performing the analysis. The first step in this procedure
is to treat the POD modes as Fourier modes in both the x and z directions. Holmes et al.
show in [92] that for translation-invariant directions Fourier modes are the optimal POD

modes. This step transforms the eigenvalue problem into
3 1
L.L.y. / (@ (ke e )5 (Rt Ky ) 050 () Ay = N0l (), (6.24)
j=17"1

which reduces the d x d eigenvalue problem down to a 3N, x 3N, eigenvalue problem for
every wavenumber pair (k,, k,) of Fourier coefficients. We used 5,000 snapshots evenly
sampled over the training data to compute the POD modes. Then, to account for the
discrete symmetries, the data is augmented such that the mean in Eq. 6.24 is computed by

adding all the discrete symmetries of each snapshot.



139

LIS S TR B LESEA S B & SR LR SRR LR R LB R R T
100 10! 10% 10% —1.0 —0.5 0.0 0.5 1.0

Figure 6.1: (a) Eigenvalues of POD modes sorted in descending order. (b) Components of the
Reynolds stress for data generated by the DNS and this data projected onto 256 POD modes. In

(a) the curves are, from top to bottom, (u/?), (u?), <u;2>, and <u;u;>

This analysis gives us POD modes

8,00 = e (201 (224 52 ) ) ol ) (6.25)

and eigenvalues )\,(cz)k We sort the modes from largest eigenvalue to smallest eigenvalue
(A\;) and project onto the leading 256 modes, giving us a vector of POD coefficients a(t).
A majority of these modes are complex, so projecting onto these modes results in a 502-
dimensional system. In Fig. 6.1a we plot the eigenvalues, which show a rapid drop and then
a long tail that contributes little to the energy content. By dividing the eigenvalues of the
leading 256 modes by the total, we find these modes contain 99.8% of the energy. To further
illustrate that 256 modes is sufficient to represent the state in this case, we consider the
reconstruction of statistics after projecting onto the POD modes. In Fig. 6.1b we show the
reconstruction of four components of the Reynolds stress, (u?), (u?), (u?), and (u,u}). The

projection onto POD modes matches all of these quantities extremely well.

Now that we have converted the data to POD coefficients and filtered out the low energy
modes, we next train an autoencoder to perform nonlinear dimension reduction. As men-

tioned in Sec. 6.2, we phase-align the data in the spanwise direction at this step using the
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Table 6.1: Architectures of NNs. “Shape” indicates the dimension of each layer, “Activation” is
the corresponding activation functions, and “sig” is the sigmoid activation.“Learning Rate” gives
the learning rate at multiple times during training. The learning rates was dropped at even
intervals.

Function Shape Activation Learning Rate
3 502/1000/dp, sig/linear [1073,107]

D dy,/1000/502 sig/linear [10-3,107]
gNN dn/200/200/d;,  sig/sig/linear  [1072,1073,107%
9o dn/200/200/1 sig/sig/linear  [107%,107%,107%

first Fourier mode method-of-slices. A common practice when training NNs is to normalize
the data by subtracting the mean and dividing by the standard deviation of each compo-
nent. We do not take this approach here because the standard deviation of the higher POD
coefficients, which contribute less to the reconstruction, is much smaller than the lower POD
coefficients. In order to retain the important information in the magnitudes, but put the
values in a more amenable form for NN training, we instead normalize the POD coefficients
by subtracting the mean and dividing by the maximum standard deviation. Then, we take
this input and train autoencoders to minimize the loss in Eq. 6.7 using an Adam optimizer
[113] in Keras [31]. We train for 500 epochs with a learning rate scheduler that drops the
learning rate from 1073 to 10~ after 400 epochs. At this point, we see no improvement in
the reconstruction error. For the hybrid autoencoder approach, we set a = 0.01. Table 6.1

includes additional NN architecture details.

Nonlinear dimension reduction with autoencoders: From O(10%) to O(10")

With the above “preprocessing” step completed, we now turn to the reduction of dimension
with the nonlinear approach enabled by the autoencoder structure. We consider three ap-
proaches to reducing the dimension of a: (1) Training a hybrid autoencoder, (2) Training a
standard autoencoder, (3) linear projection onto a small set of POD modes. We describe the
first two approaches in Sec. 6.2, noting that the POD projection onto 256 (complex) modes

can be written as @ = UZu. The third approach just corresponds to setting £ and D to
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Figure 6.2: Mean squared error on test data for POD, standard autoencoders, and hybrid au-
toencoders at various dimensions dj. At each dimension there are four standard and four hybrid
autoencoders.

zero in Eqgs. 6.5 and 6.6. In Fig. 6.2 we show the MSE of reconstructing a with these three
approaches over a range of different dimensions d;. We use NNs with the same architec-
tures for both the standard and the hybrid autoencoder approaches. Due to the variability
introduced into autoencoder training by randomly initialized weights and stochasticity in
the optimization, we show the error for four separately trained autoencoders, at each d,.
We see that the autoencoders perform an order magnitude better than POD in the range of
dimensions considered here. Both the standard and hybrid autoencoder approaches perform
the same, so we select the hybrid approach because it has an advantage in interpretability —
each component of h can be viewed as a POD mode amplitude with a nonlinear correction.
Next, we use the low-dimensional representations from these autoencoders to train stabilized

neural ODEs.

Neural ODE training

After training four autoencoders at each dimension dj, we chose a set of damping parameters,
B, and for each, then trained four stabilized neural ODEs for all four autoencoders at every
dimension dj,. This results in 16 models at every d;, and 3. The final g value of 0.1 was
selected so that long-time trajectories neither blew up nor decayed too strongly. Before

training the ODEs, we preprocess each autoencoder’s latent space data set h by subtracting
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the mean. It is important to center the data because the linear damping (Eq. 6.10) pushes
trajectories towards the origin. We train the stabilized neural ODEs to predict the evolution
of the centered data by using an Adam optimizer in Pytorch [24, 161] to minimize the loss in
Eq. 6.11. We train using a learning rate scheduler that drops at three even intervals during
training and we train until the learning curve stops improving. Table 6.1 shows the details
of this NN. Unless otherwise stated, we show results for the one model out of those sixteen

at each dimension with the lowest relative error averaged over all the statistics we consider.

6.3.3 Short-time tracking

In the following two sections, we evaluate the performance of the DManD models at recon-
structing short-time trajectories and long-time statistics. Figure 6.3 shows snapshots of the
streamwise velocity at the center plane of the channel, y = 0, for the DNS and DManD at
d, = 18. We choose to show results for dj, = 18 because the autoencoder error begins to level
off around this dimension, and, as we will show, the error in statistics levels off before this
dimension. The value d;, = 18 is not necessarily the minimal dimension required to model
this system. In Fig. 6.3, both the DNS and the DmanD model show key characteristics of
the SSP: (1) low-speed streaks become wavy, (2) the wavy low-speed streaks break down
generating rolls, (3) the rolls lift fluid from the walls, regenerating streaks.

Not only does DManD capture the qualitative behavior of the SSP, but Fig. 6.3 also
shows good quantitative agreement as well. To further illustrate this, in Fig. 6.4 we show

the modal root-mean squared (RMS) velocity

1 1/2
M(km,kz):</ (ai(km,y,kz)+ﬁ§(kx,y,kz)+ﬂz(k1,y,kz))dy) , (6.26)

1

which Hamilton et al. [83] used to identify the different parts of the SSP. Specifically, we
consider the M (0,1) mode, which corresponds to the low-speed streak, and the M (1,0)

mode which corresponds to the x-dependence that appears when the streak becomes wavy
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Figure 6.3: Snapshots of the streamwise velocity at y = 0 from the DNS and from the DManD
model at d;, = 18.
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Figure 6.4: Modal RMS velocity from the DNS (M) and from the DManD model at d = 18

(M). The markers correspond to the times in Fig. 6.3.

and breaks up. In this example, the two curves match well over a cycle of the SSP and only
start to move away after ~ 150 time units, which is about three Lyapunov times.

While the previous result shows a single example, we also consider ensembles of initial
conditions. Figure 6.5 shows the tracking error ||a(t; + t) — a(t; + t)|| of 10 trajectories,
starting at ¢;, for a model at d;, = 18. Here we normalize the tracking error by the error
between solutions at random times t; and t; D = (||a(t;) — a(t)]|). In this case, the darkest
line corresponds to the flow field in Figs. 6.3 and 6.4. When considering the other initial
conditions in Fig. 6.5, there tends to be a relatively slow rise in the error over ~50 time units

and then a more rapid increase after this point. To better understand how this tracking
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Figure 6.5: Normalized tracking error for 10 random initial conditions (different shades) using
DManD with d;, = 18.

varies with the dimension of the model we next consider the ensemble-averaged tracking

error.

In Fig. 6.6a we show the normalized ensemble-averaged tracking error for model dimen-
sions between d;, = 3 and 18. For dj, = 3 — 5 there is a rapid rise in the error until ~40 time
units after which the error levels off. This behavior often happens due to trajectories quickly
diverging and landing on stable fixed points or periodic orbits that do not exist in the true
system. For d; = 6 — 10 there is an intermediate behavior where lines diverge more quickly
than the higher-dimensional models, but tend to approach the same tracking error at ~100
time units. Then, for the remaining models d;, = 11 — 18, there is a smooth improvement in
the tracking error over this time interval. As the dimension increases in this range the trends
stay the same, but the error continues to decrease, which is partially due to improvement in

the autoencoder performance.

The instantaneous kinetic energy of the flow is

1 L. 1 Lzl
FEt) = —u - udxdyd 2
(t) 2LwLZ/O // S udndyd:, (6.27)

and we denote its fluctuating part as k(t) = E(t) — (E). In Fig. 6.6b we show the temporal

autocorrelation of k. Again, for d, = 3 — 5 we see clear disagreement between the true
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Figure 6.6: (a) ensemble averaged short-time tracking and (b) temporal autocorrelation of the
kinetic energy for DmanD models of increasing dimension. In (b) odd numbers above dj, = 5 are
omitted for clarity.

autocorrelation and the prediction. Above d;, > 5 all of the models match the temporal
autocorrelation well, without a clear trend in the error as dimension changes. All these
models match well for ~ 40 time units, with d;, = 18 (the darkest line) matching the data

extremely well for two Lyapunov times.

Finally, before investigating the long-time predictive capabilities of the model, we show
the tracking of phase dynamics for d, = 18. As mentioned in Sec. 6.2, we decouple the
phase and pattern dynamics such that the time evolution of the phase only depends upon
the pattern dynamics. Here we take the d; = 18 model and used it to train an ODE for the
phase dynamics. For training, we repeat the process used for training gyy to train g, with

the loss in Eq. 6.14. Table 6.1 contains details on the NN architecture.

In Fig. 6.7a we show an example of the model phase evolution over 200 time units. In this
example, the model follows the same downward drift in phase despite not matching exactly.
Then, to show the statistical agreement between the DNS and the model, we show the mean
squared phase displacement MSD = ((0(¢;) — 6(¢; + t))?) for both the DNS and the model in
Fig. 6.7b, as was done for Kolmogorov flow by [163]. The curves are in good agreement. All
of the remaining long-time statistics we report are phase invariant, so the remaining results

use only models for the pattern dynamics.
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Figure 6.7: (a) an example of the phase evolution and (b) the MSD of the phase evolution for
the DNS and the DManD model at dj, = 18.

6.3.4 Long-time statistics

Next, we investigate the ability of the DManD model to capture the long-time dynamics
of PCF. An obvious prerequisite for models to capture long-time dynamics is the long-time
stability of the models. As mentioned in Sec. 6.2, the long-time trajectories of standard
neural ODEs often become unstable, which led us to use stabilized neural ODEs with an
explicit damping term. We quantify this observation by counting, of the 16 models trained at
each dimension dj, how many become unstable with and without the presence of an explicit
damping term. From our training data we know where h should lie, so if it falls far outside
this range after some time we can classify the model as unstable. In particular, we classify
models as unstable if the norm of the final state is two times that of the maximum in our
data (||h(T)|| > 2max, ||k(t)||), after T = 10* time units. In all of the unstable cases ||A(t)|]

follows the data over some short time range before eventually growing indefinitely.

In Fig. 6.8 we show the number of unstable models with and without damping. With
damping, all of the models are stable, whereas without damping almost all models become
unstable for dj, = 5 — 16, and around half become unstable in the other cases. Additionally,
with longer runs or with different initial conditions, many of the models without damp-

ing labeled as stable here also eventually become unstable. This lack of stability happens
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Figure 6.8: Fraction of unstable DManD models with standard neural ODEs and with stabilized
neural ODEs at various dimensions.

when inaccuracies in the neural ODE model push trajectories off the attractor. Once off
the attractor, the model is presented with states unlike the training data leading to further
growth in this error. We show more results highlighting this behavior in Linot and Graham
[129], Linot et al. [132]. So, although some standard neural ODE models do provide rea-
sonable statistics, using these models presents challenges due to this lack of robustness. As

such, all other results we show use stabilized neural ODEs.

While Fig. 6.8 indicates that stabilized neural ODEs predict h in a similar range to that of
the data, it does not quantify the accuracy of these predictions. In fact, with few dimensions
many of these models do not remain chaotic, landing on fixed points or periodic orbits.
The first metric we use to quantify the long-time performance of the DManD method is
the mean-squared POD coefficient amplitudes ({||a,||[*)). We consider this quantity because
Gibson reports it for POD-Galerkin in Gibson [66] at various levels of truncation. In Fig. 6.9
we show how well the DManD model, with d;, = 18, captures this quantity, in comparison
to the POD-Galerkin model in Gibson [66]. The two data sets slightly differ because we
subtract the mean before applying POD and Gibson did not. The DManD method, with
only 18 degrees of freedom, matches the mean-squared amplitudes to high accuracy, far better
than all of the POD-Galerkin models. It is not until POD-Galerkin keeps 1024 modes that

the results become comparable, which corresponds to ~ 2000 degrees of freedom because
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Figure 6.9: Comparison of (||a,||*) (mean-squared POD coefficient amplitudes) from the DNS
to (a) (||an||*) from the DManD model at dj, = 18 and (b) (||a,||*) from POD-Galerkin with N
POD modes (reproduced with permission from Gibson [66]). In (b), the quantity A is equivalent
to (||an||?) from the DNS.

most coefficients are complex. Additionally, our method requires only data, whereas the
POD Galerkin approach requires both data for computing the POD and knowledge of the

equations of motion for projecting the equations onto these modes.

We now investigate how the Reynolds stress and the power input vs. dissipation vary with
dimension. Figure 6.10 shows four components of the Reynolds stress at various dimensions.
For (u?) and (uju, ), nearly all the models match the data, with relatively small deviations
only appearing for d, ~ 3 — 6. For <u;2> and (u/?), this deviation becomes more obvious,
and the lines do not converge until around d;, > 10, with all models above this dimension

exhibiting a minor overprediction in (u’?).

To evaluate how accurate the models are at reconstructing the energy balance, we look
at joint PDFs of power input and dissipation. The power input is the amount of energy

required to move the walls:

I 1 /L“° /LZ Ou, Oy
C2L.L. ), Jo Oy

dy

_|_

y=-1

dxdz, (6.28)

y=1
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Figure 6.10: Components of the Reynolds stress with increasing dimension for DManD models
at various dimensions. Odd numbers above d;, = 5 are omitted for clarity.

and the dissipation is the energy lost to heat due to viscosity:

1 Le pl L. ,
D = dxdydz. .2
2LxLz/() /_1/0 |V x u|” dedydz (6.29)

These two terms define the rate of change of energy in the system E = I — D, which must

average to zero over long times. Checking this statistic is important to show the DManD

models correctly balance the energy.

Figures 6.11a-6.11c show the PDF from the DNS, the PDF for d;, = 6 and the PDF
for d;, = 18, generated from a single trajectory evolved for 5000 time units, and Figs. 6.11e
and 6.11f show the the absolute difference between the true and model PDFs. With d;, = 6
the model overestimates the number of low dissipation states, while d;, = 18 matches the
density well. In Fig. 6.11d we compare the joint PDFs at all dimensions with the true PDF
using the earth movers distance (EMD) [181]. The EMD determines the distance between
two PDFs as a solution to the transportation problem by treating the true PDF as “supplies”

and the model PDF as “demands” and finding the flow which minimizes the work required
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Figure 6.11: (a)-(c): examples of joint PDFs for the true system, the DManD model at dj, = 6,
and the DManD model at d = 18. (d): earth movers distance between the PDF from the DNS
and the PDFs predicted by the DManD model at various dimensions. “DNS” is the error between
two PDFs generated from DNS trajectories of the same length with different initial conditions. (e)
and (f): the error associated with the DManD model PDFs at dj, = 6 and d;, = 18.

to move one to the other. We compute the distance between PDFs using the EMD because
it is a cross-bin distance, meaning the distance accounts for the density in neighboring bins.
This is in contrast to bin-to-bin distances, like the KL divergence, which only uses the error
at a given bin. Bin-to-bin distances can vary significantly with small shifts in one PDF
(misalignment) and when changing the number of bins used to generate the PDF [127]. We
choose the EMD because it does not suffer from these issues. In Fig. 6.11d we see a steep
drop in the EMD at d;, = 5 and after dj, > 10 the joint PDFs are in excellent agreement
with the DNS. The dashed line corresponds to the EMD between two different trajectories

from the DNS.
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6.3.5 Finding ECS in the model

Now that we know that the DManD model quantitatively captures many of the key character-
istics of MFU PCF, we now want to explore using the model to discover ECS. In particular,
we first investigate whether known periodic orbits of the DNS exist in the DManD model,
and then we use the DManD model to search for new periodic orbits. Here we note that
because our model predicts phase-aligned dynamics, the periodic orbits of the DManD model
are either periodic or relative periodic orbits, depending on the phase evolution, which we
have not tracked. In the following we omit all ~, so all functions should be assumed to come

from a DManD model.

Here we outline the approach we take to find periodic orbits, which follows Cvitanovic¢
et al. [41]. When searching for periodic orbits we seek an initial condition to a trajectory

that repeats after some time period. This is equivalent to finding the zeros of

H(h,T) = Gy(h) — h, (6.30)

where Gr(h) is the flow map forward 7" time units from h: i.e. Gr(h(t)) = h(t +T). We
compute Gr(h) from Eq. 6.9. Finding zeros to Eq. 6.30 requires that we find both a point
h* on the periodic orbit and a period 7 such that H(h*,T*) = 0. One way to find ~A* and

T* is by using the Newton-Raphson method.

By performing a Taylor series expansion of H we find near the fixed point h*, T of H

that

H(h*,T*) — H(h,T) ~ DyH(h,T)Ah + DpH(h, T)AT 650
6.31
—H(h,T) ~ DyH(h,T)Ah + g (G (h)) AT,

where Dy, is the Jacobian of H with respect to h, Dy is the Jacobian of H with respect to

the period T, Ah = h* — h and AT =T* — T. To have a complete set of equations for Ah

and AT, we supplement Eq. 6.31 with the constraint that the updates Ah are orthogonal to
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the vector field at h: i.e.,

g(h)'Ah = 0. (6.32)

With this constraint, at Newton step (i), the system of equations becomes

Dy H(WO, TO) - g(Groo (b)) | | A0 (0O, T0) 63
(YT 0 AT 0 ‘

which, in the standard Newton-Raphson method, is used to update the guesses h(t!) =

RO 4 ARG and TG = TO 4 ATO,

Typically, a Newton-Krylov method is used to avoid explicitly constructing the Jacobian
[219]. However, with DManD, computing the Jacobian is simple, fast, and requires little
memory because the state representation is dramatically smaller in the DManD model than
in the DNS. We compute the Jacobian Dy H (h,T') directly, with the same automatic differ-
entiation tools used for training the neural ODE. Furthermore, if we had chosen to represent
the dynamics in discrete, rather than continuous time, computation of general periodic or-
bits would not be possible, as the period T" can take on arbitrary values and a discrete-time
representation would limit 7" to multiples of the time step. When finding periodic orbits
of the DManD model we used the Scipy “hybr” method, which uses a modification of the
Powell hybrid method [218], and for finding periodic orbits of the DNS we used the New-
ton GMRES-Hookstep method built into Channelflow [70]. In the following trials we only

consider DManD models with d;, = 18.

For the HKW cell there exists a library of POs made available by Gibson et al. [69]. To
investigate if the DManD model finds POs similar to existing solutions, we took states from
the known POs, encoded them, and used this as an initial condition in the DManD Newton
solver to find POs in the model. In Fig. 6.12 we show projections of 12 known POs, which we
identify by the period T', and compare them to projections of POs found using the DManD

model. This makes up a majority of the POs made available by Gibson et al. [69]. Of the
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Table 6.2: Details on the RPOs and POs found using initial conditions from the DManD model.
The first 9 solutions are new and the last 3 had previously been found. “Label” indicates the label
in Fig. 6.13b, o, corresponds to the phase-shift in z, T is the period of the orbit, and “Error” is
||shifted final state — initial state||/||initial state||, which is the same error as in [219].

Label 1 2 3 4 5 6 7 8 9 10 11 12
0. 1.91e-1  -9.66e-2  -1.77e-3  1.15e-1  -9.21e-3  -1.90e-1  -1.28e-2  -1.19e-1  -5.63e-5  4.64e-14  2.17e-14  2.73e-13
T 37.94 84.25 91.29 82.07 74.14 41.24 110.67 83.31 64.64 19.06 68.07 75.35
Error 2.23e-3 1.01e-3 3.92e-3 2.84e-3 1.87e-3 5.26e-4 1.25e-3 1.13e-3 2.25e-3 1.57e-4 2.55e-4 1.07e-4

other known solutions, three are RPOs with phase shifts in the streamwise direction that
our model, with the current setup, can not capture. The other two have short periods of
T = 19.02 and T = 19.06. Most of the POs found with DManD land on initial conditions

near that of the DNS and follow similar trajectories to the DNS.

How close many of these trajectories are to the true PO is surprising and encouraging
for many reasons. First, the data used for training the DManD model does not explicitly
contain any POs. Second, this approach by no means guarantees convergence on a PO in
the DManD model. Third, starting with an initial condition from a PO does not necessarily
mean that the solution the Newton solver lands on will be the closest PO to that initial
condition, so there may exist POs in the DManD model closer to the DNS solutions than

what we present here.

Now that we know the DManD model can find POs similar to those known to exist
for the DNS, we now use it to search for new POs. First, we searched for POs in three
of the d;, = 18 models by randomly selecting 20 initial conditions and selecting 4 different
periods T" = [20, 40, 60,80]. We then took the initial conditions and periods for converged
periodic orbits and decoded and upsampled them onto a 48 x 49 x 48 grid. We performed
this upsampling because Viswanath [219] reported that solutions on the coarser grid can be
computational artifacts. Finally, we put these new initial conditions into Channelflow and
ran another Newton search for 100 iterations. This procedure resulted in us finding 9 new

RPOs and 3 existing POs, the details of which we include in Table 6.2.

In Fig. 6.13a we show the new RPOs in the DManD model and in Fig. 6.13b we show

what they converged to after putting them into the Channelflow Newton solver as initial
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Figure 6.12: Power input vs. dissipation of known periodic orbits (period reported in the bottom
right) from the DNS and periodic orbits found in the DManD model at dj, = 18. The blue line is
a long trajectory of the DNS for comparison.
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Figure 6.13: (a) Periodic orbits found in DManD models at dj, = 18 that converged to the (b)
periodic orbits found in the DNS. Each of the colors corresponds to one of the new solutions in
Table 6.2. The blue curve at the back is a long trajectory of the DNS for comparison.

guesses. Again, many of the RPOs end up following a similar path through this state space,
with the biggest exceptions being RPO1 and RPOG6, which converged to low-power input
solutions. It is worth noting that this worked well, considering that the DManD initial
conditions are POD coefficients from a model trained using data on a coarser grid than used
to search for these solutions. We have described a new method to rapidly find new ECS,
wherein an accurate low-dimensional model, like the DManD model presented here, is used
to quickly perform a large number of ECS searches in the model, and then these solutions

can be fine-tuned in the full simulation to land on new solutions.

6.4 Summary

In this chapter, we described a data-driven manifold dynamics method (DManD) and applied
it for accurate modeling of MFU PCF with far fewer degrees of freedom (O(10)) than re-
quired for the DNS (O(10°)). The DManD method consists of first finding a low-dimensional
parameterization of the manifold on which data lies and then discovering an ODE to evolve
this low-dimensional state representation forward in time. In both cases, we use NNs to

approximate these functions from data. We find that an extremely low-dimensional param-
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eterization of this manifold can be found using a hybrid autoencoder approach that corrects
upon POD coefficients. Then, we use stabilized neural ODEs to accurately evolve the low-
dimensional state forward in time.

The DManD model captures the self-sustaining process and accurately tracks trajectories
and the temporal autocorrelation over short time horizons. For DManD models with d;, > 10
we found excellent agreement between the model and the DNS in computing the mean-
squared POD coefficient amplitude, the Reynolds stress, and the joint PDF of power input
vs. dissipation. For comparison, we showed that a POD-Galerkin model requires ~ 2000
degrees of freedom to get similar performance in matching the mean-squared POD coefficient
amplitudes. Finally, we used the DManD model at d;, = 18 for PO searches. Using a set
of existing POs, we successfully landed on nearby POs in the model. Finally, we found 9
previously undiscovered RPOs by first finding solutions in the DManD model and then using
those as initial guesses to search in the full DNS.

The results reported here have both fundamental and technological importance. At the
fundamental level, they indicate that the true dimension of the dynamics of a turbulent flow
can be orders of magnitude smaller than the number of degrees of freedom required for a
fully-resolved simulation. Technologically this point is important because it may enable, for
example, highly sophisticated model-based nonlinear control algorithms to be used: Deter-
mining the control strategy from the low-dimensional DManD model rather than a full-scale
DNS, and applying it to the full flow will speed up both learning and implementing a control

policy [243, 244].
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Chapter 7

Model-based control of Couette flow !

In this chapter, we apply the DManD-RL method to turbulent plane Couette flow. The
high dimensionality and complex dynamics of turbulent flows remain an obstacle to the
discovery and implementation of control strategies. Deep reinforcement learning (RL) is a
promising avenue for overcoming these obstacles, but requires a training phase in which the
RL agent iteratively interacts with the flow environment to learn a control policy, which can
be prohibitively expensive when the environment involves slow experiments or large-scale
simulations. We overcome this challenge using a framework we call “DManD-RL” (data-
driven manifold dynamics-RL), which generates a data-driven low-dimensional model of our
system that we use for RL training. With this approach, we seek to minimize drag in a
direct numerical simulation (DNS) of a turbulent minimal flow unit of plane Couette flow at
Re = 400 using two slot jets on one wall. We obtain, from DNS data with O(10°) degrees of
freedom, a 25-dimensional DManD model of the dynamics by combining an autoencoder and
neural ordinary differential equation. Using this model as the environment, we train an RL
control agent, yielding a 440-fold speedup over training on the DNS, with equivalent control
performance. The agent learns a policy that laminarizes 84% of unseen DNS test trajectories

within 900 time units, significantly outperforming classical opposition control (58%), despite

IParts of this chapter have been adapted from the manuscript titled “Turbulence control in plane Couette
flow using low-dimensional neural ODE-based models and deep reinforcement learning” by A. J. Linot, K.
Zeng, and M. D. Graham on arXiv and submitted for review to the Int. Journal of Heat and Fluid Flow.
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the actuation authority being much more restricted. The agent often achieves laminarization
through a counterintuitive strategy that drives the formation of two low-speed streaks, with
a spanwise wavelength that is too small to be self-sustaining. The agent demonstrates the

same performance when we limit observations to wall shear rate.

7.1 Introduction

Energy loss due to turbulent drag is ubiquitous in many industrial and commercial processes,
ranging from air flowing over a plane wing, a ship in the ocean, or oil pumped through a
pipe. In total, turbulent drag accounts for 25% of the energy used in industry and commerce,
resulting in 5% of all man-made CO emissions [104]. Even small reductions in this drag can
yield massive savings in energy, which has long motivated the search for better flow control

strategies.

Many control types for reducing turbulent drag exist, including, but not limited to,
polymer/surfactant drag reduction [75, 217], riblets [194], wall oscillations [170], plasma
actuators [30], and synthetic jets [71]. Due to the complexity of reducing drag, it has been
most common to apply these control methods in an open-loop manner where the control
policy at any given time is independent of the flow state [29]. However, the application
of feedback control on a turbulent system could yield far better performance in controlling
drag.

Unfortunately, the complexity of the problem has typically limited applications of feed-
back control to methods based on heuristics. A well-studied heuristic method is opposition
control [28]. Here the wall-normal velocity at the wall is set to have the opposite sign as
the wall-normal velocity at some detection plane in the channel, a straightforward actuation
in simulations. This method has been applied in simulations [28, 34, 84, 99] and experi-
ments (with some modifications) [25, 174], and extensions exist to use just wall observations

[119, 160]. When heuristics are replaced with methods from optimal control theory, like
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model predictive control (MPC), the drag reduction far outperforms opposition control [10]
while using the same actuation scheme. However, the real-time implementation of MPC on
DNS still remains infeasible because it involves solving the DNS forward over a time horizon
(preferably a long one) and then solving an adjoint backwards in time for every actuation

[10].

A potential approach to overcome the high computational cost of real-time optimization
of a control strategy is deep reinforcement learning (RL) [202]. Deep RL gained significant
traction when it was used to defeat the best professional players in GO [189], DOTA II [155],
and Starcraft II [215], in addition to the best engines in GO, Chess, and Shogi [190]. In deep
RL, a neural network (NN) control agent is trained through iterative interactions with the
environment (i.e. the system to be controlled) to maximize a scalar total reward (i.e. control
objective) that includes present as well as discounted future reward values. Once trained,

the control agent can be deployed in real-time without the need for online optimization.

In recent years, RL has been applied in fluids simulations to reduce the drag experienced
in flow around a cylinder [124, 171, 213|, to optimize jets on an airfoil [229], and to find
efficient swimming strategies [214]. RL has even been applied to experimental flow systems
[54]. Recently multi-agent deep RL has been explored for the control of pressure-driven
turbulent channel flow [79, 196] in a problem formulation similar to opposition control [28].
In these works, an RL policy is trained to map local detection plane observables to a wall-
normal velocity response at the walls to reduce drag. Notably, the same RL policy is locally
implemented at each wall grid point. We differentiate the control problem addressed from
the previously mentioned works in that we limit the control authority to just two spatially
localized jets on a single wall, with a zero-net flux constraint, as opposed to full spatial
control of both walls. We feel that this is much closer to experimental realizability than an
approach with control authority everywhere on the wall. A recent review of the application

of deep RL applied to fluid mechanics problems is presented in Viquerat et al. [216].

In these active flow control problems, deep RL possesses the advantageous property of
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being completely data-driven, allowing it to discover novel and nontrivial control strategies
in complex systems from just data alone without the need to analytically derive or hard-
code system properties into the method. However, the training portion of RL is a major
bottleneck, requiring a tremendous number of interactions with the target environment to
find an approximately optimal policy [47]. Practically speaking, this can correspond to
running an enormous number of high-resolution simulations or flow experiments, both of

which may be prohibitively expensive.

In the present work, we apply RL to control a minimal flow unit (MFU) (the smallest
domain that sustains turbulence) [105] of plane Couette flow at Re = 400 using a pair of
streamwise-aligned slot jets at one wall, with a no-net-flux constraint. Therefore there is
only one degree of freedom for actuation. We select this system because the unactuated flow
isolates the self-sustaining regeneration cycle of wall-bounded turbulence [83, 100]. This case
is well-studied for tasks such as reduced-order modeling [66, 131, 145, 226], finding invariant
solutions [68, 219], and applying opposition control [99]. We refer the reader to Ch. 6 for a

more detailed review of this system.

In order to overcome the high computational cost of RL training in this environment, in
this work we replace the high-resolution simulation with an accurate low-dimensional sur-
rogate model, aiming to dramatically reduce the time required to train the control policy.
We showed in [244] that this data-driven model-based RL approach, which we refer to as
“Data-Driven Manifold Dynamics” RL (DManD-RL), works well for controlling spatiotem-
poral chaotic dynamics in the Kuramoto-Sivashinksy Equation. For further discussion on
the various types of model-based RL, we refer the reader to Zeng et al. [244]. In Sec. 7.2
we introduce the control environment and the DManD-RL framework. Then, in Sec. 7.3 we
describe the data used for training the DManD model, the performance of the model, and
the results of applying RL to the DManD model and to the DNS environment. Finally, we

conclude in Sec. 7.4 with a summary of the key results.
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Figure 7.1: Schematic of the Couette flow domain with two slot jets on one wall.

7.2 Framework

7.2.1 Navier-Stokes equation with slot jets

The environment we consider is a direct numerical simulation (DNS) of the Navier-Stokes
Equations (NSE)
Ou

5 +u-Vu=-Vp+Re 'Vu, V.-u=0. (7.1)

The velocities in the streamwise z € [0, L,|, wall-normal y € [-L,/2, L, /2], and spanwise
z € [0, L] directions are defined as u = [u,, uy, u,|, and the pressure is p. Here we have
nondimensionalized velocity by the speed U of the walls, length by the channel half-height
(h = L,/2), time with h/U and pressure with pU?, where p is the fluid density. The
Reynolds number is Re = Uh/v, where v is the kinematic viscosity. The boundary conditions
for this setup are periodic in x and z (u(0,y,2) = u(L,,y,2),u(x,y,0) = u(z,y,L,)),
no-slip boundary conditions at the walls (u,(x,+L,/2,2) = £1,u,(x,£L,/2,2z) = 0), no
penetration at the top wall (u,(x,L,/2,2) = 0), and finally, the actuation on the bottom
wall (uy(z, —Ly,/2,2) = fo(z,2)), as we now describe.

The actuation on the bottom wall is in the form of two slot jets that are Gaussian in z
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and travel the length of the channel:

fa(,2) = a(t) Vinax (exp (—%) — exp (—M>) : (7.2)

202 202

We set 0 ~ 0.16 so that the jets act “locally”, and the velocity of the jet is dictated by
a(t)Vinax, where a(t) € [—1, 1] is the instantaneous actuation amplitude scaled by a maximum
velocity Vinax = 0.05. For perspective, the root-mean-squared wall-normal velocity at the
channel centerline for turbulent unactuated flow is ~ 0.063. We chose this small velocity
to evaluate how the agent performs with limited control authority. In Fig. 7.1 we show a

schematic illustrating this system.

The complexity of the flow increases as the Reynolds number and the domain size L,
and L, increase. Here we chose the same setup as Hamilton et al. [83], Re = 400 and
Ly, Ly, L,] = [1.757,2,1.2n]. These parameters isolate the “self-sustaining process” (SSP)
that drives wall-bounded turbulence. In the SSP, low-speed streaks that have been lifted
from the wall become wavy, this waviness leads to the breakdown of the streaks, generating
streamwise rolls, and, finally, these rolls lift low-speed fluid off the wall to regenerate streaks,
completing the cycle. By working in this well-studied domain that is dominated by the SSP,
we can better identify the means by which a control strategy can disrupt or suppress this

process.

In this work, the control strategy is to minimize the turbulent drag averaged between

1 (E= b= [ du, Oy
D=— -1+
2 /0 A < ay y=1 ) < 8y

subject to a quadratic penalty on actuation amplitude a. (If the relation between the pressure

both walls

— 1| dzdz, (7.3)
y=-—1

drop and actuation velocity for pumping fluid into/out of the domain is linear, then this
penalty is proportional to the power consumption of the actuation.) Further details are
described in Sec. 7.2.2. We report drag in this fashion because this quantity goes to 0 when

the flow laminarizes.
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We simulate the flow using a Fourier-Chebyshev pseudo-spectral code we implemented in
Python [133], which is based on the Channelflow code developed by Gibson et al. ([67, 70]).
Linear terms are treated implicitly and the nonlinear term explicitly. The specific time inte-
gration schemes we use are the multistage SMRK2 scheme [197] for the first two timesteps af-
ter every actuation, and the multistep Adams-Bashforth Backward-Differentiation 3 scheme
[164] until the next actuation. The multistep scheme is more computationally efficient, but,
because actuations change instantaneously, using previous steps with the incorrect bound-
ary condition would lead to incorrect results. For all trials we evolve solutions forward using
At =0.02 on a grid of [N,, N, N,] = [32,35,32] in z, y, and 2z from random divergence-free
initial conditions that we evolve forward 100 time units so initial conditions are near the

turbulent attractor.

While most of this approach is standard, here we include some details on the simulation
procedure to highlight explicitly how we set the jet actuation boundary condition. At each

time step, the approach involves solving the expression

d2ﬁi+1
—1 kz k= ~i+1 e 7
Re dy2 N )\ukz7kz - vp xRz - kmakz’ (74)

where i is the timestep and * = F, .(-) denotes the Fourier transform in = and z. The
variable A includes the timestep At and the x and z components of the diffusive term and
R encompasses all the remaining explicit terms (for a multistep method this includes ty, .
multiple steps back). We refer the reader to [67] for a more detailed discussion. Upon taking
the divergence of Eq. 7.4, and accounting for incompressibility, we isolate the problem down
to 4 sets of one-dimensional Helmholtz equations (for conciseness we suppress indices k;, k.,

and 7):
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Re T Ny — =P = ~R, fip(£1) = 64, 00k..0 (7.5)
d*i, omik, R

Re ! d; A, — WLZ h=—R, i.(£1) =0 (7.6)
d*a dp .

L Ny — o = — iy(—1) = For (), i1y(1) = .
Re dy2 uy dy Ry uy( ) F,z(f )7 uy( ) 0 (7 7)
d%p 2R\ . o da
2L g (L_ ; L_) p—V-R TEy=0 (7

These equations can be solved for every wavenumber pair k, and k,. The challenge
in solving these equations is due to the coupling in Eq. 7.7 and Eq. 7.8. The pressure
is coupled to the wall-normal velocity because an explicit boundary condition is unknown.
Instead, from incompressibility, we know du,/dy(£1) = 0, which we substitute for the
pressure boundary condition. To solve these coupled equations we use the influence matrix
method and tau correction developed by Kleiser and Schumann [115]. Although we set the
wall-normal boundary condition in Eq. 7.7 by the slot jets in Eq. 7.2, we note that it is

simple to replace this boundary condition with any shape of actuation.

7.2.2 Data-driven framework

The objective in deep RL is to train an agent, commonly a neural network, to approximate
the optimal control policy a = 7*(s), which given a state observation s, outputs the optimal
control action a. The optimal policy seeks to maximize the expected long time discounted
cumulative reward,

7" = argmax E
™

Z VI(THIT)] ) (7.9)

=0

where 0 < v < 1 is the discount factor, 7 is the time between control actions, and r; is the
reward, a scalar-valued control objective function decided by the user evaluated at time t.
As our objective in this work is to minimize the drag of our turbulent Couette system while

simultaneously avoiding the use of superfluous control actions, we define the reward function
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as the following,

re =—(D(t) + clla(t)|*) (7.10)

T

where c is a scalar and (-), is the average from ¢ to ¢t + 7. We note here that our actuation
penalty is proportional to the power required for actuation. In deep RL 7* is learned via
repeated cyclic interactions between the agent and the environment i.e. the target system.
A typical cycle consists of the following: given a state observation of the system at time
t, s, the control agent outputs its estimated best control response a;. This control action
is then applied to the environment. The system is allowed to evolve for 7 time units, and
then the impact of the action is quantified by observing the resulting system state, s;.,, as
well as the reward signal, r;. This iterate of data, [s;,as,7¢,8¢4-], is then stored and used for

updating the control agent for the next time interval.

7.2.3 DManD modeling framework

Applications of deep RL often require repeating this cycle O(10°T) times. Because deep
RL conventionally requires an online realization of the target system during training, the
practicality of training an RL agent for systems that are computationally or experimentally
expensive to realize online, e.g. a DNS of turbulent channel flow, is especially bottlenecked

by the expense of the environment itself [47].

To circumvent this bottleneck, we employ a method denoted “Data-driven Manifold Dy-
namics for RL” [244], or “DManD-RL” for short, with some modification. This framework
consists of two main learning objectives, which can be broken down into five steps, illus-
trated in Fig. 7.2. The first objective is to obtain an efficient and accurate low-dimensional
surrogate model of the underlying dynamics of the turbulent DNS, which we refer to as the
DManD model. This objective is achieved via the first three steps outlined in Fig. 7.2: 1)
collect data tuples of the target system experiencing random control actions, 2) obtain a

low-dimensional representation of the environment’s dynamics, 3) model the dynamics of
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Figure 7.2: Schematic of the DManD-RL framework. After step 3, ~ is omitted for clarity.

the environment and its response to control inputs.

The second objective is to use this DManD model for RL training to quickly and effi-
ciently obtain an effective control agent. This objective is achieved via the remaining two
steps outlined in Fig. 7.2: 4) perform deep RL with the DManD model, and 5) deploy the
control agent to the original environment. In the following sections we discuss the details
for generating the DManD model in Sec. 7.2.3 and the method for training and deploying
the DManD-RL agent in Sec. 7.2.4.

As this framework is completely data-driven, the first step involves collecting sufficient
data to learn an accurate surrogate model. This model must capture the underlying flow
system, the response of the dynamics to control inputs, and the impact the control inputs
have on the objective. Generating this model requires that we have a large dataset that
includes the cycle of data described above ([s;,as,rt,5¢+-]). In RL training actions are chosen

by the policy, however, for training the model we do not necessarily have any policy to
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generate this data. As such, we instead chose to randomly actuate the flow to generate the
original dataset used in training the DManD model. Details on the specifics of the dataset

are included in Sec. 7.3.1.

With this data, the second step of the DManD-RL framework involves finding a low-
dimensional representation of the state. For many dissipative systems, there is either proof
or evidence that the long-time dynamics collapse onto a finite-dimensional invariant manifold

[44, 59, 60, 205, 241]. We can define a mapping to coordinates parameterizing this manifold

he = x(s¢), (7.11)

where h; € R% is the manifold coordinate system and an inverse mapping back to the state

st = X(he). (7.12)

When the data lies on a finite-dimensional invariant manifold then the finite-dimensional
manifold coordinate representation h; contains the same information as the state s;. Thus, if
we know x and y we can simply use h; in place of s; for training the RL agent, which requires
far fewer degrees of freedom. One subtlety that we gloss over here is that a das-dimensional
manifold may require a set of overlapping local representations called charts if one wants
to represent the manifold with d, parameters [57, 61, 120]. However, a manifold with a
topological dimension ds can be embedded in R?¥ [185, 233]. So, in the worst case, as

long as dj, > 2d 4, a single global coordinate representation can be used, as we do here.

In this work, we will approximate y and y using an undercomplete autoencoder. This
consists of two NNs: an encoder (x) that reduces the dimension and a decoder (x) that
expands it. Here we train an autoencoder to find the correction from the linear map given
by the proper orthogonal decomposition (POD) [128, 129]. As such we define the state
observation s to come from projecting the flow field u onto a set of POD modes (i.e. s is the

POD coefficients). Sec. 7.3.1 includes details on our POD implementation.
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For the encoding, we sum the leading d;, POD coefficients with a correction from a NN

that is a function of all the POD coefficients:
he = x(s¢;08) = sta, + E(st;08), (7.13)

where s; 4, is the first d;, components of s; and £ is a NN. For the decoding, we want to
reconstruct all 500 POD coefficients from the dj, values we have from the encoding. These d},
values are approximately the leading POD coefficients so we can again just add these values
to a NN that corrects the leading d;, POD coefficients and reconstructs the remaining POD
coefficients:

5 = X(hs;0p) = [he,0]" + D(hy; 0p). (7.14)

Here, [h;, 0]7 represents h; padded with zeros to the correct size, and D is a NN. The notation
~ indicates that this is an approximation of s;. We refer to this autoencoder structure as
a hybrid autoencoder, in contrast to the standard approach of simply treating x(s;;0g)
and x(h¢;0p) as NNs. We take this approach because it can achieve lower reconstruction
errors [128] than the standard approach and the variables h, and is more interpretable, as a

nonlinear correction to POD.

The NNs £ and D are trained to minimize

K K
1 § 1
L= gz 2ol = Xx(oui0e)i00)IB + 5 DS elEouite) + D (eibo)IB. (719

where Dy, is the first dj, components of the decoder, ¢ is a scalar, and K is the batch size. In
this loss, the first term is the reconstruction mean-squared error (MSE), and the second term
promotes the accurate reconstruction of the leading d, POD coefficients. We include this
second term because it must go to zero if the reconstruction is perfect. This is because the
modification that the NN makes in the encoder must be removed by the NN in the decoder.

In Sec. 7.3.2 we provide details on autoencoder training.
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Now that we have a low-dimensional representation of the state observation, in step three,
we train a model to predict the evolution of A and the reward r;. To predict the evolution of

h (from h; to hyy,) we train a “stabilized” neural ordinary differential equation (ODE) [132]

dh
i g(h,a;0,) + Ah, (7.16)

which can be integrated forward in time to predict
B t+1
ht+7- = ht + / g(h, a; 99) + Ahdt, (717)
t

where ¢ is a NN and A is a matrix that can be learned from data or fixed. We chose to
find an ODE instead of a discrete timestepping method because it allows us to evolve this
equation to arbitrary times that may not align with the sampling rate of our data. This is a
highly desirable trait as it means we can freely vary the time between actions after training

the DManD model, which could not be done if we found a discrete time map from h; to hyy,.

The linear term in Eq. 7.16 is important for stability. Without this term, small errors in
the dynamics can lead to linear growth at long times, which a linear damping term prevents

[129, 131, 132]. In this work, we set the linear term
Ajj = —55ij0z‘(h)7 (7.18)

where f = 0.1, d;; is the Kronecker delta, and o;(h) is the standard deviation of the ith
component of h. This term acts as a damping, preventing trajectories from moving far away
from the training data. In [131] we show in Couette flow without actuation that this term
prevents models from becoming unstable. We note that the addition of this damping term
does not negatively impact the accuracy of the vector field in the region of state space where
there is data, because the damping term is present when we train the NN. This allows the

NN to compensate for the damping term in the region where the data lies. We train the NN
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g to minimize

K
1 -
J = K ;:1 LT 3 (7.19)

We describe in more detail how the gradient of this loss is computed in [131].

The final piece of the algorithm is computing the reward. We could to this directly by
mapping h back to u and computing the corresponding drag. However, this is undesirable
because it is computationally expensive, and, in general, it may not be possible to directly
compute the reward from the state. To overcome this difficulty, we use a NN to compute an
estimate D of the drag from h:

D =R(h; 0z), (7.20)

which we train to minimize Jp = 1/K Y1 ||Dy, — Dy,||3. Then, we compute the reward

7+ = R(ht, ar; 0r) by inserting D into Eq. 7.10.

7.2.4 Reinforcement learning using DManD

With our DManD model of the underlying dynamics, we can now proceed to step four
and efficiently obtain a control policy by training an RL agent to interact with the low-
dimensional DManD model rather than the expensive DNS. Rather than learning a; =

7(s¢;04), our goal shifts to learning
ar = ’ﬂ'(ht; 9,4), (721)

where 0 4 are the network parameters of the RL agent. In this work, we employ the Soft Actor-
Critic (SAC) RL algorithm [82] but we emphasize that the DManD-RL framework works
with any general RL algorithm. SAC was chosen in this application because it possesses
several advantageous characteristics including the ability to output control signals from a
continuous range, an off-policy formulation that allows the “reuse” of previously generated

data, and twin critic networks to aid the brittleness commonly associated with many off-
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policy deep RL algorithms. Distinctively, SAC has a stochastic actor with an additional
entropy-maximizing formulation. This formulation modifies the typical RL objective of Eq.

7.9 to the following

7" = argmax K ZVZ (revir + aH(m(:[50))) | 5 (7.22)
1=0

where the entropy of the policy, H, is defined as
H(m(|se)) = —log(m(:[st)). (7.23)

Here « is the trade-off coefficient, which is set to 1.0. This entropy-regularized objective
promotes wider state-action exploration and the ability to invest in multiple modes of near-
optimal strategies in addition to maximizing the cumulative reward. In this work, the agent
is trained stochastically but deployed deterministically during testing. Our implementation
of SAC utilizes NNs to approximate the policy function (i.e. agent) , the two critic func-
tions, @)1 and ()2, and the value function V. For more details regarding the derivation and

implementation of SAC, we refer the reader to Haarnoja et al. [82].

With a trained DManD-RL agent, we can proceed to the fifth and final step and deploy
the control agent to the original turbulent channel DNS for application. As the RL agent
learned its control strategy by observing the low dimensional manifold coordinate system,
we must map the high-dimensional state observations made in the DNS to the proper input

by using the previously obtained encoder function, Y,

a; = 7m(x(s¢)). (7.24)

The trained agent can now be deployed in a closed-loop control fashion.
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7.3 Results

7.3.1 Description of data

The first step in DManD-RL is to generate a data set for training models. Our data set
consists of 500 different initial conditions, which we evolved forward 300 time units with a
random actuation chosen every 5 time units. We sample the random actuations uniformly
between —1 and 1. Every 1 time unit we record the velocity field u and the action a, yielding
1.5 - 10° snapshots of data. We use 80% of this data to train the models, and the remaining

20% to test performance on the data never previously seen by the model.

Due to the high-dimensional nature of the data, learning a manifold coordinate system
using the velocity field on the grid as the state is challenging. As such, we first preprocess
the data using the proper orthogonal decomposition (POD) to reduce the dimension from
O(10°) to 500 and treat these 500 POD coefficients as the state observation s. In the POD,
we find modes ®, which we project onto to maximize

(I(w, @)[*)

: (7.25)
ik

which uses the fluctuating velocity u’ = u — (u) ((-) denotes the average). As shown in

(92, 193], these modes can be found by solving the following eigenvalue problem:
3 Le p1 pL.
> / / / (uf(x, 1)1y (X, 1)) @Y (%) dx’ = A (x), (7.26)
= Jo J-1Jo

where ~ is the complex conjugate. Naive implementation of POD requires solving a com-
putationally expensive d x d eigenvalue problem after approximating these integrals. This

formulation also fails to respect the streamwise translation invariance of our system.

We account for this translational invariance, and make the problem tractable, by exploit-

ing the fact that in translation invariant directions POD eigenfunctions take the form of
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Figure 7.3: (a) Eigenvalues from the POD. (b) and (c) Snapshots of the centerline streamwise
velocity (ug(y = 0)) from the DNS at representative low-drag (left) and high-drag (right) instants.
(d) and (e) POD reconstruction with 500 modes of the DNS results in (b) and (c). (f) and (g)
Autoencoder reconstruction of (d) and (e). Solid contour lines are positive and dotted contour lines
are negative.

Fourier modes [92]. Note that the fixed position of the slot jets breaks translation invariance

in z. This turns the eigenvalue problem in Eq. 7.26 into
3 1 L. B
L, Z/ / <€L;(kx,y’, z’,t)ﬁ;(kx,y',z',t» ngZi (v, 2 ) dy'dz' = A,gz)@EZi (y,2). (7.27)
/10

This is a 3N, N, x 3N, N, eigenvalue problem for every wavenumber k,. We speed up the

computation of this eigenvalue problem by evenly sampling 5, 000 snapshots of training data.

Solving the eigenvalue problem in Eq. 7.27 results in eigenvectors

<I>§€z) (x) = exp <27rz x) cp,(cz) (y, 2), (7.28)

1
V LZL‘ L.T
and eigenvalues )\,(c:). We then project u onto the leading 305 modes, sorted according to the
magnitude of A, giving us the state observation s. This results in a 500-dimensional state

because a majority of the modes are complex. Figure 7.3a shows the sorted eigenvalues. The

eigenvalues drop off quickly resulting in the first 305 modes containing 99.8% of the energy.
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7.3.2 Manifold coordinate system

Now that we reduced the dimension of the state observation s, we train an autoencoder as
described in Sec. 7.2.3 to find h. In Linot and Graham [131] we varied d}, for the unactuated
Couette flow system and found the DManD models to be highly accurate with fewer than 20
degrees of freedom. In the present system, additional degrees of freedom will be excited by
the actuations, so we increased dj, slightly, to d;, = 25. For training, we first normalized s by
subtracting the mean and dividing by the maximum standard deviation. We then trained
four autoencoders until the training error stopped improving. We selected the autoencoder
based on which yielded the best forecasting performance when coupled to a neural ODE
described in the following section. The selected autoencoder had a test MSE of 1.45 - 1074,
The architecture and parameters of the autoencoders are reported in Table 7.1.

In Figs. 7.3b-7.3g we compare the centerplane streamwise velocity of two flowfields —
one in a bursting state (high-drag) and the other in a hibernating (low-drag) state — to
their reconstruction with 305 POD modes and their reconstruction from the autoencoder
with d, = 25. When reconstructing the simpler hibernating state the reconstruction from
POD and the autoencoder match almost exactly. In the case of the bursting snapshot, both
the POD and the autoencoder still match the full high-dimensional state well, accurately
capturing the magnitude and location of the streamwise velocity. In the case of POD, some
error is introduced as it distorts the details in the DNS, and then the autoencoder further
smooths some of these details. However, considering that we reduced the dimension of the
problem from O(10°) to 25, the reconstruction is excellent. Now that we can represent the
state s in the manifold coordinate system as h, the next step is learning a time evolution

model to control.

7.3.3 DManD performance

We now describe the neural ODE training and performance of the resulting model. Be-

fore training, we normalize h by subtracting the mean and dividing each component by its
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Table 7.1: Architectures of NNs. “Shape” indicates the dimension of each layer, “Activation” the
corresponding activation functions, and “sig” is the sigmoid activation.“Learning Rate” gives the
learning rate for the Adam optimizer [113]. When multiple learning rates are noted, the value was
changed from one value to the next at even intervals during training.

Function Shape Activation Learning Rate
& 500/1000/dp, sig/lin [1073,107]

D d/1000/500 sig/lin [1073,107]

g dy/200/200/200/200/dy, sig/sig/sig/sig/lin [1072,1073,107*]
R d,/100/100/1 sig/sig/lin [1073]

@) 1024/100/100/d}, sig/sig/lin [1073]

T dp/256/128/128/2/1 ReLU/ReLU/ReLU/lin/Tanh (31071

@1 dy/256/128/128 /1 ReLU/ReLU/ReLU/lin (31073

Q2 dy/256/128/128 /1 ReLU/ReLU/ReLU/lin (31073

Vv dy/256/128/128 /1 ReLU/ReLU/ReLU/lin (31073

standard deviation. In Table 7.1 we show the architecture for the neural ODEs used in
this section. We trained four neural ODE models for each of the four autoencoders. Then
we selected the autoencoder and neural ODE pair that best reconstructed the statistics we
report below. Again, we trained the neural ODEs until we no longer saw an improvement

in performance.

The first statistics we investigate validate the ability of the model to track the true dy-
namics over short times. In Fig. 7.4 we show an example of a randomly actuated trajectory
from the DNS and reconstructed with the DManD model. In the first two snapshots, the
trajectories are in quantitative agreement, after which the trajectories still appear qualita-
tively quite similar. Both the DNS and the DManD model exhibit the streak breakdown and
regeneration cycle over this series of snapshots. At ¢t = 0 rolls are forming, at ¢ = 35 these
rolls lift low-speed fluid off the wall forming streaks, at ¢ = 70 the streaks become wavy,

and, finally, at t = 105 the streaks have broken down.

Next, we consider model performance when averaged over many trajectories. In all of
these cases we show both the error from time evolving with the DManD model, and the error
incurred due to the autoencoder. We compute the error due to the autoencoder by inputting

the true DNS solution through the autoencoder and computing the relevant statistic. Figure
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(3,

Figure 7.4: Comparison of snapshots from a randomly actuated trajectory from the DNS (top)
with the DManD reconstruction (bottom). Times are given at the top right of each image.

7.5a is a plot of the normalized ensemble-averaged tracking error as a function of time. We
compute this error by finding the difference between s(¢) and 5(¢) from the DManD model for
100 initial conditions. Then, we normalize this error by computing the difference between two
states on the attractor at random times ¢; and t; N = (||s;, — s¢,]|). With this normalization,
the long-time dynamics of two slightly perturbed initial conditions with different random
actuation sequences should approach unity. The error at ¢t = 0 represents the discrepancy
between the full state and its reconstruction when passed through the autoencoder. The
ensembled-averaged tracking error rises steadily at one slope for the first 50 time units and
then at a lower slope after that. Once the curve levels off, the true and model trajectories have
become uncorrelated. Based on these results, the model tracks well for ~ 50 time units. For
reference, the Lyapunov time (inverse of the Lyapunov exponent) for the unactuated system
is 77, = 48 time units [100].

In addition to the tracking error, we also check the ability of the DManD model to capture
the temporal autocorrelation of the kinetic energy. To compute this autocorrelation we take

the instantaneous kinetic energy of the flow

1 L. 1 L, 1
E(t) = LI /o /_1/0 Fu-u dx, (7.29)
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Figure 7.5: (a) Ensemble averaged tracking error and (b) temporal autocorrelation of kinetic
energy for the DNS, the DManD model, and the autoencoder. “Auto” represents putting the DNS
trajectories through the autoencoder without any time prediction: i.e. this represents the error of
just reducing, then expanding the dimension.

and subtract the mean to yield k(t) = E(t) — (E). Figure 7.5b shows this temporal au-
tocorrelation computed from the DNS, the DManD model, and the autoencoder. We see
the temporal autocorrelation of the model matches the true temporal autocorrelation closely
over the first ~ 30 time units.

Due to the chaotic nature of this system, short-time tracking is limited by the Lyapunov
time. Nevertheless, a good model should still be able to capture the long-time statistics of
the original system. In Fig. 7.6 we show the four components of the Reynolds stress for the
DNS, the DManD model, and the autoencoder. We computed these statistics by averaging
over the entire testing dataset (100 trajectories 300 time units in length). For all these
quantities, the DManD model is in excellent agreement with the DNS. In the cases of <u§>
and (u?), surprisingly, the autoencoder appears to perform worse than the DManD model at
matching the DNS. With perfect prediction of the DManD model, it would exactly match
the autoencoder. This slight disagreement indicates that some of the states in the manifold
coordinates (h) are driven somewhat outside the expected range of values.

All of the statistics shown so far indicate that the DManD model accurately captures
the dynamics of the randomly actuated DNS with only d;, = 25 degrees of freedom. The

last step before using this model in the RL framework is training the reward network as



178

x10~% %108

x10—3 x10—3

—— DNS
=== DManD

1.0

Figure 7.6: Four components of the Reynolds stress for the DNS, the DManD model, and the
autoencoder.

described in Sec. 7.2.3. We trained a NN with the architecture in Table 7.1. In Fig. 7.7a
we show a PDF of the parity plot between the true and predicted drag on test data, and
report the MSE on the normalized data. The excellent agreement indicates we can compute

accurate values of the reward directly from h.

Finally, although we computed the manifold coordinate system directly from the state,
a natural extension of this work is to use a more limited set of observations. As a first step
in this direction, we trained a NN O(+) to map 32 x 32 wall shear rate observations at the

bottom wall to the manifold coordinate system:
h = O(dyt]y——1;00). (7.30)

The details of this NN are included in Table 7.1. This mapping allows us to test if it is
possible to directly use wall observables that are experimentally realizable with our control

policy. In Fig. 7.7b we show the parity plot of reconstructing h from wall observables and
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Figure 7.7: (a) Joint PDF of the true (D) and predicted drag (D) from the reward network,
Eq. 7.20. (b) Joint PDF of the true (k) and predicted (h) low-dimensional state from the observation
network, Eq. 7.30. Note the logarithmic scales. The cyan line indicates perfect reconstruction, and
the MSE is for D and h with the mean subtracted and divided by the standard deviation.

report the MSE for normalized data. While the parity plot is not as sharply peaked as we

might like, note that it is shown on a logarithmic scale.

7.3.4 DManD-RL performance

Now with an efficient and low-dimensional model of the underlying dynamics of the turbulent
flow in hand, we can quickly obtain a control agent by performing deep RL on the DManD
model rather than the original costly DNS. In this work, we employ the Soft Actor-Critic
(SAC) RL algorithm [82], which requires training a policy function (i.e. agent) 7, two critic
functions, ;1 and @2, and a value function V. The RL networks are trained for 10,000
episodes, with each episode consisting of DManD model trajectories of 300 time units. The
initial condition for each episode is selected at random from on-attractor turbulent states.
Here we choose the action time to be 7 = 5.0 and v = 0.99. Accordingly, the discount factor
over one Lyapunov time 77, & 48 of the unactuated system is v™/7 & 0.9.

Once trained, we apply the DManD-RL agent to the original turbulent DNS, with which
it has never directly seen or interacted. To deploy the agent for control, we insert the already-

trained encoder, x, between the agent and the environment to map state observations of the
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turbulent DNS to the manifold representation, h, as this is the observation space where the

DManD-RL agent was trained.

Shown in Fig. 7.8 are times series, of length 900, of the drag in various cases from DNS

trials using 25 different unseen initial conditions. Here we define the % drag reduction,

Dy—D
Dy

DR = - 100%, (7.31)

where Dy, and D is the time averaged drag experienced for the 25 test trajectories over 900
time units under no control and control, respectively. In Fig. 7.8a we plot the drag of the
25 test trajectories in the absence of control and highlight that the system predominately
remains turbulent, with a few laminarizations. In Fig. 7.8b we show that utilizing a random
jet actuation policy does not reduce drag and even results in increased drag DR = —4%
across the 25 trajectories over the 900 time unit window. In Fig. 7.8c we show that our
DManD-RL agent is able to significantly reduce the drag of the turbulent DNS and laminarize
21/25 turbulent initial conditions, yielding DR = 48%. In comparison, we show in Fig.
7.8d that the conventionally trained RL agent, which was trained directly on the turbulent
DNS, results laminarization of 23/25 test trajectories with DR = 56%, similar to that of
the DManD-RL method. We highlight here, however, that the DManD-RL control agent
was obtained at a small fraction of the computational cost compared to its conventional
counterpart. For reference, the DManD-RL agent required ~ 3.7s per training episode,
while a conventional application of deep RL required ~ 1630s per episode, on a 2.40GHz

Intel Xeon CPU E5-2640 v4. This corresponds to a 440 times speedup in training time.

Finally, we now limit the state observation of the DManD-RL agent to information ob-
servable at the wall i.e. wall shear rate, by pairing the DManD-RL agent trained for Fig.
7.8c with the observation network (O(dyuy|y=—1;60)). We demonstrate in Fig. 7.8e that the
agent with only access to wall observations, a; = m(O(9yuy|y=—1;60);64), performs just as

well as its counterparts, with 20/25 test trajectories laminarizing and DR = 50% over the



181

=== Mean no control

=== Mean no control = Nean control

=== Mean no control = Mean control

=== Mean no control = Mean control

e) 60 DManD-RL Observation === Mean no control = Mean control

Noo

" aifh U A,
VY ‘#AJ -"“w \k:,::k\\‘,"{h "l;?!‘ .;\‘\2‘
A \\“i&v,’n U

0 100 200 300 400 500 600 700 800 900

Figure 7.8: Trajectories beginning from test initial conditions with (a) no control, (b) random
actuations, (¢) DManD-RL control, (d) DNS-based RL control, and (¢) DManD-RL control using
wall observations. Each figure shows 25 test trajectories.
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900 time unit window. Here we note that DR is influenced by how many and how quickly
test trajectories laminarize, as well as how turbulent transient trajectories are attenuated by

the various controllers and we emphasize that all of the RL controllers perform similarly.

Interpretation of the mechanism of drag reduction

Given the observed effectiveness of the control policy discovered by the RL algorithm, it
is desirable to understand how the controller is modifying the flow. In this section, we
describe two sets of observations that may shed some light on this issue. The first focuses
on the control action in the time preceding a laminarization event. Shown in Fig. 7.9a is
a time series depicting the drag and left actuator control signal of a DNS controlled by
the DManD-RL agent. Fig. 7.9b shows the wall actuation and an isosurface of streamwise
velocity illustrating the streamwise streak structure at ¢ = 149, indicated by the first red dot
on the drag time series in fig:Mechanism1-a. Here the left slot jet is sucking, and the right
blowing, drawing the fluid (and low-speed streak indicated by the isosurface) to the left. At
t = 179 (second red dot and Fig. 7.9¢c), the streak is now located over the left jet. Once
the streak is above the left jet, the agent executes a series of actions that destabilize the
low-speed streak, causing it to break down, shown in Fig. 7.9d. In the wake of the collapse,
the agent initiates a strong actuation that leads to the formation of two low-speed streaks,
shown in Fig. 7.9e. This double low-speed streak structure then proceeds to decay to the
laminar state, with the agent applying weak, attenuating control actions to expedite the
process.

A DNS initialized with this double-streak structure flow field in the absence of control
results in the natural laminarization of the flow. In wall-bounded turbulence, streaks take
on a characteristic spacing of 100 wall units [192], which is approximately the width of the
MEFU cell [83, 105]. The two-streak state has a spanwise length scale that is too small and
thus too dissipative to self-sustain, leading to breakdown in the SSP and laminarization of

the flow. In approximately half of the trials that laminarized, this double-streak structure
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Figure 7.9: (a) Time series of drag (red) and actuation signal of the left jet (black) for an example
DNS trajectory controlled by the DManD-RL agent. (b)-(e) snapshots of the trajectory at times
marked in (a). These snapshots include an isosurface of u, = —0.35 and the jet actutations (red is
fluid injection, blue is fluid suction).
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appeared before laminarization.

This is a very interesting and counterintuitive strategy, particularly because it is intrin-
sically nonlinear. At any given instant, the two-jet system can only drive a wall-normal flow
with the same fundamental wavelength as the domain. But here the RL agent implements a
time-dependent policy that ends up generating a flow structure with, roughly speaking, half
the wavelength of the domain. I.e. it has figured out a way to drive structure to a smaller

scale, where viscosity can take over and drive the flow to laminar.

The second set of observations we highlight addresses the relationship between the RL
control policy and a flow control strategy, widely-studied with simulations, that we mentioned
in Sec. 7.1 — opposition control. In opposition control, the entire wall-normal velocity field at
both walls is set to have the opposite sign as the wall-normal velocity at an z — z “detection
plane” located at some y near the wall. We highlight that this method possesses much
greater control authority than in the present work, as it has full spatial control at both walls
whereas here we only actuate two spatially localized slot jets on a single wall. Furthermore,
our controller holds a constant actuation for multiple time units, whereas opposition control

updates on the time scale of a time step.

With these differences in mind, we investigate trajectories controlled by the DManD-RL
policy in the context of potential similarities to opposition control. To make this comparison,
we first must characterize the wall-normal velocity at the detection plane, but because the
jets span the length of the channel this velocity varies. We take a characteristic detection-
plane velocity to be the wall-normal velocity averaged over a jet weighted by the shape of

the jet, denoted (uy) ;.

In Fig. 7.10 we plot a PDF of the maximum jet velocity v; and the wall-normal velocity
(uy) ; (for both jets separately) at a detection plane of y* ~ 10 (Fig. 7.10a) and y* = 33 (Fig.
7.10b). We remove laminarization events from this dataset by omitting states with a drag
less than 10 because we are interested in the control behavior while the flow is still turbulent.

In these plots, we denote opposition control with a unit gain (v; = — (u,) ;) with the cyan
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Figure 7.10: Joint PDF of max jet velocity and average wall-normal velocity at (a) y* ~ 10 and
(b) y* = 33 (the cyan dotted line is vy = — (uy) ;).

line. If the agent performs opposition control, the joint PDF should show a tight distribution
with a negative slope. At the detection plane y* ~ 10 that has been reported to be optimal
for opposition control, [28] the RL agent behaves like an anti-opposition controller because
there is a positive slope in the PDF. However, at a higher detection plane of y* = 33,
the control agent has a high probability of actuating with sign opposite to (u,),, as in
opposition control. We highlight that the PDF is quite broad, which indicates although the

control is opposition-like, the control response is much more complex and diverse than that

of opposition control.

Furthermore, we can directly compare our results to Ibrahim et al. [99], who applied
standard opposition control to this same Couette domain. In their work, the authors selected
a detection plane of y™ = 10 and varied the wall-normal velocity scale ¢ = [0.1,0.2,0.5, 1].
For these parameters, the authors found that the probability of the flow remaining turbulent
after 900 time units of control, the length of our test trajectories shown in Fig. 7.8, to be
approximately [0.77,0.72,0.69,0.42]. For comparison, with 21/25 trajectories laminarizing,
our DManD-RL agent’s probability of turbulence is 0.16. This improvement is extremely
promising for the future use of RL in controlling turbulent flows, especially as the DManD-RL
agent had major and realistic restrictions placed on its control authority when compared to

opposition control. We also note that this improvement in control further supports the claim
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that the agent learned a much more complex and diverse control strategy than opposition

control.

7.4 Summary

In this chapter, we efficiently obtained a control strategy from a limited data set to reduce
the drag in a turbulent Couette flow DNS via the control of two streamwise slot jets using
the DManD-RL framework. Using a combination of POD and autoencoders, we extracted
a low-dimensional manifold representation of the data, whose dynamics we modeled using
a neural ODE. We show that our 25-dimensional DManD model qualitatively captures the
turbulent self-sustaining process and has good short-time predictive capabilities, matching
the kinetic energy temporal autocorrelation for 30 time units. Furthermore, our DManD
model excellently captures long-time statistics such as Reynolds stress. In order for this
DManD model to be viable for RL, we added an additional reward network to predict the
system drag, D, given the low-dimensional manifold state, h.

We then obtained a control strategy from our DManD model using deep RL, which suc-
cessfully transferred to and controlled the original DNS. The DManD-RL trained 440 times
faster than a direct application of deep RL to the DNS. We additionally emphasize here that
the data generation and DManD model training in this framework is a fixed one-time cost
that is greatly exceeded by the cost of conventional DNS-based RL training. For reference,
we found the DNS-based RL training required over a month of training to accomplish 1,000
training episodes, while all steps of the DManD-RL framework (data generation, dynamics
model training, 10,000 episodes of RL training) were accomplished within two days.

We find that our DManD-RL agent can consistently drive unseen turbulent initial condi-
tions in the original DNS to the laminar state, despite never having any direct observations
or interactions with the DNS. We also demonstrate that there exists a mapping between wall

observables and the manifold state, which allowed us to apply the DManD-RL agent with
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equal effectiveness using only wall shear rate observations.

When investigating the mechanistic nature of the learned control strategy, we observed
multiple control strategies executed by the DManD-RL agent. One novel strategy the agent
appears to employ consists of manipulating the low-speed streak to a preferred location,
causing the breakdown of the streak, and in the wake of the break-down forming two low-
speed streaks in its place. These two low-speed streaks are unsustainable within the domain,
breaking the SSP and resulting in laminarization.

When comparing the ensemble behavior of our control agent to opposition control, we
find that the controller behaves anti-oppositionally at the commonly-used detection plane
location of y* = 10. At a detection plane of y* = 33, we find that the ensemble behavior
is opposition-like, however, the broadness of the control action distribution, as well as the
observation of the two-streak structure, leads us to conclude that the learned controller
behavior is much more complex and diverse than a simple opposition feedback rule. We also
compare our DManD-RL agent’s control performance to that of opposition control and we
find that our control agent out-performs opposition control by a notable margin (16% vs.
42% probability of remaining turbulent after 900 time units of control) despite our control
set-up and agent possessing much greater restrictions on it spatial and temporal control
authority (fixed time intervals of control and localized jets on only the lower wall) compared

to opposition control.
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Chapter 8

Conclusions

8.1 General summary

In this thesis, we outlined an approach to parameterizing and evolving chaotic dynamics
that lie on manifolds. We used this method for predicting and controlling the dynamics
of the Kuramoto-Sivashinksy equation and turbulent plane Couette flow. The first half of
this thesis involved developing this method and applying it to the KSE. In Ch. 2 we used
a hybrid autoencoder that built upon PCA to approximate an 8-dimensional coordinate
system for the chaotic dynamics of the L = 22 KSE. Then, we showed how to construct an
ODE to evolve this system forward in time in Ch. 3. This approach used sparsely spaced
training data and allowed us to evolve trajectories to arbitrary points in time. We modified
this low-dimensional model to account for control actuation in Ch. 4. Using RL we found a
control strategy for the model that, when deployed on the true system, pushes states to a
low dissipation unstable fixed point.

The second half of the thesis involved extending these methods to the high-dimensional
case of turbulent Couette flow. In Ch. 5, we discovered a method for making the neural
ODEs used for time evolution stable — a challenge when evolving high-dimensional systems
with neural ODEs. With this modeling improvement, we applied our method to turbulent

Couettte flow in Ch. 6. With fewer than 20 degrees of freedom, we built accurate models
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of Couette flow and used this to find unstable relative periodic orbits. Finally, we added
control to this system via two slot jets applied to one wall in Ch. 7. We trained RL agents on
a 25-dimensional model of this controlled Couette flow. When we implemented this control
policy on the DNS the agent performed a complex control strategy that rapidly laminarized
the flow at a higher rate than opposition control with far less control authority. The results
presented in this thesis lay the groundwork for the application of extremely low-dimensional
data-driven models for forecasting and control of chaotic dynamical systems.

In the following sections, we outline future directions for this research first in modeling
and then in model-based control. The main challenges left to be addressed for modeling
include: handling spatially extended systems, accounting for discrete symmetries, and in-
corporating the equations of motion. In regards to model-based control, some challenges
we discuss include controlling higher Reynolds number turbulence, using different control

strategies, and controlling with different types of actuation.

8.2 Future directions for modeling

8.2.1 Distributed models

Up to this point all of the DManD models we considered involved finding a low-dimensional
representation of the full state u over the entire domain. In the case of the KSE, in Ch. 2 and
Ch. 3, this resulted in a manifold parameterized by d, = 8,18, 28 dimensions for domain
sizes of L = 22,44,66. As the domain became larger the dimension estimate was more
challenging and the model performance started decreasing. To overcome this issue for large
domains perhaps we can consider “chunks” of the domain as separate dynamical systems
that are equivalent and communicate with one another. This idea was motivated by related
approaches that used reservoir computing methods locally [2, 162]. In Fig. 8.1 we show an
example snapshot of the KSE for L = 220 with dotted lines indicating different chunks.

We refer to this method as a distributed model because each chunk share information with
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Figure 8.1: A snapshot of the KSE for domain size L = 220. The red dotted lines separate the
domain for each of the 10 chunks.

neighboring chunks.

First, we define K “chunks” of data u® = wu(x;) for k = 0,..., K — 1 where z, €
[kL/K,(k +1)L/K]. This means if u € R? then u*) € R¥X. Now, instead of discovering
a manifold coordinate representation for u we can find a low-dimensional representation for

each chunk

h® = x(u®), (8.1)

where h¥) € R%  and a mapping back to the chunk

u®) = x(h™). (8.2)

Then, the time evolution of each chunk depends on the other chunks according to

dhF)
dt

= g(h©, ... hED), (8.3)

However, if we assume only neighboring chunks affect each other we can rewrite this as

k
D 10, 0, 10+ 8.4

where A=Y = A) and %) = R0 to account for periodic boundary conditions. Using these

equations, we can simply approximate the functions x, x, and g, and run the evolution of
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cach of the A®) in parallel.

For a system that is spatially homogeneous, like the KSE, it seems reasonable for the
chunks to share the same function, however, it is simple to extend this idea to different
functions y®), y®, ¢®) for each chunk. Also, by treating each chunk as the same function
we effectively multiply the training data by K. Furthermore, to avoid sharp changes at the
boundaries of the domains, we can overlap the chunks by some amount o by expanding the
region of each chunk (i.e. x;, € [kL/K —o,(k + 1)L/K + o]). This simply increases the size
of u® and requires that the overlapping areas are appropriately averaged to convert back

to u.

To investigate the viability of this method, we test this approach on the KSE at L = 220
on a grid of dimension d = 500. For this system, we separate the data into K = 10 chunks
with 3.2-10* snapshots of training data separated every 0.25 time units and used an overlap
of 1 grid point. Then we train a single standard autoencoder shared among all of the chunks
to reduce the dimension to dj, = 12. It is unclear how the boundary conditions and overlap
affect the required number of dimensions, so we erred on the side of caution with this selection
of dimension. This autoencoder outputs @*) = ¥ (x(u®;0z);0p), the parameters of which

we trained to minimize the loss

1 - k ~ k)2
L= e 303 llu(t)™® = )3 (55

i=1 k=1

The details of the autoencoder architecture are given in Table 8.1.

After training the autoencoder, we next train stabilized neural ODEs of the form

dh®)

= gan (RED p®) kD 9y o (8.6)

with a = 0.1. We integrate this equation forward in time for all chunks at once resulting in
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Table 8.1: Architectures of NNs used in the distributed DManD model. “Shape” indicates the
dimension of each layer, “Activation” the corresponding activation functions, and “sig” is the
sigmoid activation.“Learning Rate” gives the learning rate for the Adam optimizer [113]. When
multiple learning rates are noted, the value was changed from one value to the next at even
intervals during training.

Function Shape Activation Learning Rate
X 52/500/dy, sig/lin [1073,1071]

X dp,/500/52 sig/lin [1073,107]
NN 3d;,/200/200/200/d;,  sig/sig/sig/lin  [1072,1073,107]

the prediction
B ti+71
A9t +7) = M9 () + / gan (RED B D9y (8.7)
t;
for all 10 chunks. Then we train the stabilized neural ODE to minimize

N K
1 N
- . *) _ h(t: (*)]|2
J = 57 2 St 4 7)® = bt + )P, (8.8)

i=1 k=1

We present the architecture of gy in Table 8.1.

In Fig. 8.2 we show the predictive capabilities of this distributed DManD model. The
trajectories match for ~ 30 time units before diverging. After diverging, the qualitative
dynamics of the model continue to agree with the behavior of the underlying KSE. Figure
8.3 shows the joint PDF of u, vs u,, for the true system and the distributed DManD model.
Here we see that the distributed model does an excellent job of capturing the long-time
dynamics.

These results are extremely promising for the extension of DManD models to much larger
systems. By modeling chunks of a large, distributed system, instead of the full state, we
greatly ease training by learning a parallel set of low-dimensional models and by effectively
increasing the dataset size by the number of chunks. We are currently extending this work
to Kolmogorov flow systems. Then, we intend to model the Couette flow simulations with a

larger domain size in the x and z directions. Turbulent flows are known to be multiscaled,
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Figure 8.2: (a) and (b) are trajectories of the KSE at L = 220 for the true data and the distributed
DManD model. (c) is the error between these trajectories.

so we may need to add a hierarchical structure to this distributed DManD approach. This
could be implemented by using overlapping chunks of multiple lengthscales and reworking

the way these chunks communicate through the ODE.

8.2.2 Symmetry charting'

Throughout many of the chapters, we accounted for the continuous symmetries of the un-
derlying dynamical systems by decoupling the pattern and phase dynamics using the first
Fourier mode method-of-slices [19]. As long as the magnitude of the first Fourier mode never
went to 0 this method results in a smooth evolution of both the pattern and phase, with the
phase only depending upon the pattern. Unfortunately, accounting for discrete symmetries
is much harder because the indicator of a discrete symmetry evolves discontinuously through
time.

To illustrate this point, and investigate how to account for these discrete symmetries, we

!The work in this section was performed in collaboration with Carlos E. Pérez De Jests.
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Figure 8.3: Joint PDFs of u, vs ug, for (a) the true data and (b) the distributed DManD model.

consider trajectories of the Kolmogorov flow system. We chose to use this system because it is
more complicated and has more discrete symmetries than the KSE. Kolmogorov flow is a 2D
flow with a sinusoidal forcing. This forcing is input into the nondimensional Navier-Stokes

equation resulting in

%—? +u-Vu=—-Vp+Re 'Vu +sin(ny)z, V- u=0. (8.9)

For Kolmogorov flow there are two velocity components u = [u, v], on a periodic domain
in x € [0,27/a] and y € [0, 27|, with integer wavenumber forcing n, and x is the unit vector
in the 2 direction. In this case, the Reynolds number is Re = v X L}/? /(v(27)%/?), where X
is the dimensional forcing amplitude, L, is the domain size, and v is the kinematic viscosity.
In Pérez De Jests and Graham [163], low-dimensional models, like the ones studied in this
thesis, were generated for Kolmogorov flow with an aspect ratio @ = 1 and with a forcing
n = 2 at Re = 14.4, which is the smallest Reynolds number that exhibits chaotic dynamics.

In this section, we run simulations in this same parameter regime as Pérez De Jesus and

Graham [163] using the method described in Chandler and Kerswell [23].

Discrete and continuous symmetries appear when the equations of motion are invariant

to certain operations. The equations and boundary conditions describing Kolmogorov flow
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are invariant to three symmetry operations — a shift(in y)-reflect(in x), a rotation through

7, and a continuous translation (in x) [23]:

S u, v, w)(z,y) = [—u, v, —w] (—m,y-l— %) (8.10)
R |u,v,w](z,y) = [—u, —v,w|(—z, —y) (8.11)
T u,v,wl(z,y) = [u,v,w](x+1y) for0<I< %T. (8.12)

Based on these equations, we can identify indicator functions for the discrete symmetries
using the vorticity w = V x u, and we can define a phase for the continuous symmetry using
the method-of slices. In order to find these indicators first we consider the effect of these
symmetry operations in Fourier space. After Fourier transforming the above equations and

simplifying these are the actions of the symmetry operations in Fourier space:

I Ok, k) = —@(—ky, k) e/ (8.13)
K (kyy ky) — (ks ky) (8.14)
Ti ke, ky) = (kg ky)e ™t (8.15)

As a reminder ~ denotes the complex conjugate.

Using these operations we classify a state as existing in a given symmetry (i.e. select an
indicator) based on the sign of different Fourier coefficients. We still use the first-Fourier
mode method of slices for removing the continuous symmetry. This means every snapshot
is translated such that the imaginary part of w;(1,0) = 0. From Eq. 8.15 we see that shift
operations modify all Fourier coefficients with k, # 0. Thus, as long as we use k, = 0 modes

to identify our discrete symmetries, the discrete indicator is independent of the phase.

First, for the shift-reflect operation, we consider the (k, = 0,k, = 1) mode. In Eq.

8.13 the shift-reflect operation modifies this Fourier coefficient in this manner: wg(0,1) +
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iwr(0,1) — @r(0,1) —iwg(0,1). This shows that the shift-reflect operation maps between
different quadrants of the wg(0,1) and w;(0,1) plane. Next, we consider the rotation oper-
ation on the (k, = 0,k, = 2) mode. In Eq. 8.14 we see this operation simply flips the sign
of the imaginary component w;(0,2) — —w;(0,2). The combination of these two operations
can map data from any octet in the wg(0,1), w;(0,1), ©;(0,2) space to any other octets.
As such, we use the sign of these three values to determine an indicator I between 1 — 8.
Then, we apply the appropriate discrete operations to map the state to the positive octet
(Wr(0,1) > 0, wr(0,1) > 0, @;(0,2) > 0) reducing discrete symmetries. Following the reduc-
tion of discrete symmetries we then phase-align the data, mapping it to the “fundamental”

space (w) [17].

In Fig. 8.4a we show a projection of the Kolmogorov data onto wg(0, 1), w;(0,1), wr(0,2)
in the full space and in Fig. 8.4b we show this projection for the fundamental space. The
fundamental space is much denser than the full space, which helps improve the modeling
performance with fewer data points. Now that we have our data in the fundamental space we
can train a single DManD model in the fundamental space and then track the discrete indi-
cator and continuous phase through time. The challenge with this approach, as mentioned,
is that the indicator is discontinuous in time because leaving the fundamental domain on
one side requires entering from the other. Fortunately, Floryan and Graham [57] recently
developed a method that solved this problem of tracking a discontinuous indicator through
time. In that work, the indicator tracked “charts” on a manifold. Due to this result, we refer

to the process in this section as symmetry charting.

Although we do not discuss the finer details of the process in Floryan and Graham [57],
it consists of defining points interior and exterior to the charts (in our case the fundamental
domain), where interior points are in the chart and exterior points are the data expanded
slightly beyond the boundary of the chart. We train the DManD model on this expanded
data set. Then during testing, while evolving the manifold coordinates h, we check if the

point is in the interior or the exterior. If the point lands in the exterior, we decode the
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Figure 8.4: (a) shows a trajectory of Kolmogorov flow for 5,000 time units projected onto wg(0, 1),
wr(0,1), @r(0,2). The color corresponds to the indicator that identifies the symmetry group. (b)
shows this data mapped to the fundamental space.

manifold coordinates h to get the vorticity on the exterior of the fundamental wg, then we
apply the appropriate operations to map it back to the fundamental space w, encode to get
h, and update the indicator I. We emphasize that we train the autoencoder and the time
evolution method with points just outside the fundamental space so we can accurately model
one step into the exterior, which we immediately map back into the fundamental. We refer
the reader to Floryan and Graham [57] for a discussion on how to identify when a trajectory

enters the exterior.

By performing the evolution in this way we guarantee equivariance of trajectories under
symmetry operations and improve the training efficiency of the DManD algorithm. To
investigate the effectiveness of this method, we gathered 80,000 snapshots of Kolmogorov
flow data separated every 0.5 time units and used this to train hybrid autoencoders with

dy, = 15 on 300 PCA coefficients. The architecture of this network is in Table 8.2.

In Fig. 8.5 we show the autoencoder performance as a function of varying the amount
of data evenly sampled from the 80,000 snapshots. The model that accounts for all of the

symmetries achieves an MSE multiple orders of magnitude better than without symmetries
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Table 8.2: Architectures of NNs used in the symmetry charting DManD model. Labels are the
same as Table 8.1.

Function Shape Activation Learning Rate
X 300/1000/500/d}, sig/sig/sig [1074,107]
X d/500/1000/300 sig/sig/lin [1074,1077]
G d,/500/500/500/d,  sig/sig/sig/lin [1074,1077]

] .. e Full v Discrete
° #*  Fundamental % Continuous
1024 ¥ °°
8 IR .
3 v :
2 ] V'
= -7 ¥
;_ﬂ 10-3 §omoy .
75} v
= |
" x
107 % "= x
] i :
0 20000 40000 60000 80000
M

Figure 8.5: Autoencoder MSE vs training data size without accounting for symmetry (Full),
account for discrete symmetry (Discrete), accounting for continuous (Continuous), and accounting
for all symmetries (Fundamental).

with a fraction of the data. Notably, the autoencoders trained in the fundamental space using
800 snapshots of data outperform those trained in the full space using 80,000 snapshots of

data.

After training the autoencoder, we selected the one using 40,000 snapshots of data and
we trained a discrete-time map NN h(t + 7) = G(h(t);0q), with the architecture in table
8.2. In Fig. 8.6 we show two trajectories of the enstrophy (integral of the vorticity squared)
evolved from an initial condition that has been mapped to two starting discrete symmetry
indicators. The two trajectories from the symmetry charting DManD model match exactly
confirming we have enforced equivariance through this structure. Furthermore, we see good
short-time tracking and the model exhibits similar bursting dynamics to the true Kolmogorov

flow. We are currently working on quantifying the short- and long-time tracking for these
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Figure 8.6: Trajectories of enstrophy for the true system and the symmetry aware DManD model
starting with different discrete symmetries in (a) and (b). The color indicates the current discrete
symmetry indicator.

models and we are varying the dimension dj,.

One additional subtlety this process introduces is that it modifies the phase evolution.
Now the phase evolution is a function of both the manifold coordinate representation of the
state h and the indicator I. For Kolmogorov flow, the resulting phase equation (in continuous
time) is

dg

% = gr(1)gs(h; 05). (8.16)

The function g;(/) equals 1 if an even number of discrete operations mapped the state back
to the fundamental, or -1 if an odd number of discrete operations mapped the state back to
the fundamental. This will be an important consideration when we incorporate the phase

back into the model predictions.

8.2.3 Incorporating the underlying equations

All of the methods discussed so far have been strictly data-driven, however in many situa-
tions, we know the equations of motion. In fact, as shown in Eq. 1.7, if we know the method

by which we are encoding then we also know the equations of motion for h. In Eq. 1.7 we
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wrote the equation in terms of h, but we can also write it as

dh _ Ox(u)
dt  Ou

(). (8.17)

Furthermore, if we break down f into a linear and a nonlinear term then

dh Cax(u)

u

N (u), (8.18)

where c is a scalar parameter (e.g. Reynolds number).

We could use the equations of motion directly to compute dh/dt or the two terms in Eq.
8.18 from u and then train NNs to approximate these functions. This approach is powerful
because it applies to any encoding and provides a method of incorporating parameter de-
pendency. We only need a set of states u, which could be sampled from a wider area of state
space than can be achieved from only sampling states on the manifold. Furthermore, when

the encoding comes from a NN the computation of dx(u)/0u is easy and fast.

8.3 Future directions for control

8.3.1 Model predictive control

In this section, we discuss some additional results and future directions for the control
problem presented in Ch. 7. Specifically, we discuss using model predictive control (MPC),
extending the results to higher Reynolds numbers, and additional modifications to the flow
setup worth exploring.

Although we chose to use RL in Ch. 7, any model-based control strategy will benefit from
a faster model of the system. To investigate this we applied finite-time horizon nonlinear
MPC in the fashion of Bewley et al. [10] to the Couette control problem at Re = 400. In

our implementation of MPC, the objective was to find the set of actions a; that minimize
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Figure 8.7: Trajectories of drag for 25 initial conditions without control and with control applied
to a DNS at Re = 400. The control policy comes from applying MPC to the DManD model.

the sum of the negative reward r, = R(hy, as; 0g)

t+T
min J = Z_R(h‘r?a‘r;eR)
[at,...,ar7) — (819)
dh
st — =9g(h,a;0) + Ah

over some horizon of T" actions. In this minimization problem, the evolution of h is dictated
by the DManD model in Ch. 7. At each t, we perform this optimization over the T" horizon,
then we apply the first action a; and discard the rest. After the system has evolved forward
5 time units (our actuation frequency from Ch. 7), we then repeat the optimization process

to find a new action.

To perform this optimization procedure, at every step we used the automatic differenti-
ation tools we used for training the neural ODE to compute the gradient d.J/d[ay, ..., a7
We emphasize that this gradient is computed strictly from the d;, = 25 dimensional DManD
model. Then we used the Adam optimizer to perform 100 gradient descent steps, with a
learning rate that dropped from 1072 to 1072 midway through optimizing. In Fig. 8.7 we
show trajectories of the DNS controlled by actuations selected from applying MPC to the
DManD model. We chose an optimization horizon of 100 time units, which corresponds to

T = 20 based on our actuation frequency. The MPC procedure successfully laminarizes a
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majority of the trajectories and achieves similar drag reduction to the DManD-RL method
presented in Ch. 7.

These MPC results can likely be improved by selecting longer time horizons and by
exploring different optimization methods at each step. The MPC trials took ~ 6 times as
long as the RL testing but there is no upfront training cost for MPC like there is for RL.
The real-time implementation of MPC could also be sped up by first performing MPC to
identify state-action pairs and then using a NN to map between the two. In the future, it

would be interesting to rigorously investigate the application of different control schemes,

like MPC, using the DManD models.

8.3.2 DManD-RL Re = 500

Next, we investigate the application of the DManD-RL control to Couette flow at a higher
Reynolds number of Re = 500. To perform these trials we generated randomly actuated data
as we did in Ch. 7 with two key differences: Re = 500 and V. = 0.1. With this dataset,
we used the same POD method and autoencoder structure described in Ch. 7 to reduce the
size of this dataset down to d;, = 30. In Fig. 8.8 we show the Reynolds stress terms for
the DNS, the DManD model, and the autoencoder (as described in Ch. 7). The DManD
model matches all of the autoencoder curves indicating that the dynamics are accurately
captured. However, the autoencoder does a worse job at Re = 500 than at Re = 400 of
reconstructing the Reynolds stress terms, particularly the wall-normal and spanwise terms.
A higher dimension than d, = 30 may be required to better capture these terms.

After training the DManD model, we again used it to train an RL agent. In Fig. 8.9 we
show the implementation of this control policy in the DNS. The agent successfully laminarizes
two of the trajectories over this time window, whereas no trajectories of the DNS laminarize.
Overall, the RL agent achieves a drag reduction of DR = 12% over this time horizon. We
note that during the DManD training, in this case, we iterated on the model twice to improve

the results. This entailed training the model on the randomly actuated data, training an
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Figure 8.8: Four components of the Reynolds stress for the DNS, the DManD model, and the
autoencoder at Re = 500.

RL agent on that model, deploying the model to generate new data, and augmenting the
old dataset with this new data. With this new data, we repeated the training procedure to
update the model. The RL agent in Fig. 8.9 comes from the third iteration of training (i.e.

we augmented the training data with 2 DManD-RL agents).

An important challenge that was introduced by increasing the Reynolds number is the
issue of controllability. Increasing the Reynolds number without changing the domain size
results in a system that no longer isolates the SSP. At this Reynolds number and domain
size, there are no longer just two sets of quasi-streamwise vortices lifting low-speed fluid off
the wall, so actuating with two slot jets is a significant restriction on the control authority
of this setup. That is why it is promising that despite these restrictions the agent still learns

a policy that significantly reduces drag and can laminarize the flow.
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Figure 8.9: Trajectories of drag for 25 initial conditions without control and with control from
the DManD-RL agent on a DNS at Re = 500.

8.3.3 Application to different flow systems

For these higher Reynolds numbers, an important future direction will be considering differ-
ent forms of actuation. In Linot et al. [133] we made our DNS publicly available with the
ability to input any form of periodic wall-normal actuation. With small modifications, this
could be extended for arbitrary streamwise and spanwise velocity boundary conditions and
could be applied to pressure-driven systems. A particularly interesting case could be the
application of a grid of circular jets applied to pressure-driven plane Poiseuille flow. This
type of setup would be more representative of most wall-bounded flows, and an array of
jets could provide the system with enough control authority to react to variable Reynolds
numbers.

In this final chapter, we have outlined a few of the exciting directions for this work
in terms of modeling and control. For improving the modeling, we presented preliminary
results on how to apply this method to spatially extended systems, how to account for the
underlying symmetries, and how to incorporate the equations of motion. Then, for control,
we showed that the DManD models can be effectively used with MPC as the controller,
we showed that the DManD-RL models can control higher Reynolds number cases, and we
discussed the next flow problem we envision for the application of DManD-RL. We hope

that this work has proven that we can both model and control high-dimensional chaotic
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systems with low-dimensional models of these systems. And, in doing so, has provided a
useful framework for viewing chaotic dynamical systems; one in which we think of describing
these systems in terms of the manifold on which they lie instead of in terms of their ostensible

high dimensionality.
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