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Abstract

Freely suspended thin sheets are ubiquitously observed in the synthesis and processing stages

of thin-structured materials. Examples include the solution-based synthesis of graphene and

thin polymer films, where the freely suspended thin elastic sheets are exposed to external

flows and show complex stretching, folding, and wrinkling dynamics due to the deformable

nature of sheets. Understanding the flow-induced deformations of sheets is crucial as they

significantly influence the macroscopic properties of the flow. However, there is a lack of

comprehensive knowledge in this area. Motivated by this knowledge gap, the main objective

of this thesis is to develop a systematic framework for examining the dynamics of elastic

sheets in fundamental flow fields. By studying the behavior of these sheets, insights can be

gained that will contribute to a better understanding of their real-world applications.

Chapter 1 provides motivation for this study by exploring applications involving the flow

processing of elastic sheets. This is followed by an in-depth review of existing literature

on exploring elastic sheet dynamics in flow. Additionally, we extend our review to include

the dynamics of related soft particles, such as flexible filaments and capsules. The insights

gained from these studies can be applied to enhance the understanding of elastic sheets in

flow. Furthermore, we introduce some background concepts to facilitate understanding the

results.

To establish a foundation for the subsequent chapters, Chapter 2 presents a detailed for-

mulation for a general model that considers a soft elastic sheet freely suspended in arbitrary

flow conditions. We discuss detailed numerical approaches for evaluating mechanical forces
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and fluid motions, and the model is validated using analytical and experimental results.

In Chapter 3, we begin the introduction of dynamics in extensional flow. Inspired by the

coil-stretch transition for a long linear polymer exposed to an extensional flow, we identify a

“compact-stretched transition” for a highly extensible sheet in planar and biaxial extensional

flow with a flow regime showing bistable conformations; this transition is analogous to the

coil-stretch transition seen for a long linear polymer exposed to an extensional flow. We give a

detailed analysis of bistable regimes for elastic sheets with different rest shapes. Furthermore,

we identify the origin of the bistable behavior, as in the long-chain polymer case, arising from

the hydrodynamic interaction between distant elements of the sheet. Due to the nature of

planar and biaxial flow fields, the steady states all remain flat.

We continue the study of bistable elastic sheets in a uniaxial extensional flow in Chapter

4, where the radially compressive stress of the flow field leads to buckling instability. We

characterize the wrinkling patterns on sheets based on sheet deformability and find that

buckling leads to a decrease in the stretched size due to an effect called hydrodynamic

screening. Here, the compact-stretched bistability still occurs but is strongly modified by the

wrinkling instability. Notably, we develop a linear stability analysis based on the flat steady

states that can precisely predict and help understand the nonlinear long-term dynamics for

some parameter regimes.

In Chapter 5, we are motivated by applications of shear flow processing of nanosheets and

shift our focus from highly stretchable sheets in extensional flow to almost inextensible sheets

in shear flow. We explore two types of rest shapes, a disk, and a rectangle, initially aligning

with the flow-gradient plane. For a disk, we found two new periodic solutions: flapping

and wiggling. Importantly, flapping is supported by the experimental observations from our

collaborators. We also develop a linear stability analysis that yields a number of unstable

modes, which helps us to understand the nonlinear evolution of dynamics. Moreover, we

examined the dynamics under a free surface to help illustrate the flapping motion observed

in experiments. In addition, we systematically examined the influence of aspect ratio and
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characteristic evolutions for a rectangle.

In Chapter 6, we change our focus to study a thin elastic sheet freely sedimenting in

a viscous fluid. Two scenarios are investigated: sedimentation in free space and near an

infinite wall, where the wall can be titled. In free space, we examined the steady-state

conformation and characterized the reorientation dynamics based on sheet deformability. In

the near-wall case, we characterized different dynamics that are strongly modified due to

the presence of the boundary. Near a vertical wall, the sheet migrates due to wall-induced

asymmetric conformation with migration behaviors determined by deformability. Moreover,

several additional dynamics are observed when the wall is titled: the sheet can deposit or

slide along the wall with a fixed wall-normal distance.

Finally, we conclude this thesis and propose some future directions in Chapter 7. The

future work includes two main topics: improvement of the current model and prospective

directions. For the model development, we introduce a potential method to account for the

thickness of the sheet, improvement to the bending model by applying a nonlinear formula-

tion, and incorporate thermal fluctuations. We also explore two prospective directions for

the project: sheet exfoliation and biohybrid swimming sheets, along with some preliminary

tests and observations. We end the discussion of future work by presenting the results from a

side project, where we are interested in developing a simple formulation for a flexible filament

in shear flow.
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General introduction

In this thesis, our primary objective is to develop a systematic framework to understand

the dynamics of elastic sheets in Stokes flow. Elastic sheets, which are thin plate-like par-

ticles with a small thickness compared to the other two lateral dimensions, exhibit intricate

stretching, buckling, and wrinkling behaviors in response to stresses. In recent decades, a

number of novel materials emerge with geometry and mechanical property similar to elastic

sheets, such as graphene and other two-dimensional materials.

Thin-structured materials play an important role in various disciplines and their small

size makes them easily processable in fluids. As a result, the suspension of sheets commonly

appears in different stages of the synthesis and fabrication processes. Given the small size

of the sheets in those applications, we assume the particle Reynolds number, defined as the

inertia of the fluid at the length scale of the sheet size, is negligible compared to the viscous

effect of the flow: Rep = ρε̇a2/η � 1, where ρ is the fluid density, ε̇ is the flow strain rate,

a is the particle size and η is the fluid viscosity. This assumption leads to the description of

fluid motion as Stokes flow, where inertia is considered negligible.

Despite the growing use and fabrication of thin sheets, there remains a lack of fundamental

understanding regarding the behavior of elastic sheets in Stokes flow. On the other hand,

our extensive knowledge of other soft particles suggests that the dynamics of elastic sheets

are likely to be rich and intricate. These facts serve as strong motivations to explore the



2

dynamics of elastic sheets in Stokes flow and develop a fundamental framework that can

form the basis for understanding more complex flow processing applications.

In Section 1.1, we present an overview of the applications involving thin sheets that are

freely suspended in flow. Specifically, we explore their role in the synthesis of 2D mate-

rials and polymer films, as well as their involvement in self-assembly processes and active

swimming devices. These diverse applications serve as strong motivations to delve into the

dynamics of these sheets. Moving on to Section 1.2, we conduct a comprehensive review

of the existing literature focused on elastic sheets in Stokes flow. Through this review, we

emphasize the persisting gap in fundamental understanding when it comes to sheet dynam-

ics. Section 1.3 expands our examination to encompass the dynamics of other soft particles.

By drawing upon the extensive studies conducted on flexible fibers and capsules, we aim

to leverage this existing knowledge to gain insights into the behavior of elastic sheets. To

establish a solid foundation for our subsequent findings, Section 1.4 introduces the basic

concepts of Stokes flow. This understanding of fundamental principles will prove essential

in comprehending the results that follow. Finally, in Section 1.5, we provide an outline of

the subsequent chapters to provide an overview of the thesis structure.

1.1 Thin elastic sheets processed in fluid

1.1.1 Applications of thin sheets

Synthesis of two-dimensional materials and polymer films

Two-dimensional (2D) materials are thin elastic sheets on the sub-microscale and have

gained significant attention across various disciplines. The small size of 2D materials makes

them easier to process in a fluidic environment. Consequently, the suspension of 2D sheets

exposed to external flow fields is frequently observed during the synthesis and processing

stages [6, 58, 92, 179, 185, 197, 200]. Typical examples of 2D material are the family of

graphene which include graphene and its derivatives, such as graphene oxide (GO), reduced
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graphene oxide (rGO), graphite, and their composites. Besides the graphene family, another

class of 2D material includes transition metal dichalcogenides (TMDs, a layer of metal atoms

and two layers of chalcogen atoms, such as WS2 and MoS2), and other 2D compounds like

BN [25]. Those 2D materials as single monolayers, or a small number of stacked sheets,

are often called nanosheets, where nano refers to the thin nature of sheets at the nanoscale.

The unique structure of nanosheets with atomic thickness offers them excellent physical and

chemical properties.

In general, monolayers of graphene are hard to obtain because they naturally exist in the

form of layered materials, which are defined as stacks of sheets with strong in-plane chemical

bonds and are sustained by weak out-of-plane van der Waals interactions [100, 125]. The

layered materials, like graphite, can be sheared to yield monolayer graphene and this process

is called exfoliation. Actually, when graphene was first introduced by Geim and Novosolov,

they applied an adhesive tape to exfoliate graphite to obtain an atomically thin monolayer

of graphene [127]. The synthetic approaches of nanosheets can be summarized in two main

routes: vapor-based and solution-based. The vapor-based approach applies a carrier gas

to transport the nanoparticles in the vapor phase from a heated solution to a substrate

downstream where nanosheets can be collected [33, 72, 86]. This approach fosters the sheets

to grow on the substrate and is not the interest of this work. In contrast, the solution-based

approach gives a high yield of nanosheets and can achieve large-scale production which

benefits industrial processing.

Typically, liquid-phase exfoliation is a solution-based technique to obtain monolayer

sheets from layered materials. The layered materials initially dispersed in solutions are

exfoliated by weakening interlayer forces, such that layers are separated from each other to

create a suspension of freely suspended nanosheets [25, 125]. There are three main categories

of liquid-phase exfoliation. The ion intercalation approach and ion exchange approach both

weaken the inter-layer van der Waals interaction by inserting ions or replacing ions with dif-

ferent charges for materials with ions between layers, followed by mechanical agitation such



4

as shear and ultrasonication to result in a suspension of exfoliated sheets. The sonication-

assisted approach directly applies strong mechanical agitation and exfoliation depends on

the type of solvents. In good solvents, exfoliated sheets are stabilized without reaggregation

while in poor solvents monolayers reaggregate. In all approaches, the sheets experience high

local shear to be exfoliated by the flow and involve complex fluid-structure interactions that

are not fully understood. AlAmer et al. improved the bulk-scale production of exfoliation

Figure 1.1: (a) Examples of elastic sheets obtained from liquid-phase exfoliation. (b) Synthetic
process of graphene based on a Couette flow reactor from [4]. (c) The suspension of graphene oxide
shows different potential orientations in a Taylor-Couette reactor with an illustration of shear-
induced flattening of sheets from [135].

by applying a continuous flow reactor, where they use a Taylor-Couette reactor (TCR) to

generate a high shear environment to obtain a mixture of expandable graphite and few-layer

graphene [3, 4]. The reactor consists of two coaxial cylinders. Some applications make the

inner cylinder rotate and the outer cylinder still, which can generate toroidal vortices that

can improve the mixing of solutions [167]. Here, they make the inner cylinder still while the

outer cylinder is still to alleviate vortex formation due to the decrease in centrifugal forces

acting on the mixture. They showed that a still inner cylinder can maintain continuous

and laminar Couette flow and results in a structurally uniform product with a larger lateral

dimension.

The liquid-phase exfoliation usually results in a suspension of layered sheets, making

it important to understand the rheology of sheet suspension. Graphene oxide (GO), as the

precursor of graphene-based materials, has a very large Young’s modulus but is super flexible.
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Poulin et al. studied the orientation of GO in suspension with a combination of synchrotron

X-ray diffraction at small angles and in situ rheology (rheo-SAXS) in a Taylor–Couette

shear cell [135]. They found the suspension of GO shows shear-thinning behavior, and the

alignment of GO sheets varies with the shear rate. At a higher shear rate, GO sheets align

with the flow direction as the shear-induced flattening, and the spacing between GO sheets

decreases because strong shear stress suppresses undulations due to thermal fluctuations.

The processing of 2D materials often incorporates complex flow fields. Recently, graphene

sheets are found to be a useful tool to help fuse silicon nanoparticles into carbon nanofiber.

The silicon/graphene nanocomposites are prepared by wrapping and folding graphene sheets

and the incorporation of nanocomposites helps improve the conductivity and mechanical

stability of the fiber [66, 74, 75, 77, 193]. Among many techniques to process the compos-

ites, solution-based electrospinning has many advantages to processing the silicon/graphene

nanocomposites as it is easy to control product quality, environmentally friendly, and high

yield for large-scale production [44, 74, 188]. The synthesis is achieved by ejecting a jet

of charged polymer solutions via a high-voltage electric field where the jet is stretched and

elongated to generate fiber, which dries in the air and is collected on a substrate [189]. Fei

et al. demonstrated a robust electrospinning setup [44]: graphene or its precursor GO and

silicon nanoparticles are dispersed in a polymer solution and pass a small syringe tube under

an electric field. The high voltage field stretches the corner of the graphene sheet and incor-

porates the micro-sized sheet into the fiber structure. The fiber is then thermally treated

and graphene composites are nicely folded and wrapped on the fiber surface.

Besides graphene and transition metal films, other important thin structured materials

including 2D polymer networks and clays also show many scenarios where sheets are pro-

cessed in suspension under external flows. The synthesis of polymer sheets often involves the

polymerization of monomers in solution, where 2D macromolecules can grow either by step-

growth or chain-growth mechanism, resulting in a suspension of clustered materials [131].

Efforts are made to control and restrict the polymerization to remain in 2D without gen-
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Figure 1.2: (a) The synthesis of graphene-incorporated carbon nanofibers via water-based elec-
trospinning from [44]. The GO sheets mixed with polymer solutions are folded when the solution
is ejected from the syringe tip through a high-voltage electric field. (b) Deformation response of a
kinetoplast DNA network exposed to planar extensional flow from [57, 164].

erating a 3D random network. One common approach is to construct a pre-organized 2D

confined space like an interface [36, 131]. Some early works have explored the potential

to synthesize polymer sheets in a confined space created by the liquid-liquid or liquid-gas

interfaces [34, 95, 105, 139, 145]. Apart from the interfacial assembly, several works have

highlighted the potential to obtain 2D polymer sheets simply in solutions. For example, Baek

and coworkers developed a solution-based synthetic technique that can obtain free-standing,

single-monomer-thick 2D polymer without relying on any solid substrate or interface [7].

They leveraged the lateral cross-linking of rigid and disk-shaped monomers that have multi-

ple in-plane reactive sites that can engender the predominant lateral growth of the polymer.

Later, Kory et al. demonstrated the feasibility of photochemically converting certain sin-

gle crystals of monomers into chiral 2D crystals, and resulting 2D polymer crystals can be

exfoliated in solution to get sheets with nanometer thickness [78].

In addition, recently a novel two-dimensional DNA network has gained considerable at-

tention. A Kinetoplast naturally exists in the mitochondria of parasites and is made of thou-

sands of DNA loops that interconnect together to form a 2D catenated network [57, 101, 153].

Klotza et al. studied the deformation response of a complex DNA structure called a kineto-

plast in extensional flow. They probed the physics of this 2D polymer at equilibrium [76].

Soh and Doyle examined the deformation response of a single kinetoplast sheet under a
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planar extensional flow and showed a stagewise transition in conformation determined by

strains [164].

Self-assembly and active sheets

It has been a long interest to assemble 3D shapes from 2D planar precursors, such as thin

polymeric sheets. The advantages of this strategy include the fact that 2D polymer sheets

can achieve high-throughput production at a relatively low cost and the planar nature of

sheets ease storage and transport. Liu et al. categorizes the shaping of 2D sheets based

on different strategies applied [99]. One strategy is conventional fabrication that applies

additive or subtractive to create topology on the 2D substrate. This strategy is widely used

in lithography in the production of electronics by exposing polymer film to UV light, X-ray,

or photosynthesis to directly change surface patterns [22, 113, 183], which is not the focus

of this work. The rest of the strategies all leverage the chemical or mechanical nature of the

sheets, such as generating wrinkling or buckling patterns in response to internal stresses or

external stimuli, applying creases and hinges to achieve out-of-plane folding, and so on.

The flexibility of 2D materials allows a new strategy to obtain novel materials by the

self-assembly of 2D sheets. Nanoscroll is a special 1D structure that is formed by rolling

2D sheets [61, 83, 171]. The rolling up of sheets can be triggered simply via sonication

in flow [174], organic solvent-assisted lyophilization where the dispersed sheets absorb the

organic solvent and the imbalanced surface tension from two sides of the sheet drives the sheet

to roll up [61], a nanowire-templated assisted assembly where a fast formation of nanowire

guides the rolling of sheets [191], and so on. The assembly allows the scroll to inherit most

of the unique properties of 2D sheets while exhibiting new characteristics arising from 1D

morphology. For example, a 1D graphene scroll shows similar mechanical properties and

conductivity compared to its precursor as a 2D graphene sheet [176]. On the other hand,

polymer networks like hydrogel can be engineered in response to external stimuli to develop a

3D structure. Py et al. [137] induced the folding of a triangular elastic polydimethylsiloxane

(PDMS) sheet with a liquid droplet. The surface tension drives the sheet to wrap the droplet
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and forms a pyramid as a result of the interaction between elastic and capillary forces. Wu

and coworkers developed a programmable hydrogel sheet with periodic stripes of different

materials. The sheet can reversibly form a ribbon-like structure by switching the environment

in sodium chloride solution and deionized water [182].

The art of origami has inspired plenty of designs and structures which involve intriguing

folding dynamics of a sheet. The idea of generating a well-developed shape from a planar

sheet-like precursor has been applied in the fabrication of microsized origami-inspired devices.

Many origami-inspired structures are assembled from a planar sheet, with the presence of

creases and hinge to guide the folding. Due to the small manufacturing size, they are

assembled in a fluid. So et al. [162] developed a sequential and reversible self-folding box

based on gel hinges made of different polymers. The hinges swell in the ionic liquid at

different temperatures to achieve reversible and sequential folding. When it comes to a more

complicated structure, Leong et al. [90] assembled a microstructure container, which can fold

in different directions controlled by the internal stress generated from a thermally sensitive

hinge made of metallic alloy in solution.

Many recent studies and advances in soft materials have revealed the possibility to fab-

ricate an active swimming device for applications in drug delivery, disease diagnosis, and

non-invasive surgical operations. Those applications are inspired by the locomotion of mi-

croorganisms with a small scale in micrometers, where the inertia and Reynolds numbers

are negligible [84]. Bacteria such as Escherichia coli and Salmonella typhimurium, leverage

flagellum propelled by the cell body to achieve locomotion [165]. Here, locomotion is driven

by coordinated movements of cellular motors, which are integrated to produce a macroscopic

contractile force for propulsion [140]. For a larger swimmer like a stingray fish, it swims with

its paired pectoral fins near the sea bed like a giant swimming sheet, where the bending of

bones and muscles generates propagative waves to sustain the locomotion. It is worth noting

that larger organisms like some fish and birds are swimming under high Reynolds numbers.

Their swimming strategies are ineffective under Stokes flow conditions due to large viscous
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damping [84].

Inspired by those biological systems, there emerge many studies of active devices, and

some of those are based on prototypes of swimming sheets. There are some examples where

the motion of sheets is purely sustained and guided by external magnetic or electric fields

without biological power sources. For example, Zhang et al. manufactured a thin micro

helical ribbon with a squared head. The head is made of metal alloy stacked thin film and can

be controlled wirelessly by the rotating magnetic field [198]. They found a linear relationship

between the magnetic field frequency and the swimming velocity. In contrast, another group

of swimming sheets harnesses the power as well as the actuation from biological tissues,

as biohybrid swimmers. The biohybrid swimmer is a combination of engineered artificial

substrates and living bio-systems: the synthesized polymer substrate or metallic film, is

combined with biological tissues to generate a biohybrid device that can self-propel to swim

in complex domains [140, 181]. Common biological actuation includes the cells that show

consistent contraction. The cardiac muscle cell, or cardiomyocyte, is a commonly used bio-

actuator. A single cardiomyocyte generates forces in response to the mechanical deformation

in the environment and the beating frequency can be trained and tuned [126]. Multiple cells

in the same environment will communicate and synchronize, making it possible to generate a

stable and tunable contractile force. One example is an active filament developed byWilliams

et al. that combines cardiomyocytes with a polydimethylsiloxane (PDMS) filament [181].

The cell generates periodic contractions, which causes the filament to form a bending wave

that propagates and produces net propulsion to sustain the swimming. When it comes to a

sheet-like swimmer, Feinberg et al. [45] engineered two triangular muscular thin films with

different distributions of cardiomyocytes. The anisotropic sheet has the axial alignment of

cells and the isotropic sheet has an even distribution. Under stimulation from the electric

field, the anisotropic sheet swims five times faster than the isotropic case as the isotropic

sheet fails to generate net propulsion. Nawroth et al. [118] designed a sheet with cultured

muscle tissues synchronized by an electrical field to study the stroke swimming of a jellyfish.
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Park et al. [130] developed an artificial swimmer by multilayer assembly of elastomer and

metallic films to study the locomotion of a ray. The swimmer powered by cardiomyocytes

achieves coordinated undulatory swimming under optical stimulation.

1.1.2 Current studies of elastic sheets in flow

Though we lack knowledge of the dynamics of elastic sheets in fluids, there has been increased

attention to freely suspended sheets in recent years. Here, we provide an in-depth review of

the recent works related to elastic sheets in Stokes flow. Apart from the zero Re regime, there

exists a number of works to investigate a flapping flag in a laminar or turbulent flow. Those

interesting studies are important to understand many applications such as fish swimming.

However, they are not the interest of this work as we focus on sheets in zero Re flow.

Due to booming applications in 2D material, most of the recent studies address the

sheets in shear flow, from a single to a pair of sheets [150] and suspensions [107, 108]. The

dynamics of a freely suspended flexible sheet were first tackled by Leong [89]. The author

studied a graphene nanosheet rotating in simple shear flow modeled with molecular dynamics

simulation and reported characteristic bending modes during tumbling. Later, Xu and Green

examined the shear-induced deformation of nanosheets using a bead-rod model with thermal

fluctuation formulation, where Brownian particles are connected with four neighbors to form

a 2D lattice network [186]. They characterized a cyclic crumple-stretch-crumple motion for

a flexible sheet and found the flow exhibits weak shear thinning behavior.

Later, inspired by the idea of flow-induced assembly and the art of origami, Dutta and

Graham studied piecewise rigid creased non-Brownian sheets in shear flow [39]. The creases

act like hinges to tessellate the sheet into an array of parallelograms known as Miura-pattern,

where the folded state can be described by a single-fold angle. They modeled a single unit

in simple shear flow and ignore hydrodynamic interactions between sheet pieces. Depending

on initial conditions, the rigid Sheets either approached a steady, periodic, or quasi-periodic

state. Recently, Silmore and coworkers studied a semiflexible hexagon sheet in simple shear
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flow. The sheet is modeled based on a bead-spring model with a strong stiffness constant

that highly constrains in-plane deformations and the fluid motion is solved by Rotne–Prager–

Yamakawa (RPY) method. They probed both a non-Brownian sheet [156] and a Brownian

sheet [157] with different initial conditions. For non-Brownian sheets, they identified the

transition from a quasi-Jeffery-like tumbling to continuous chaotic tumbling with increasing

bending stiffness, with a global attractor for semiflexible sheets to arrive at a flow-aligned

state in the flow-vorticity plane. They also predicted the transient buckling dynamics for a

tumbling sheet with a simple 1D elasticity model where the results match well with their 3D

simulations. The transient buckling of a tumbling elastic sheet is also examined by Salussolia

et al. with a 2D line-integral approach. They identified a buckling threshold that is within

an order of magnitude compared to Silmore et al. [150]. For Brownian sheets, Silmore

et al. found that thermal fluctuation expands the dynamics by overcoming the flow-aligned

state in the non-Brownian sheet. They characterized a dynamical transition for increasing

flexibility from stochastic flipping to crumpling and continuous tumbling. Furthermore, they

examined the effect of dynamics on the macroscopic rheological properties, where the dilute

suspension of Brownian sheets shows shear-thinning behavior, similar to what has been

observed in graphene oxide suspension [135]. However, they noticed the solution becomes

shear-thickening when the sheet is very flexible and undergoes dynamical crumpling. In a

recent experimental study, Perrin and coworkers investigated the critical shear rate required

to generate wrinkling for a rectangle sheet in shear flow [133]. They also developed a 2D

sheet model with dynamics resolved by the regularized Stokes method. Their numerical

results show good agreement in the buckling threshold obtained from experiments.

When considering nanosheets like graphene immersed in a fluid, the interfacial effects

are complicated due to the atomically smooth nature of the sheet surface. For example, a

relatively large particle immersed in fluid satisfies the classic no-slip boundary condition,

where the fluid moves along the material point on the sheet at the same location. However,

for a nanosheet, the fluid molecule may slip on the solid sheet surface, with a slip length
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termed by the distance within the solid that fluid velocity is extrapolated to zero. Kamal

et al. probed into this phenomenon with molecular dynamic simulation and a continuum

model to simulate a rigid nanoplatelet freely suspended in shear [67]. They found the effect

of hydrodynamic slip allows the rigid platelet to attain a stable steady orientation with a

fixed angle with respect to flow. In a subsequent study, they found strong thermal fluctuation

can break the alignment of the rigid sheet due to hydrodynamic slip [69]. In addition, they

extended the study of hydrodynamic slip to a flexible and non-Brownian sheet in shear

flow [68]. The flexible sheet is modeled in 2D and is based on a coupled Euler-Bernoulli

beam theory and boundary integral formulation to solve for hydrodynamic traction acting

on the sheet surface. They showed that slip-induced alignment occurs even for flexible sheets

and gave a detailed analysis of the edge effects.

Beyond a single sheet in shear flow, the synthesis and processing of nanosheets often

yield a suspension of sheets-like particles. The lacking of knowledge in sheet suspension mo-

tivates works related to particle-particle interactions and the rheology of sheet suspension.

Salussolia et al. extended their 2D sheet model to study pairs of interacting sheets and ob-

served hydrodynamic-induced parallel sliding or bending depending on sheet flexibility [150].

Moreover, they found that sufficiently flexible pairs of sheets under strong shear flow may

reattach after separation. In a recent study, Perrin et al. applied theory and experiments to

probe into the buckling of multiple sheets in shear flow [133]. They observed the presence

of a second parallel sheets can largely decrease the critical shear rate required to trigger

buckling compared to a single sheet. This effect is due to the hydrodynamic forces caused by

the perturbation flow field from the neighboring sheet. Meng and Higdon explored the sus-

pension of non-Brownian [107] and Brownian [108] plate-like particles in a linear shear flow

where the plates with different aspect ratios are modeled as planar assemblages of spheres

and hydrodynamics are resolved based on the Stokesian dynamics. In a non-Brownian sus-

pension, the plates show a high degree of alignment with the flow direction at a low volume

fraction. At a high volume fraction, increased hydrodynamic interactions due to dense sus-
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pension make plates align in the flow-vorticity plane, along with transient stacking of plates.

In a Brownian suspension, the stacking of plates is disrupted with increasing thermal fluctu-

ation, which yields random particle orientations. They found the suspension exhibits both

shear thinning and shear thickening determined by the interplay between thermal effects and

particle alignment.

As reviewed in the previous section, liquid-phase exfoliation is a powerful technique

that uses a shear flow to produce few-layer nanosheets from layered materials. Several

recent studies have explored the controlling of exfoliation at microscale and nanoscale [14,

51, 88, 149]. Lee and Carignano tackled the exfoliation by performing molecular dynamic

simulations to explore the propylene carbonate as an electrolyte to induce the exfoliation of

graphite [88]. The electrolyte intercalates graphene sheets and facilitates the separation of

layered materials. Salussolia et al. proposed a 2D hydrodynamic peeling model to describe

the microscopic flow-induced exfoliation process, where layers of sheets are removed in a

layer-by-layer manner from the freely suspended substrate in shear flow [149]. Gravelle et al.

performed a non-equilibrium molecular dynamics simulation of a freely suspended graphite

particle in a wall-bounded shear flow [51]. The graphite particle is modeled as a stack of

graphene layers. They tested different solvents and extracted a critical shear rate above which

the exfoliation can occur. Additionally, Venkatesh and coworkers [173] recently explored the

peeling dynamics of two Hookean sheets in a non-Newtonian fluid.

While the aforementioned works all focus on the shear flow, little attention has been paid

to investigating the sheet dynamics in the extensional flow. Park and coworkers investigated

the rheological behaviors of the suspension of three layered silicate composites under uniax-

ial extensional flow. With two-dimensional, small-angle X-ray scattering and transmission

electron microscopy, they found the layered materials own a preferred orientation as aligning

with the flow direction. Xu and Green utilized the previous model in shear flow [186] to

investigate the sheet morphology in biaxial extensional flow [187]. They found the sheets

with large bending stiffness stayed flat while sheets with small stiffness crumpled as a re-
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sult of Brownian fluctuations. Dutta and Graham presented the teaser in their shear flow

work [39] to adapt their hinged sheet model to simulate a waterbomb-based origami sheet

in uniaxial extensional flow. Their preliminary results showed the compressive stress from

the extensional flow folds the sheet with complex dynamics based on initial conditions.

Finally, some recent efforts have been made to explore the swimming of an active sheet.

The early analysis of a swimming sheet was done by Taylor back in 1951, who studied an

infinite 2D sheet immersed in a viscous fluid and propelled by the transversal displacement

from a traveling wave [168]. Recently, several works have explored the potential swimming

strategy by inducing traveling waves on a sheet-like particle with finite size. Montenegro-

Johnson and coworkers developed a model to simulate elastic ribbons with a boundary

element method coupled with regularized Stokes [111]. They investigated the swimming of a

microscale “magic carpet” as a ribbon sheet with prescribed waves to propel swimming. They

found an increase in the sheet width decreases the swimming speed. Though the increase in

width leads to a larger surface area that brings more propulsive forces. However, the increase

in drag due to the larger surface area is much faster than the propulsive forces such that the

sheet swims slower. Corsi et al. modeled a neutrally buoyant and pre-stressed circular shell

subject to traveling waves and rotating in a viscous fluid [26]. They applied a geometrically

nonlinear finite-element model to account for large deformation due to the traveling wave,

which generates counter-rotating vortices that propel the rotation of the shell. Recently,

they extended the study to numerically simulate a 3D homogeneous magnetoelastic sheet at

low Reynolds numbers with the lattice Boltzmann approach [16]. Using a magnetic field to

generate a rotational wave, they break the morphological symmetry of a hexagon sheet and

achieve nonreciprocal motions.
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1.2 Dynamics of soft particles in Stokes flow

In the previous section, we introduce many applications related to the processing of thin

elastic sheets in various flow conditions. Though little is known about elastic sheets in fluid,

other soft particles such as fiber, capsules, and vesicles, have been extensively explored in the

past decades, which help us gain insights into elastic sheets. The high similarities between

soft elastic sheets and other soft particles imply the dynamics of sheets will be rich in flow.

Typically, fibers like deformable sheets, show buckling instabilities under compressive stresses

along with complex motions in flows.

Here, we begin with an introduction to different linear flow fields. We then review the

dynamics of soft particles in Stokes flow, with a primary focus on fibers and filaments. In

extensional flow, we focus on a phenomenon of coil-stretch transition observed in long-chain

polymers. In shear flow, we introduce a theoretical prediction of rigid particle dynamics in

Stokes flow, with examples of fibers and capsules to show the influence of particle deforma-

bility on the dynamics. Finally, we visit the sedimentation dynamics of flexible filaments in

free space.

1.2.1 Linear flow fields

In this study, we mainly focus on the dynamics of soft particles in linear flow fields. A

linear flow field has a constant velocity gradient ∇v and is independent of positions x. More

specifically, the velocity at any position x can be represented by a tensor:

v(x) = ∇vTx, (1.1)

The velocity gradient tensor can be decomposed into the symmetric rate of strain tensor E

and antisymmetric rotation or vorticity tensor W:

∇v = E + W, (1.2)
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where we can represent E and W using ∇v:

E =
1

2
(∇v +∇vT ) and W =

1

2
(∇v −∇vT ). (1.3)

Typically, the flow field with E = 0 becomes a purely rotational flow where any material

Figure 1.3: Examples of linear extensional flow: (a) Biaxial extension v = ε̇(x/2, y/2,−z). (b)
Uniaxial extension v = ε̇(−x/2,−y/2, z). (c) Planar extension v = ε̇(x, 0,−z). ε̇ is the flow
extension rate. (d) Decomposition of a simple shear flow v = γ̇(−y, 0, 0) into a planar extension
and a rigid rotation. γ̇ is the flow shear rate.

point of fluids undergoes rigid body rotation. If W = 0, the flow field becomes purely exten-

sional without rotation. Fig 1.3(a)-(c) show three extensional flow fields with a symmetric
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velocity gradient. In those flow fields, the deformation of a material point will grow or decay

exponentially with time. On the other hand, Fig 1.3(d) presents another important flow field

as simple shear flow. The simple shear flow can be decomposed into a planar extensional

flow (E 6= 0) and a pure rotational flow (W 6= 0) with equal strength. Typically, the planar

extension acts as a straining component of shear flow with a major compressive axis and a

major extension axis.

1.2.2 Dynamics in extensional flow

Long-chain linear polymer dissolved in fluid subject to extensional flow exhibits an interesting

phenomenon called a “coil-stretch” transition. The transition, first predicted by De Genne in

1974, refers to an abrupt change in polymer conformation from a coiled state to a stretched

state within a slight increase in flow operating conditions [35].

In the absence of external forces, a long-chain polymer often adopts a coiled and entangled

structure due to thermal effects. In an extensional flow, the flow stretches and deforms the

polymer, while the polymer has a restoring force against flow deformation. The competition

is measured by a dimensionless Deborah number (De = τ ε̇) measures the ratio between

two intrinsic time scales: a polymer relaxation τ (how quickly the polymer recovers from

the deformation) and an extensional strain rate ε̇ (how fast the flow deforms the polymer).

Larger De indicates the viscous effect from flow dominates and the polymer is easier to be

deformed by the flow. De Genne predicted an S shape transition with a critical flow strength

(De), beyond which the conformation of polymer changes abruptly from a coiled to a fully

stretched state [35]. The discontinuity in conformation evolution implies the coexistence of

both coiled and stretched states in a range of flow strengths as the hysteresis, as an S-shape

transition. The idea is illustrated in Fig 1.4(a): under a small flow strain rate, the polymer

is coiled and inner monomers are hydrodynamically shielded. The S-shape transition was

also brought up by Tanner [166] and Hinch [60] around the same period.

Interestingly, there was a debate between researchers for decades to argue the validity of
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Figure 1.4: (a) Illustration of coil-stretch transition for long-chain polymer exposed to a planar
extensional flow. (b) Experimental observation of coil-stretch transition with fluorescently dyed
Escherichia coli DNA molecule in planar extensional flow from [151].

the S transition. Some argued that the existence of hysteresis was a result of the insufficiency

in De Genne’s mathematical model. The simulations from a bead-spring chain model [180],

nonlinear elastic dumbbells [41], and Brownian dynamics simulation of a freely jointed bead-

rod model [96] demonstrated a smooth transition from the coiled state to the stretched state

without conformational hysteresis. In contrast, a number of subsequent simulations based

on a dumbbell model with conformation-dependent drag result in hysteresis [47]. For a

polymer with N Kuhn segments, the hydrodynamic drag acting on a coiled polymer roughly

scales with the radius of gyration, as N0.5, whereas the stretched polymer like a slender

filament that has the drag scales as N . Fuller and Leal applied a bead-spring dumbbell with

conformation-dependent drag on the beads and found coil-stretch hysteresis [47].

The above controversy has finally been resolved when the experimental observation from

Schroeder et al. verified the existence of coil-stretch hysteresis with a dilute long-chain DNA

solution in a planar extensional flow [151]. They trapped the fluorescently dyed Escherichia

coli DNA molecule at the stagnation point where the strains can accumulate in response

to the flow generated via a cross-slot device. They performed two sets of experiments: an

initially coiled polymer with increased strain rate, and an initially stretched polymer with
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decreased strain rate. At each strain rate, the polymer was monitored for enough time for

strains to accumulate. The results in Fig 1.4(b) demonstrated the existence of conformational

hysteresis. They also probe into the transition with a Brownian dynamics simulation of a

bead-spring model and incorporate the hydrodynamic interaction between beads through

Rotne-Prager-Yamakawa (RPY) method.

The coil-stretch transition has been observed beyond the dilute solution limit. Industrial

processing often involves a dense suspension or concentrated melts, where polymers or fibers

are highly entangled. Mohammad et al. recently reported the existence of coil-stretch

transition for atomistic entangled polyethylene melts in planar extension with molecular

dynamics simulation [115]. The conformation hysteresis was observed with a larger critical

strain rate (De ∼ 1.5) compared to that in a dilute solution.

1.2.3 Dynamics in shear flow

Dynamics of rigid and deformable particles in simple shear flow are fundamental aspects of

fluid mechanics. Jeffery proposed a model to describe the periodic motions of a neutrally

buoyant, rigid, and axisymmetric ellipsoid in simple shear flow [64]. For a rigid prolate

spheroid with an aspect ratio AR (defined as the major axis length a/minor axis length b),

the angular dynamics of the spheroid follow:

tan θ =
CAR√

AR2 cos2 φ+ sin2 φ

tanφ = AR tan

(
2πt

T

) (1.4)

where θ is the angle between the major axis and the vorticity z direction and φ is the angle

between the projection of the major axis inside the flow-gradient plane and the gradient y

axis. C is called an orbit constant that determines the initial orientation (defined by θ0 and
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φ0) of the spheroid and T is the orbit period.

C = tan θ0

√
cos2 φ0 +

1

AR2
sin2 φ0

T =
2π

γ̇

(
AR +

1

AR

) (1.5)

Figure 1.5: (a) A rigid prolate spheroid in a spherical coordinate system exposed to a simple
shear flow. (b) The path of the orientation vector for a prolate spheroid undergoing Jeffery orbits
with different orbit constants from Petrich et al. [134].

The initial condition is characterized by an orbit constant C. The solution to Jeffery’s

equation is called Jeffery orbit, which contains an infinite number of closed periodic orbits

where the steady state only relates to the initial configuration of the particle or the orbit

constant C. Jeffery orbits are closed trajectories due to the reversibility of Stokes flow. The

dynamics can be summarized as:

• When C = 0, the particle rolls with the axis of revolution aligned in the vorticity

direction.

• Intermediate C leads to a motion called kayaking, where the trajectories follow a path

like kayaking paddles.

• When C → ∞, the particle undergoes a tumbling motion with the axis of revolution
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tracing out a circle in the shear plane.

Jeffery’s theory is a foundation to understand other rigid particles in shear flow. Though

the theory was proposed for ellipsoids, Bretherton et al. [15] proved that the Jeffery orbits

can describe any axisymmetric rigid particles with fore-aft symmetry, with a conversion

to an effective aspect ratio. Therefore, Jeffery orbits are applicable to other non-spherical

particles such as rigid rods, which also show closed periodic motions like rolling, tumbling,

and kayaking without migration in the flow.

However, if the rigid particle is not axisymmetric such as a slightly curved rigid fiber, the

dynamics still follow Stokes reversibility but show complex dynamics different from Jeffery’s

prediction. Wang et al. modeled a rigid and slightly curved nonchiral fiber using linked

rigid rods [177]. For some initial conditions, the curved fiber can drift steadily along the

gradient direction due to the combined effect of rotational and translational effects in shear,

along with non-Jeffery-like flipping, scooping, and spinning motions. Based on Wang et al.’s

numerical observation in [177], Crowdy developed analytical equations for the motion of a

curved rigid 2D fiber in shear [30].

Shear flow is a combination of planar extension and rigid rotation. For rigid particles

that strongly resist straining deformation, dynamics are governed by the rotation component

in the shear. In contrast, deformability allows particles to deform under straining flow

and when particles restore from deformation due to elasticity, they no longer follow Stokes

reversibility. As a result, deformable particles respond to the compressive stress that leads

to complex wrinkling dynamics. For example, a flexible fiber in shear flow experiencing

compressive stresses leads to buckling instability that introduces complex morphology. In an

early experiment, Forgacs and Mason observed the buckling in the shear flow of a thread-like

rayon filament immersed in corn syrup [46]. For a short and relatively stiff filament with

small deformability, they observed the classic springy motion as the filament show a slight C

shape during tumbling. For a long and flexible filament, they observed U-shape snaking and

even a coiled structure when the filament becomes too flexible. Those dynamics have been
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observed by a number of experiments later and new dynamics such as S-shape snaking, tank-

treading, helical, and other complex behaviors were reported [56, 85, 98, 152]. Typically, for

filaments under microscale, such as experiments involving actin filament [56, 98] and DNA

molecules [85, 152], thermal fluctuation strongly affects the dynamics.

Capsules are small liquid droplets enclosed by a layer of thin elastic membrane and are

widely used as an agent for encapsulation and transportation in the applications of the food

industry, drug delivery, and cosmetics. Red blood cell (RBC) is a special type of capsule

that holds a significant role within the biological system. A healthy RBC has a biconcave

discoidal shape with an elastic lipid bilayer membrane. The fact that RBC has no nucleus and

cytoskeleton allows it to be mechanically treated as a deformable fluid-filled capsule [136].

Researchers have shown great interest in understanding the dynamics of individual RBCs

due to their close association with the buck rheological properties and multiphase behaviors

in RBC suspension. Numerous experimental and computational studies have probed the

dynamics of a single RBC in simple shear flow. Experiments have shown that at a low

shear rate, the RBC behaves like a rigid particle and tumbles, while a high shear rate allows

the RBC to reach a fixed orientation with the membrane rotating about its interior as a

tank-treading motion [49].

1.2.4 Sedimentation in a viscous fluid

When a flexible particle in a viscous fluid is subjected to external forces such as gravity, the

competition between gravity and particle elasticity may introduce complex sedimenting dy-

namics and gravity-induced deformation, which further influence the particle’s macroscopic

transport [37]. A rigid filament settles with a steady shape and orientation in free space [55].

For a flexible filament, the deformability and inhomogeneous distribution of hydrodynamic

drag along the filament leads to rotation [81, 184]. The competition between gravity and fil-

ament bending elasticity is measured by an elasto-gravitational number β = FgL
2/E, where

Fg is the gravitational force, L is the length scale and E is bending rigidity.
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Xu and Nadim [184] first tackled this problem by deriving analytical solutions for a

sedimenting filament with small deformation, where the filament is modeled based on the

slender body theory and the Euler-Bernoulli beam. Their results predicted the reorientation

of the deformed filament where the deformation-induced hydrodynamic torque drives the

filament to orient perpendicularly against gravity. The orientation dynamics have been

captured in a number of later studies with either slender body theory [91] or a bead-spring

model [81] for a filament with finite deformations.

Figure 1.6: (a) The center of mass trajectory of a flexible fiber sedimenting in a viscous fluid
with an inset figure indicating fiber conformations from Li et al. [91] (b) Steady shape evolution of
a sedimenting filament with increasing flexibility from Cunha et al. [31]. (c) A flexible sedimenting
filament shows nonplanar conformation with a helical trajectory from Saggiorato et al. [144].

Li et al. applied theoretical and numerical methods to study the trajectory of flexible

filaments sedimenting with different initial conditions. As indicated in Fig 1.6(a), the reori-

entation leads to the drift in the lateral direction, and the trajectories of the filament are

restricted to a cloud where the shape is determined by filament flexibility [91].

Flexible filaments reorient to gain a stable orientation and the elasto-gravitational number

β determines the steady shape of filaments at equilibrium. Many studies have characterized

the equilibrium shape evolution with increasing β [31, 81, 103]. For small β, the dominance of
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bending elasticity over gravity leads to negligible deformation along the filament, such that

the filament becomes almost straight while sedimenting perpendicularly to gravity. The

filament shows a V-like shape and a linear relationship has been found between deformation

(height of the filament) and β. With increasing β, a transition to a U-like and even a

horseshoe-like shape was observed. The ends of the filament due to the dominance of gravity

get closer to each other to generate a more compact shape. For more flexible filaments,

some numerical studies observed a W-like shape. The shape is a metastable solution and

any small perturbation induces the transition back to the horseshoe-like shape [31, 81, 144].

This shape has not been reported in experiments as it is sensitive to perturbation.

For very flexible filaments, nonplanar conformations have been observed in both compu-

tational and experimental studies [103, 144, 154]. Saggiorato et al. numerically studied the

conformation of semiflexible filaments subject to gravity and identified helical trajectories

during sedimentation due to the nonplanar conformation of filaments [144]. Shashank et

al. performed the experiments of very flexible ball chains settling in viscous silicon oil and

observed non-symmetric deformations that significantly deformed out of a plane. In addi-

tion, Li et al. also probed the case when the extremely flexible filament initially aligns with

gravity. The non-uniform tension along the filament causes the buckling mainly on focuses

on the leading part and the filament sediments like a J shape.
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1.3 Stokes flow introduction

This section aims to deliver the necessary information required to understand the results of

this thesis. We briefly review some key concepts in Stokes flow and present a systematic

introduce a special scenario called Stokes flow, which owns many interesting properties that

are different from our intuition. In the following, we briefly introduce some key properties

in Stokes flow and systematically introduce how we calculate induced velocity due to per-

turbation forces exerted in the flow. The contents of this section are mainly referred to the

book Microhydrodynamics, Brownian motion, and Complex fluids [50].

1.3.1 Properties of Stokes flow

For an incompressible Newtonian fluid, the conservation of mass and momentum is repre-

sented by the Navier-Stokes equation:

ρ
(
∂v
∂t

+ v · ∇v
)

= −∇p+ η∇2v,

∇ · v = 0.
(1.6)

where ρ is the fluid density, p is the pressure, and η is the fluid viscosity. This equation

contains nonlinear terms and there is no analytical solution. However, if we consider the

case where the Reynolds number Re = ρUa/η, defined as the ratio between the time scale

for the diffusion of momentum ρa2/U over the translation of flow a/U , is negligible. This

can happen when the viscosity is large or the flow at the microscale. The acceleration and

nonlinear convection terms become negligible and the resulting equation becomes the Stokes

equation and the inertialess flow is called Stokes flow:

−∇p+ η∇2v = 0,

∇ · v = 0.
(1.7)

The equation is time-independent, indicating that the momentum can be diffused instan-

taneously and the flow condition does not rely on the knowledge from the previous time.
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Stokes flow has two important properties: linearity and kinematic reversibility. The lin-

earity comes from the linear Stokes equation, which allows us to obtain analytical solutions

that will be discussed later. More importantly, this implies the solutions can be linearly su-

perimposed and enables us to analyze complex scenarios like suspension by simply summing

the contribution of each individual particle. The reversibility also arises from the linearity:

if the perturbation forces and boundary conditions are reversed, the induced flow field is

also reversed. This property is useful to interpret the motions of particles in Stokes flow.

For example, a rigid particle next to a rigid wall shows no migration due to the symmetry

of the flow. Another important observation is the locomotion of rigid particles in Stokes

flow. Due to the reversibility, if a particle undergoes cyclic motions that are identical after a

time-reversal transformation, it generates no net motions [84]. However, the aforementioned

statements may fail once the particle is deformable because the relaxation of flow-induced

deformation due to particle elasticity breaks the reversibility.

1.3.2 Fundamental solutions in Stokes flow

The linearity of Stokes flow allows us to treat complex problems as a combination of simple

subproblems. For example, a suspension involves complicated particle-particle and particle-

fluid interactions, with the presence of particles perturbing the surrounding flow field thereby

changing local rheological properties. In Stokes regime, we can resolve the system by con-

sidering the influence of each individual particle and summing them up, the perturbation

due to each particle to the surrounding fluid can be linearly superposed.

We introduce the solution to Stokes equation with a simple scenario: a particle freely

sediments in an unbounded domain. The particle exerts a force on the surrounding fluid. If

we are far away from the particle, the particle size is negligible and the force can be treated

as a point force. Numerically, we can localize a force F with a delta function δ(x), whose

value is zero everywhere except for the origin and the integral of δ(x) over the space sum up

to 1. Therefore, we obtain a singular force density f = Fδ(x). The point force has the unit
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of force per unit volume.

In the following, we show how to obtain the solution (velocity) due to the presence of a

point force. In an unbounded domain, assume a force Fδ(x) perturb a stationary fluid at

the position x0. The generated velocity field satisfies:

−∇p+ η∇2v + Fδ(x− x0) = 0,

∇ · v = 0.

(1.8)

By solving the Stokes equation, we can obtain the velocity at any position x:

v(x) = G(x− x0) · F, (1.9)

where

G(x− x0) =
1

8πη|x− x0|

(
I +

(x− x0)(x− x0)

|x− x0|2

)
(1.10)

is the free-space Green’s function for the Stokes equation, which is often called Stokeslet

or Oseen-Burgers tensor. The velocity generated due to a Stokeslet as shown below, is

axisymmetric with respect to the forcing direction.

Figure 1.7: Velocity profile generated due to point forces with strength F: Stokeslet, stresslet
and rotlet.

One important observation is that the Stokeslet velocity flow field is nonlocal. The

velocity shows a very slow decay rate as the Stokeslet is scaled with 1 over distance: G(x−

x0) ∼ |x − x0|−1. As illustrated in the later chapters, the slow decay rate leads to many
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important observations arising from nonlocal hydrodynamic interactions.

Besides the perturbation of a singular force, we introduce another fundamental scenario

called force dipole solution, corresponding to the gradient of Stokeslet. When two equal force

densities with opposite directions act on the fluid, they construct force dipole tensor D as

the dyad between forces F and directional vector u. The flow field generated due to a force

dipole is called Stokes doublet:

v(x) = ∇G(x− x0)D. (1.11)

The flow field can be further decomposed based on symmetry. The symmetric part is called

stresslet, arising from symmetric point forces densities that deform the fluid. The asymmetric

part is called rotlet, which generates pure rotation. The effect of two flow fields are illustrated

in Fig 1.7.

1.3.3 Multipole expansion

When we consider a particle freely suspended in an unbounded domain, the perturbation

velocity vp is generated due to the force exerted by the particle on the fluid (Stokeslets).

The velocity at random position (x) can be evaluated as an integral of the Stokeslets over

particle surface S:

vp(x) = −
∫
S

G(x− x′)(n̂ · σ(x′))dS, (1.12)

where x′ are material points on the particle, G is the Stokeslet, n̂ is a normal vector pointing

outward of particle, σ is the stress tensor. Therefore, (n̂ ·σ(x′))dS represents the differential

force exerted on the area element dS(x′) by the fluid. If position (x) is far away from the

particle (||x|| � 1), we can Taylor expand the Green’s function G(x − x′). The resultant

expression is called the multipole expansion of the velocity field:

vp(x) = −G(x)

∫
S

(n̂ · σ(x′))dS +∇G(x)

∫
S

x′(n̂ · σ(x′))dS +O(||x||−3) (1.13)
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The integral in the first term corresponds to the stress exerted by the fluid on the particle,

which is the drag force:

Fdrag =

∫
S

(n̂ · σ(x′))dS. (1.14)

The second term, as the gradient of the Stokeslet, is called Stokes doublet D and is related

to the stress and torque exerted on the fluid:

D =

∫
S

x(n̂ · σ(x′))dS. (1.15)

Therefore, the multipole expansion can be rewritten in the form of the Stokeslet and doublet.

vp(x) = −G(x) · Fdrag +∇G(x)D +O(||x||−3) (1.16)

For a particle sedimenting in free space, the drag forces term dominates. The velocity

field is governed by the Stokeslet which decays very slowly as G ∼ 1/r. If the particle is

neutrally buoyant, the drag force term vanishes, and the perturbation velocity is dominated

by the following term as the doublet with a faster decay rate ∇G ∼ 1/r2.

1.3.4 Regularized Stokeslet

In the previous section, we introduced the Stokeslet as a fundamental solution to a concen-

trated external force acting on the fluid. As the Stokeslet is singular, it becomes unrealistic to

evaluate the induced velocity where the force is exerted as the delta function blows up. One

approach to dealing with the singularity is to regularize the Stokeslet by introducing a small

cutoff function. The method of regularized Stokeslet is a numerical method originally intro-

duced by Cortez [27] that smooths the forces and removes the singularity. The method is com-

monly used to model biological systems such as cilia and bacterial flagellar [28, 29, 120, 121].

Another approach is to replace the singular Stokeslet with an approximated flow field as

the Rotne-Prager-Yamakawa (RPY) method, which is useful in modeling the hydrodynamic
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interactions between small spherical particles in a colloidal suspension [142, 190]. In the

following, we elaborate on the implementation of the regularized Stokeslet. For a regularized

Figure 1.8: Regularized Delta function δκ(r) with different choices of κ for a Gaussian regular-
ization.

Stokeslet, the delta function δ(x) is replaced by a regularized function δκ(x), such that the

singular force density is spread within a small range: f = Fδκ(x). Consequently, the velocity

can be resolved via the regularized Stokelet Gκ everywhere including the origin x = x0.

v(x) = Gκ(x− x0) · F. (1.17)

Here, we list some examples of commonly used cutoff functions for regularization, where

r = ||x−x0|| and κr scales regularization distance. In Fig 1.8, we show the influence of κ by

plotting the Gaussian regularization method from Table 1.1, where the difference between

the regularization function and the Delta function decays exponentially. The regularization

parameter κ is inversely proportional to the regularization distance. Therefore, as κ → ∞,

the function becomes a singular Delta function.



31

Type Regularization function δκ(r)

Algebraic δκ(r) = 15
8πκ4(r2+κ−2)7/2

Exponential δκ(r) = 5κ2+5κ3r−κ4r2
64π

exp(−κr)

Gaussian δκ(r) = κ3√
π
3 exp(−κ2r2)

[
5
2
− κ2r2

]
Table 1.1: Examples of regularization functions from Cortez et al. [29].

1.4 Outline of this work

This thesis aims to develop a fundamental understanding of thin elastic sheets processed

under different types of flow conditions and apply the knowledge gained as a base to probe

into real-world applications. The rest of this thesis is split into five chapters. In Chapter 2,

we give a detailed theoretical and numerical formulation to model a thin elastic sheet under

different flow fields. We show two validation cases for the model by comparing numerical

results with analytical solutions and experiments. In Chapter 3, we demonstrated the ex-

istence of a coil-stretch-like transition for highly stretchable sheets within two extensional

flows: planar and biaxial. The coil-stretch transition is a phenomenon originally observed in

dilute linear long-chain polymer solution exposed to extensional flow and we observe a simi-

lar effect on 2D elastic sheets. In Chapter 4, we extend the observation of a coil-stretch-like

transition in elastic sheets to a uniaxial extensional flow, where elastic sheets can buckle. We

probed into the relationship between sheet deformability on buckling instability and inves-

tigate the influence of buckling on the coil-stretch-like transition. In Chapter 5, we switch

from extensional flow to shear flow. We systematically explore the influence of deformability

on the dynamics of a highly inextensible sheet with different rest shapes. Certain dynamics

are identified by our experimental collaborator with a quantitative comparison.

In Chapter 6, we change the focus from freely suspended sheets to sedimentation. We

tackle the sedimentation dynamics in free space and near an infinite wall, where the dynamics

are comparable with sedimentation of flexible filaments. Finally, we summarize the thesis in

Chapter 7 and provide insights for future directions.
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2

Modeling of elastic sheets in Stokes

flow

In this chapter, we formulate the problem and present the numerical methods to show the

modeling of elastic sheets. The model is considered to be general, with more specific details

fitting each scenario to be discussed in each Chapter.

2.1 Problem formulation

We consider an elastic thin sheet in an arbitrary rest shape with a characteristic length scale

a and thickness h such that h � a. The sheet is incompressible and is freely suspended in

an unbounded flow field determined by the flow strain tensor. The fluid is Newtonian with

viscosity η and density ρ.

In this work, we have explored various rest shapes such as disks, squares, and rectangles.

The sheet follows two boundary conditions: no-slip surface and free edge. The no-slip surfaces

indicate that material points on the surface move with the same velocity as the local fluid.

In addition, it also implies the sheet is impermeable (no-penetration surface) – if the sheet

moves with the local fluid velocity, then no fluid is passing through the sheet. The free edge

condition is due to the fact that h� a, such that negligible thickness ensures a traction-free
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edge, along which fluid exerts no forces.

Benefiting from the no-slip condition, we evaluate the dynamics of the sheet based on

the fluid velocity. In this work, we consider a small, thin sheet and assume that the particle

Reynolds number Rep = ρε̇a2/η is negligible. This assumption ensures the fluid inertia is

negligible at the scale of sheet size and the governing equations for fluid motion are the

Stokes equation and the continuity equation for an incompressible fluid:

−∇p+ η∇2v + f = 0

∇ · v = 0.

(2.1)

2.1.1 Mechanical forces

We focus on two specific types of mechanical responses: in-plane stretching and out-of-plane

bending, with examples to illustrate each type of deformation in Fig.

Figure 2.1: Description of two mechanical deformations with an example of disk: (a) In-plane
deformation: the sheet is stretched without buckling. (b) Out-of-plane deformation: the sheet is
wrinkled and deforms out of the lateral plane.

Therefore, the total strain energy of the elastic sheet can be written as the sum of in-plane

strain energy Es and out-of-plane bending energy Eb:

E = Es + Eb. (2.2)

Here, the in-plane strain energy is evaluated by integrating the strain energy density W
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over the sheet surface Γ:

Es =

∫
Γ

WdS. (2.3)

The choices of W depend on the specific types of materials interested. We list some com-

mon strain energy densities with their nonlinear response to strain. In Table 2.1, we show

three examples of potential strain energy densities. Neo-Hookean is a hyperelastic model for

rubber-like materials [73]. It is similar to Hookean model under small stains and the stress-

strain relation becomes nonlinear at moderate strains. However, it cannot accurately predict

large deformation. Yeoh model is an extension of neo-Hookean mode by adding additional

higher-order terms [192] and controlled by a constant c. Therefore, Yeoh model can account

for strain-hardening behavior for cross-linked polymer networks and capture large deforma-

tion. The last example is Skalak model. Similar to Yeoh model, it includes higher-order

terms controlled by a constant Ca that yields the strain-hardening property of the material

and resits local area change. The model was originally proposed by Skalak to simulate red

blood cells [160]. For models listed above, the two-dimensional shear modulus G scales with

Models Formulation

Neo-Hookean (NH) [73] WNH = G
2

(I1 − 3)

Yeoh (YH) [192] WYH = G
2

(I1 − 3) + cG (I1 − 3)3

Skalak (SK) [160] WSK = G
2

(I1 − 3) + CaI
2
2

Table 2.1: Examples of strain energy densities.

the equilibrium thickness h. The term I1 and I2 are invariants of the right Cauchy-Green

deformation tensor, which depend on the local principal stretch ratios λi along the tangential

direction of the sheet surface:

I1 = λ2
1 + λ2

2 +
1

λ2
1λ

2
2

, I2 = λ2
1λ

2
2 −

1

λ2
1λ

2
2

. (2.4)

The last term denotes λ3, as the stretch ratio along the thickness direction, is obtained by
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incompressibility of the material (λ1λ2λ3 = 1). The constant c and Ca control the energy

penalty for significant change in strain and are determined by material property.

The bending energy Eb is estimated from curvatures integrated over the sheet surface.

The classic Canham-Helfrich energy follows:

Eb =

∫
Γ

(
KB

2
(2κH − c0)2 +KBκG

)
dS, (2.5)

where KB is the bending modulus, and KB is the Gaussian bending rigidity. κH and κG are

the local mean and Gaussian curvature, separately. c0 is the spontaneous curvature measured

at equilibrium. In this study, we assume the rest shape of the sheet to be flat thereby c0 = 0

everywhere.

2.1.2 Dimensionless groups

We now introduce nondimensional parameters to describe the aforementioned mechanical

properties. Here, we use the symbol ε̇ to represent the flow strain rate, which depends on

the specific flow type (extensional or shear). For the in-plane deformation, the capillary num-

ber Ca compares the viscous stresses exerted by the fluid on the sheet to the in-plane elastic

response of the sheet, where larger Ca indicates that the sheet is more deformable/stretch-

able:

Ca =
ηε̇a

G
. (2.6)

In this thesis, we define two different parameters for bending. The relative size of the

bending and in-plane stresses is measured by a dimensionless bending stiffness K̂B:

K̂B =
KB

a2G
. (2.7)

Smaller K̂B indicates that the sheet is more flexible. On the other hand, the parameter

comparing the bending with flow is the elastoviscous number EV = Ca/K̂B, where larger EV
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indicates that the sheet is more flexible:

EV =
ηε̇a3

KB

. (2.8)

We apply the dimensionless bending stiffness K̂B in the study of highly extensible sheets in

the study of extensional flow in Chapter 3 and Chapter 4, where the dynamics are determined

by both Ca and K̂B. When it comes to almost inextensible sheets in Chapter 5 and Chapter 6,

we mainly focus on the effect of bending where the elastoviscous number EV is used. We

will address the dimensionless groups for different scenarios for subsequent Chapters.

2.2 Numerical methods

In this section, we systematically introduce how to numerically solve the two types of me-

chanical responses: in-plane stretching and out-of-plane bending. We evaluate the local

deformation on the sheet surface by tracking the material points anchored on the sheet.

Based on material points, or nodes, the sheet is discretized into triangular elements, with

the deformation resolved at the element scale. On a specific node i, we obtained the summed

nodal elastic forces Fe,i from the stretching (Fs,i) and bending (Fb,i) from the first variation

of the total energy with respect to the nodal displacement:

Fe,i = Fs,i + Fb,i. (2.9)

The elastic nodal force Fe,i is the total force that fluids exerted on the sheet leading to

deformation.

2.2.1 In-plane forces calculation

The method to evaluate in-plane deformation is based on a finite-element formulation adapted

from Charrier et al. [21]. The key idea for the method is to simplify the calculation by solving
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the 3D deformation with a 2D planar transformation via a coordinate transformation.

Characterization of deformation in 1D element

Before considering the deformation of a triangular element, we introduce the planar

deformation of a material point in a plane defined by 2D Cartesian axes (x, y). A random

material point whose initial position x = (x, y) undergoes deformation and becomes X =

(X, Y ). The displacement components along the x and y direction are denoted as u and v,

respectively, such that:

X = x+ u, Y = y + v. (2.10)

Therefore, the deformation of a vector defined by two random material points, as a line

element, can be represented as dx = (dx, dy) (undeformed) and dX = (dx, dy) (deformed).

The relation is: dX
dY

 =

 1 + ∂u/∂x ∂u/∂y

∂v/∂x 1 + ∂v/∂y


dx
dy

 , (2.11)

or in the matrix form:

dX = Fdx, (2.12)

where F is the deformation gradient tensor. On the other hand, we can represent the

magnitude ds of this vector by:

ds2 = dXTdX = xTFTFdx = dxTGdx, (2.13)

where G = FTF is the right Cauchy tensor that is symmetric and positive definite:

G11 =

(
1 +

∂u

∂x

)2

+

(
∂v

∂x

)2

,

G12 = G21 =

(
1 +

∂u

∂x

)(
∂u

∂y

)
+

(
1 +

∂v

∂x

)(
∂v

∂y

)
,

G22 =

(
∂u

∂y

)2

+

(
1 +

∂v

∂y

)2

.

(2.14)
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The eigenvalues of G (λi) are the principal stretch ratios for the in-plane deformation, along

two locally orthogonal principal directions.

λ1 =

√
G11 +G22 +

√
(G11 −G22)2 + 4G2

12

2
,

λ2 =

√
G11 +G22 −

√
(G11 −G22)2 + 4G2

12

2
.

(2.15)

The principal stretch ratios are key components in the strain energy density functions

listed in SEC.

Calculation of nodal forces in 2D elements

Now let us move from a 1D line element to a 2D triangular element, which is the structure

to be resolved for the sheet. We consider the deformation at the scale of a single triangular

element. The size of the element is assumed to be small such that the edges remain straight.

This assumption implies that the deformation is homogenous and the displacement for the

material points on the element is linear. Therefore, we track the deformation of the element

simply by the displacement of three nodes (i, j, k) at the corners. The local coordinate for

three nodes is in 2D. For example, the nodal position for node i is (xi, yi).

Here, the nodal displacement of three nodes u = [ui, uj, uk]
T and v = [vi, vj, vk]

T (u and v

are not vectors) are represented by a set of functions Ni, called shape functions. For instance,

Ni = 1 at node i and Ni = 0 at nodes j and k. For any point (x, y) inside the element, Ni

has the form:

Ni = (aix+ biy + ci)/Li, (2.16)

where,

ai = yj − yk, bi = xk − xj, ci = xjyk − xkyj, Li = aixi + biyi + ci, (2.17)

are parameters calculated based on nodal positions. Similarly, we can derive expressions for
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Nj and Nk by applying a cyclic change of index i→ j → k → i. With those basis functions,

we can represent the deformation at any point inside the element, and calculate the linear

variation of the deformation (u, v) based on local coordinates (x, y):

∂u/∂x = uTA, ∂u/∂y = uTB,

∂v/∂x = vTA, ∂v/∂y = vTB,
(2.18)

where A = [∂Ni/∂x, ∂Nj/∂x, ∂Nk/∂x]T and B = [∂Ni/∂y, ∂Nj/∂y, ∂Nk/∂y]T are derivatives

of shape functions based on coordinates. With the information above, we can construct the

deformation gradient tensor G and calculate the principal stretch ratios λi of the element

based on Eq 2.14 and 2.15.

By the principle of virtual work, we write the change in total strain energy Wtotal due

to a small nodal displacement δu and δv for three nodes, where the change in total strain

energy can also be written in the product of the change in strain energy density and local

area at equilibrium Ae:

δWtotal = AeδW = δuTFx + δvTFy (2.19)

where Fx and Fy, similar to the nodal displacement, represent the force component of three

nodes along x and y directions. On the other hand, the variation in strain energy density

can be considered as the change in the in-plane stretch ratios λ1 and λ2.

δW = δuT
∂W

∂u
+ δvT

∂W

∂v

= δuT
(
∂W

∂λ1

∂λ1

∂u
+
∂W

∂λ2

∂λ2

∂u

)
+ δvT

(
∂W

∂λ1

∂λ1

∂v
+
∂W

∂λ2

∂λ2

∂v

) (2.20)

Therefore, the 2D nodal forces can be derived as:

F2D =

Fx
Fy

 = Ae

∂W∂λ1 ∂λ1∂u
+ ∂W

∂λ2

∂λ2
∂u

∂W
∂λ1

∂λ1
∂v

+ ∂W
∂λ2

∂λ2
∂v

 (2.21)
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One important reminder is that F2D are forces applied to maintain the current deformation.

Therefore, the elastic resistance force from the sheet follows the opposite direction.

Resolution to 3D deformation

The idea to resolve the nodal force is simple. We introduce two different coordinate

systems: a global 3D coordinate based on the Lagrangian position (x, y, z) of a triangular

element in 3D Euclidean space, and a local 2D coordinate (x, y) of a triangular element in

2D Euclidean space. Two coordinates can be transformed via a rigid body rotation. We

Figure 2.2: Illustration of in-plane forces calculation.

first transform a deformed 3D triangular element into a local 2D coordinate using rotation

matrix R, where we calculate the nodal force by comparing the deformed element with the

corresponding equilibrium element. The obtained nodal forces F2D are then transformed back

to the 3D coordinate via the rotation matrix RT and forces are assigned to the corresponding

nodes.

2.2.2 Out-of-plane forces calculation

The numerical formulation for bending is based on a discretization of the Helfich energy

mentioned previously. The discretized bending energy is evaluated at the element scale

and assigns a penalty for the deflection between neighboring elements. The method is easy

to implement and is widely used in the modeling of membranes [42, 43, 156, 157, 196].

However, the method is linear and it is only capable of predicting bending dynamics in the

linear regime. Therefore, a more realistic nonlinear bending model is required in the future
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to capture nonlinear bending dynamics. We show a more detailed discussion of the potential

bending methods in Chapter 7.

This simple linear bending energy is the sum of penalty energy caused by the deflection

angle θ between each pair of neighboring triangular elements α and β:

Eb =
∑

adj α,β

kb (1− cos(θαβ − θ0)) , (2.22)

where kb is a bending constant. The angle θ0 is the deflection angle at equilibrium. In

this work, we assume a flat equilibrium state thus θ0 remains zero. The bending constant

kb = αKB relates to the continuum bending rigidity KB. The specific value of α still requires

discussion. In the extensional flow results (Chapter 3 and Chapter 4), we consider α = 3
√

3/2

to account for the bending in sheets simply based on the scaling relation from [42] and the

incompressibility of the sheet by taking ν = 0.5. For the shear flow and sedimentation results

(Chapter 5 and Chapter 6), we updated α with the following setup.

The prefactor in [42] is based on a sphere approximation, which does not include the

presence of a free edge. To test the bending constant kb and the actual α, we enforce a part

of a sheet to match a cylinder profile with known curvature κ. Here, we can simplify the

Canham-Helfrich energy in Eq 2.5 as the spontaneous curvature c0 vanishes. For a cylinder,

one of its principal curvature κ2 has to vanish, which makes the Gaussian curvature κG = 0

all over the surface, and the mean curvature κH = −κ1/2, where κ1 = κ as the curvature of

the circle we enforced. Therefore, the Helfrich energy becomes:

Eb =
KBA

2
κ2. (2.23)

We assume negligible area change to prevent in-plane deformation by enforcing a small

curvature κ, and in test cases, the area changes less than 1%. By comparing the simplified
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energy with discretized energy in Eq 2.5, we obtain the prefactor α:

α =
KBAκ

2/2

KB

∑
adj α,β [1− cos(θαβ − θ0)]

=
Aκ2

2
∑

adj α,β [1− cos(θαβ)]
. (2.24)

We examined sheets with a rectangle and a disk rest shape and bent the sheet with different

κ. The results below show that results converge with decreasing κ, which eliminates the

influence of in-plane deformation.

Rectangle Disk

Curvature κ 0.1 0.01 0.0001 0.1 0.01 0.0001

Prefactor α 1.0307 1.0322 1.0323 1.0939 1.0945 1.0945

Table 2.2: Convergence of prefactor with decreasing curvature in bending formulation.

The method to resolve the nodal bending force is based on the "four-point interaction"

in [42]. In Fig 2.3, we take a pair of neighboring elements α and β with unit normal vectors

ni as well as element area Ai. The angle θαβ measures the angle between two normal vectors.

The four nodes are represented by position vectors pi and the edge vectors are calculated by

aij = pi − pj.

To evaluate the bending forces, we take the derivative of the discretized bending energy

with respect to nodal position Xi:

Fb,i = −∂Eb
∂Xi

= −kb sin(θαβ − θ0)
∂θ

∂Xi

, (2.25)

where the term ∂θ/∂Xi can be approximated as (CITE FEDOSOV):

∂θ

∂Xi

=
∂ arccos(n1 · n2)

∂Xi

= − 1√
1− cos2 θαβ

∂n1 · n2

∂Xi

, (2.26)
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Figure 2.3: Illustration of the four-point method to evaluate bending nodal forces between two
neighboring triangular elements.

To conclude, the resolved nodal bending forces on pi follows:

Fp1 = b11 (a21 × a31 × a32) + b12 (a34 × a24 × a32)

Fp2 = b11 (a21 × a31 × a13) + b12 (a21 × a31 × a34 + a34 × a24 × a13) + b22 (a34 × a24 × a34)

Fp3 = b11 (a21 × a31 × a21) + b12 (a21 × a31 × a42 + a34 × a24 × a21) + b22 (a34 × a24 × a42)

Fp4 = b12 (a21 × a31 × a23) + b22 (a34 × a24 × a23) ,

(2.27)

where

b11 = −kb(sin θαβ cos θ0 − cos θαβ sin θ0) cos θαβ√
1− cos2 θαβ||a21 × a31||2

b12 =
kb(sin θαβ cos θ0 − cos θαβ sin θ0)√
1− cos2 θαβ||a21 × a31||||a34 × a24||

b22 = −kb(sin θαβ cos θ0 − cos θαβ sin θ0) cos θαβ√
1− cos2 θαβ||a34 × a24||2

.

(2.28)
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The detailed calculation and formulation can be found in SEC. The total bending forces Fb,i

acting on the node i due to the bending deformation of each surrounding element j shared

by the node: Fb,i =
∑

j(Fb,i)j, where the sum is over all the elements meeting at the node.

2.3 Modeling of fluid

In this work, we assume the particle Reynolds number is negligible, which means the inertia

of the fluid at the scale of the particle size vanishes. Consequently, the sum of all the forces

in Stokes flow is zero everywhere:

∑
i

Fi = 0. (2.29)

More specifically, for any material point on the sheet surface (or discretized node in

the current case) Xi, the elastic nodal forces Fe,i as the forces exerted by the sheet on the

surrounding fluid, is balanced with the hydrodynamic forces Fh,i acting on the sheet:

Fe,i + Fh,i = 0. (2.30)

To evaluate the dynamics of the sheet, we make full use of the no-slip boundary condition,

where the velocity of any material point on the sheet matches the fluid velocity at the same

position. To calculate the fluid velocity, we need to consider the perturbation due to the

forces exerted on the fluid, or simply the elastic force of the sheet Fe. As introduced in the

previous SEC, we solve the velocity field based on the method of regularized Stokeslet. In

Stokes flow, the fluid motion is governed by the linear Stokes equation and the continuity

equation:

−∇p+ η∇2v +
∑

i Fiδκ(x−Xi) = 0

∇ · v = 0.
(2.31)

The perturbation velocity field at any location x generated due to a regularized point force
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f = Fδκ(x−Xi) at Xi can be represented using a regularized Stokeslet Gκ:

vp(x) = Gκ(x−Xi) · F. (2.32)

Here, we choose a regularization function with a Gaussian distribution, where the difference

between the regularized solution and the singular solution decays exponentially:

δκ(r) =
κ3

√
π

3 exp(−κ2r2)

[
5

2
− κ2r2

]
, (2.33)

where r = ||x − Xi|| and κr scales regularization distance. As κr → ∞, Gκ reduces to

Stokeslet solution G(x−Xi) = 1/8πηr(I + (x−Xi)(x−Xi)/r
2). Therefore, the velocity of

sheets at nodal position X is a combination of free flow flow v∞ and perturbation velocity

vp:

v(x) = v∞(x) + vp(x). (2.34)

Here, the free flow field depends on the specific problem we are interested in. Through

no-slip condition, the dynamics of material points Xi on the sheet are approximated from

the fluid velocity at the same location:

dXi

dt
= v(Xi). (2.35)

2.4 Model validation

In this section, we aim to validate our model with two validation cases. The first valida-

tion case examined the perturbation velocity field due to the presence of a rigid disk freely

suspended in biaxial extensional flow, where we can derive an analytical solution for com-

parison. In the second case, we compare the buckling threshold for a rectangle tumbling

in shear flow with an experimental study. In addition, we also show several cases for the



46

validation of boundary conditions in the model.

2.4.1 Validation case I: a rigid disk in biaxial extensional flow

We proposed a validation case for the current model by considering a rigid disk freely sus-

pended in biaxial extensional flow v = ε̇(x/2, y/2,−z). At equilibrium, the disk stays flat

and perturbs the surrounding fluid. We derive an analytical solution based on a rigid disk

perturbing biaxial extensional flow and compare the perturbation velocity around the disk

with our numerical solutions. Several comments can be made:

• The case only validates the in-plane stretching part of the model. There has not

been any analytical approach to validate the bending formulation, but we will show a

comparison with an experimental study later.

• The analytical solution we derived can be applied to sheets beyond the rigid limit since

the solution is only determined by the equilibrium shape. Thus, it is also applicable

to a disk that has limited deformability (very small Ca).

Figure 2.4: (a) Scenario setup: a disk radially stretched in a biaxial extensional flow and reaches
equilibrium. (b) Illustration of λ in an oblate spheroidal coordinate system for an oblate spheroid
and a disk.

To derive the analytical solution, we assume the rigid disk with an equilibrium radius

m, and we solve the stream function in a combined cylindrical (r, θ, z) and oblate spheroidal
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(ξ, η, φ) coordinate. Typically, we define a coordinate surface parameter λ = sinh ξ (0 <

λ < ∞) as a nonnegative real number that defines a family of confocal oblate spheroids.

That is, on the surface of the spheroid, λ = λ0 remains a constant. We also define an angle

parameter ζ = cos η (−1 < ζ < 1).

In this case, we solve the Stokes equation in a biaxial extensional flow v∞ = ε̇(x/2, y/2,−z)

in the stream function form: ψ∞ = −r2zε̇/2 :

E2(E2ψ) = 0, where E2 =
1

m2(λ2 + ζ2)
[(λ2 + 1)

∂2

∂λ2
+ (1− ζ2)

∂2

∂ζ2
]. (2.36)

Here, the operator E2 is in a modified oblate spheroidal coordinate. We derive an analytical

solution that describes the stream function of the velocity field around the disk. A detailed

derivation for a similar system of oblate spheroid can be found in [55]. The analytical solution

for the stream function is:

ψ = −1

2
r2zε̇

[
1− 2

π

(
cot−1 λ− λ

λ2 + 1

)]
. (2.37)

The solution consists of two parts. In the bracket, the first unit constant recovers the free

biaxial extensional flow as ψ∞, and the second complicated term describes the perturbation

due to the presence of a disk. The solution satisfies three boundary conditions:

1. The streamline assembles free space when far away from the disk (as λ→∞, ψ(λ)→

ψ∞).

2. The velocity vanishes on the sheet surface (no-slip surface: ∂ψ
∂λ

(λ→ 0) = 0).

3. No fluid passes through the sheet surface (no-penetration surface: ∂ψ
∂n

(λ→ 0) = ψ(λ→

0) = 0).

We have verified the above boundary conditions and the details of derivation and boundary

conditions validation can be found in Appendix. In cylindrical coordinates (r, θ, z), the
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velocity along r and z direction can be estimated from stream function ψ:

vr = −1

r

∂ψ

∂z
, vz =

1

r

∂ψ

∂r
, ||v|| =

√
v2
r + v2

z . (2.38)

The full expression of analytical velocity magnitude ||vanalytical|| around the disk is:

||vanalytical|| =

r2

4

[
1− 2

π

(
cot−1 λ− λ

λ2 + 1

)
+

2z2

m2λπ(λ2 + 1)2

(
1 +

r2 + z2 +m2√
(r2 + z2 −m2)2 + 4m2z2

)]2

+z2

[
1− 2

π

(
cot−1 λ− λ

λ2 + 1

)
+

r2

m2λπ(λ2 + 1)2

(
1 +

r2 + z2 −m2√
(r2 + z2 −m2)2 + 4m2z2

)]2
1/2

.

(2.39)

The numerical solution of velocity magnitude ||vnumerical|| is obtained by performing sim-

ulations of an almost rigid disk exposed to a biaxial extensional flow at equilibrium. We

enforce small in-plane deformability with a small capillary number Ca = 0.01, which shows

a negligible deformation (less than 0.01% change in the disk area). At equilibrium, the disk

will be slightly stretched with a final radius m, which will be used for the analytical solution.

The velocity v around the disk in both analytical and numerical solutions has two con-

tributions: a free velocity vf as the background biaxial extensional flow and a perturbation

velocity vp due to the presence of the disk:

v = vf + vp. (2.40)

We mainly compare the perturbation velocity norm ||vp|| between analytical and numerical

solutions. In Fig 2.5(a)-(b), we choose a slice (x − z plane, where the disk is shown as a

line at the origin) around the disk and show the difference in ||vp|| between two solutions.

Overall, the model shows good agreement with the analytical solution. Though some parts

in Fig 2.5(a) shows a relatively large error percentage, the actual difference in magnitude

remains small.
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Figure 2.5: The difference in perturbation velocity norm ||vp|| between analytical and numerical
solutions in the plane y = 0: (a) Error percentage profile (b) Absolute error profile. (c) Perturbation
velocity norm ||vp|| vs. distance r along a line away from the origin for a disc in biaxial flow: (c)
The line chosen follows the vector [1,0,2] and the black dashed line is proportional to r−2. (d) The
line chosen follows the vector [1,1,1] and the black dashed line is proportional to r−4.

For a more detailed comparison, we choose two arbitrary paths away from the disk center

in Fig 2.5(c)-(d). The results also show excellent agreement with the analytical solution.

Interestingly, along most of the random paths tested, the perturbation velocity norm decays

as r−2 (Fig 2.5(c)), while some specific paths lead to a faster decay rate as r−4(Fig 2.5(d)). As

introduced in the previous section, a neutrally-buoyant particle has zero net force in Stokes

flow. Therefore, the major contribution of perturbation velocity comes from the dipole which

decays as r−2. The presence of a faster decay rate along certain directions indicates the force
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dipole vanishes and the dominant term is the quadrupole.

2.4.2 Validation case II: a flexible rectangle in simple shear flow

Though there is no analytical approach to verify bending formulation, we compare our

model with a recent experiment by Perrin and coworkers [133]. We investigated the buckling

dynamics of a rectangle polymer film (with the longer edge 2a) tumbling in shear flow.

Figure 2.6: (a) Examples of a rectangle tumbling in simple shear flow with a case below the
buckling threshold where no deformation is observed and a case above the threshold where the
sheet buckles. (b) Comparison with experimental results from [133]. The buckling threshold is
estimated to be EC

V ∼ 1 in both setups.
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For a rigid and stiff film in simple shear flow with the normal of the sheet lives in

the flow-gradient plane, the sheet will tumble due to the rotation component of the shear.

When the sheet is sufficiently flexible, the compressive stresses from the shear flow trigger

the buckling instability. The ratio between flow strength to deform the sheet and sheet

elasticity that resists deformation is described by an elasto-viscous number EV described

in Sec 2.1.2. Examples of sheets showing buckling instability are indicated in Fig 2.6(a).

Following the method in experiments, we measured the curvature at the sheet center and

recorded the largest curvature κmax during the tumbling. After sweeping the parameter space

of dimensionless bending stiffness EV, we determined a critical buckling threshold EC
V ∼ 1

based on the resolution of curvature measurement κ = 0.02a used in [133]. Surprisingly, the

buckling threshold shows good agreement with experimental observation. Additionally, the

results also agree well with the 2D simulation performed in [133], showing the robustness of

our bending formulation.

2.4.3 Validation of boundary conditions

The freely suspended sheet in fluid satisfies no-slip boundary condition. That is, the velocity

of a material point matches the fluid velocity at the same position. This also implies a no-

penetration surface where no fluid passes through the sheet. We carefully check the accuracy

of boundary conditions as they are all indirectly implemented in the model.

Although we satisfy the no-slip and no-penetration conditions to high accuracy on the

nodal points Xi, with a finite discretization these conditions cannot be exactly satisfied at

every point on the sheet. In particular, with a finite-resolution mesh, the sheet may be

slightly permeable, so we address here the effect of resolution on the velocity normal to the

sheet surface relative to the velocity of the sheet itself. At the center of each triangular

element, we can define two velocities: vint is the velocity estimated by linear interpolation

from the velocities on the nodes, and vnum is the velocity obtained from the regularized

Stokeslet expression evaluated at that point. At that point the permeation velocity vper,
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Figure 2.7: Average magnitude of permeation velocity, 〈|vper|〉, at element centers for a sheet
(the taco shape in Fig. 4.2(a)) vs. mesh size 1/

√
N e. The filled symbol indicates the mesh of 1600

triangular elements used for the main set of results.

i.e. the error in the no-penetration condition, is given by

vper = n · (vint − vnum), (2.41)

where n is the unit normal of the element. To evaluate vper, we use as an example the

steady state sheet conformation shown below in Fig. 4.2(a), and note that the linear size of

each element in a mesh with Ne elements scales as 1/
√
Ne. Figure 2.7 shows the averaged

magnitude of perturbation velocity 〈|vper|〉 vs. 1/
√
Ne for this case. The result indicates that

the error is small and tends roughly linearly toward zero as the mesh gets finer. The choice of

mesh size (filled symbol on the plot) used for the main results gives about 1% error for points

at the element centers, and as noted above, we perfectly satisfy no-slip and no-penetration

conditions on the nodal positions Xi.
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3

Coil-stretch-like transition of elastic

sheets in extensional flow

1 The conformation of a long linear polymer dissolved in fluid and exposed to an extensional

flow is well-known to exhibit a “coil-stretch" transition, which for sufficiently long chains

can lead to bistability. The present work reports computations indicating that an analogous

“compact-stretched" transition arises in the dynamics of a thin elastic sheet. Sheets of nom-

inally circular, square or rectangular shape are simulated in planar and biaxial flows using

a finite element method for the sheet conformations and a regularized Stokeslet method for

the fluid flow. If a neo-Hookean constitutive model is used for the sheet elasticity, the sheets

will stretch without bound once a critical extension rate, as characterized nondimensionally

by a capillary number, is exceeded. Nonlinear elasticity, represented with the Yeoh model,

arrests the stretching, leading to a highly-stretched steady state once the critical capillary

number is exceeded. For all shapes and in both planar and biaxial extension, a parameter

regime exists in which both weakly stretched (compact) and strongly stretched states can be

found, depending on initial conditions. I.e. this parameter regime displays bistability. As

in the long-chain polymer case, the bistable behavior arises from the hydrodynamic interac-

1The text of this chapter is adapted from the publication by Y. Yu and M. D. Graham Soft Matter,
2021,17, 543-553
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tion between distant elements of the sheet, and vanishes if these interactions are artificially

screened by use of a Brinkman model for the fluid motion. While the sheets can transiently

display wrinkled shapes, all final shapes in planar and biaxial extension are planar.

3.1 Introduction

In recent years, thin-structured materials have gained considerable attention in many fields.

For example, freely suspended sheets immersed in a fluid environment arise the synthesis and

processing of polymer networks [87, 123]. Polymer sheets are often used as planar substrates

in soft origami-inspired devices, which further assemble into complicated structures [62, 63,

114, 163]. Thin polymer films are also used as the basis of self-propelled swimming devices,

with living cells deposited on the sheet to drive the motion [45]. Highly extensible polymer

films, hydrogels structures and their composites have shown great potential in biomedical and

electronic applications [23, 48, 94, 106, 202]. Many of above examples involve complicated

fluid-structure interactions, but little is known about the dynamics of soft sheet-like particles

in fluid. The present work aims to shed light on some aspects of these dynamics through

simulations of soft elastic sheets in two canonical flow fields that arise in many applications

such as coating operations: planar and biaxial extensional flows.

While soft elastic sheets have not been studied in these flows, long-chain polymer molecules

have been. An important phenomenon in this situation is the coil-stretch transition [35, 47,

151]: polymers show an abrupt change in conformation from a coiled state to a strongly

stretched state when reaching a critical flow strength in planar extension. The discontinuity

in the stretched length marks a bistable regime that corresponds to the existence of multiple

stable (or more precisely, metastable) conformations. This behavior was first predicted by De

Gennes in 1974 [35], based on the idea that, compared to a fully stretched state, in the coiled

state the inner monomers are hydrodynamically screened and therefore less exposed to the

strong stretching flow. Fuller and Leal modeled this effect using a bead-spring dumbbell with
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conformation-dependent drag on the beads, showing that this simple approach could yield

coil-stretch hysteresis [47]. Schroeder et al. experimentally confirmed this prediction, visual-

izing the hysteresis behavior with fluorescent dyed Escherichia coli DNA molecules in dilute

solution under planar extension [151]. They also probed the hysteresis phenomenon with a

Brownian dynamics simulation of a bead-spring polymer model and found a double-welled

effective potential of polymer conformational energy around the transition flow strength that

leads to hysteresis in conformation. The coil-stretch transition and hysteresis are also ob-

served in simulations beyond the dilute limit. Mohammad et al. applied molecular dynamics

simulation to study atomistic entangled polyethylene melts in planar extension [115]. They

found that the bistable region in the polymer melts is wider than in dilute solution, with a

higher transition flow strength.

Similar conformational transitions have been observed in systems other than polymers as

well. Kantsler et al. performed experiments to study the stretching of a single tubular vesicle

suspended in planar extensional flow [70]. They found a transition in conformation from a

tubular to a dumbbell shape when reaching a critical extension rate. With further increasing

flow strength, the shape evolves to a pearling state due to unstable higher order shape modes.

This behavior is also found in a computational study by Narsimhan et al. [117], who also

considered other extensional flows. Kumar et al. recently developed a microfluidic Stokes

trap to make a vesicle remain at the stagnation point and extended the work of Kantsler et

al. by giving a more detailed analysis of the vesicle shape transition in the parameter space

of reduced volume and bending modulus [80].

In contrast to the substantial literature on polymers or vesicles, there is only a small

amount of work on the dynamics of deformable freely suspended sheets in flow and no

prior study has probed the possibility of hysteretic conformational transitions of extensible

sheets in extensional flow. (Though there exist many studies on flapping sheets with a

clamped edge in flow (flapping flags) [5, 155], this is not our interest here.) Motivated

by applications of relatively inextensible sheetlike materials such as graphene and boron
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nitride, Green and Xu investigated the dynamics of freely suspended nanosheets in both

extensional and shear flow [186, 187]. They modeled a nominally square sheet with a bead-

rod network inspired by coarse-grained models of polymers in solution, simulating the model

with a Brownian dynamics method. Because of the inextensibility of the rods, the model

they consider is highly resistant to stretching deformations, so much of the dynamics in this

system are determined by the relative importance of flow, bending resistance and Brownian

motion. In biaxial extensional flow, a sheet with large bending stiffness tends to stay at a flat

conformation. With small bending stiffness, Brownian motion leads to crumpling [187]. In

shear flow at low bending stiffness, they found that sheets undergo a cyclic crumple-stretch-

crumple motion [186]. Botto and co-workers performed molecular dynamic simulations to

study the liquid phase exfoliation of graphite sheets in shear. They studied the critical shear

rate for exfoliation to occur in different solvent and developed a theoretical model that can

predict the critical shear rate in simulation [51]. They also applied molecular dynamics

simulations to explore the effects of hydrodynamic slip on the dynamics of a sheet in shear

[67]. Interestingly, in the presence of slip, they found that a rigid nanosheet can take on a

stable steady orientation with a finite orientation angle with respect to the flow direction.

Finally, Dutta and Graham investigated the dynamics of a piecewise rigid creased sheet –

a model of an origami figure known as a Miura pattern [39]. Depending on geometry and

initial conditions, this sheet can show steady, periodic or quasiperiodic orientational and

conformational dynamics in shear.

The present work describes the behavior of sheetlike particles in a parameter regime that

has not been explored in the studies above. We consider soft (highly extensible) elastic

sheets, taking Brownian forces to be negligible compared to hydrodynamic and elastic ones,

and focus on planar and biaxial extensional flows. We consider three different rest shapes:

disk, square, and rectangle. The rest of the paper is organized as follows: Section 3.2

summarizes the model we use and the discretization and solution methods. Section 3.3 shows

detailed results for the sheet dynamics, illustrating a bistability phenomenon analogous to
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the coil-stretch transition. Concluding remarks are presented in Section 3.4.

3.2 Methods

We briefly illustrate the modeling of a freely suspended soft sheet in extensional flow. We

consider a very thin, neutrally buoyant, elastic sheet suspended in an unbounded, incom-

pressible Newtonian fluid with viscosity η and density ρ, and subjected to planar and biaxial

extensional flow fields. Expressed in Cartesian coordinates, the fluid velocity v∞ in the

absence of the particle is given in planar extension by v∞ = ε̇ [x, 0,−z]T and in biaxial

extension by v∞ = ε̇ [x/2, y/2,−z]T , with ε̇ the strain rate.

The sheet is modeled as an elastic continuum. Fluid cannot pass through the sheet, and

each point on the sheet is taken to move with the local velocity of the fluid. That is, the

usual no-penetration and no-slip boundary conditions are applied for the fluid velocity at

the sheet surfaces. In this case, no specification of the details of fluid-solid interfacial forces

is necessary. As noted above, for atomically smooth surfaces, the no-slip boundary condition

may not apply, in which case interesting dynamics have been seen to arise in simulations of

rigid sheets in shear flow [67]. That case is not considered here.

In this work, we focus on sheets with three rest shapes: a disk with radius a, a square

with edge 2a, and a rectangle with short edge a and long edge 2a. The rest thickness h is

much less than a such that the fluid exerts no traction along their edges.

The mechanical response of a very thin sheet is split into two parts: in-plane shearing

elasticity, with strain energy Es, and out-of-plane bending elasticity, with strain energy Eb.

The total strain energy is thus

E = Es + Eb. (3.1)

The in-plane shearing energy Es on the sheet surface Γ can be written as

Es =

∫
Γ

W dS, (3.2)
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where W is the areal shear strain energy density that is defined pointwise on the sheet

surface. We consider the sheet as isotropic and incompressible and describe the in-plane

energy with the Yeoh model, a model used to simulate rubber-like materials [192]. Its strain

elastic energy W is given by:

W =
G

2
(I − 3) + cG (I − 3)3 . (3.3)

Here, I = λ2
1 + λ2

2 + λ2
3 is the first invariant of the right Cauchy-Green deformation

tensor, which is a function of principal stretch ratios λi, and G is a two-dimensional shear

elasticity modulus given by G3Dh, where G3D is the usual 3D shear modulus. The quantities

λ1 and λ2 are the local principal stretch ratios along the (local) tangential directions of the

sheet surface, while the normal stretch ratio λ3 is determined by incompressibility of the

sheet material: λ1λ2λ3 = 1. The parameter c determines the weight of the cubic terms in

the energy formulation and determines whether the material is strain-softening or strain-

hardening. When c = 0, the Yeoh model reduces to the strain-softening neo-Hookean (NH)

model.

For bending energy, we apply a simple linear bending model that penalizes deflection

between neighboring discretized elements [42, 43]. Details of the discretization will be covered

in later paragraphs. This energy has the form

Eb =
∑

adjacent α,β

kb [1− cos(θαβ − θ0)] , (3.4)

where kb is a bending constant, θαβ is the angle between two neighboring elements and θ0

is the angle at equilibrium. In this study, we assume the sheet is flat at rest, so θ0 = 0 for

all adjacent element pairs. The bending constant kb =
√

3(2KB +KB) denotes an averaged

bending modulus, which is derived from the Helfrich bending energy of a spherical shell with

a zero spontaneous curvature [43]. Here KB is the bending modulus and is related to the

Gaussian curvature modulus KB by KB/KB = ν − 1, where the Poisson ratio ν = 1/2 for
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an incompressible sheet [169]. A nondimensional bending stiffness can be defined: K̂B =

KB/a
2G.

The simulations performed and the results presented are in nondimensional form. Lengths

are scaled with a and time with the inverse extension rate 1/ε̇. Forces are nondimensional-

ized by viscous drag force ηε̇a2. With these choices, two nondimensional parameters arise

that characterize the deformability of the sheet by the flow: the in-plane deformability is

determined by the capillary number Ca = ηε̇a/G, with the competition between flow and

bending deformations characterized by Ca/K̂B. It is worth pointing out here that in all

cases studied here, the sheet becomes flat at long times, in which case the bending energy

becomes irrelevant. It does, however, have an effect on dynamics at short times, determining

the transient wrinkling behavior that the sheet exhibits while orienting with the flow.

Our results below indicate that complex behavior in extensional flow occurs once Ca &

0.1. We present here some estimates to illustrate how these results will be relevant to

microscale sheets of specific materials. Materials like polymer hydrogels usually have shear

modulus G3D ≈ 1kPa) [48, 94, 106]. If a disc-shaped polyethylene glycol (PEG) hydrogel

sheet with radius of 100 µm and thickness of 100 nm is suspended in water (η ∼ 10−3 Pa · s),

a modest extension rate of about 102s−1 will yield Ca = 0.1.

Other interesting two-dimensional materials, such as graphene flakes, have much too large

a shear modulus (G3D ≈ 300 GPa[97]) to yield a capillary number in the range where they

will be strongly stretched by flow, except in extreme conditions.

In addition, the thermal fluctuation for polymer sheets at room temperature is consid-

ered negligible compared to strain energy. If we still consider the above PEG hydrogel, its

estimated shear strain energy (∼ 109kBT ) and bending energy (∼ 3 × 105kBT ) are much

larger than thermal energy. Therefore, thermal fluctuations will have a negligible influence

on the dynamics.

The numerical method for the elasticity problem is adapted from Charrier et al. [21, 128].

We simulate the sheet by keeping track of material points as nodes on the sheet surface. The
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sheet surface is discretized into triangular elements with a node at each corner. From the

above two energies, we obtain the elastic force Fe exerted on each node from the first variation

of the total energy with respect to the nodal displacements. Each discretized element of the

sheet is assumed to have homogenous deformation, so the element edges always remain

linear. The deformed element is compared to its equilibrium shape under a local coordinate

transformation via a rigid body rotation and the displacement for any point inside the

element is obtained by linear interpolation from nodes. The detailed implementation can be

found in Chapter 2. The total nodal force Fe is evaluated by summing the elastic force Fe,i

due to deformation of each surrounding element shared by the node: Fe =
∑

i Fe,i, where

the sum is over all elements meeting at the node. For the results shown, we discretize the

disk with 1600 elements and 841 nodes, the square with 2048 elements and 1089 nodes, and

the rectangle with 1024 elements and 561 nodes. We have verified that changes in mesh

resolution lead to only small quantitative changes in the results and no qualitative changes.

We consider the case of very small sheets, such that the particle Reynolds number Re =

ρε̇a2/η is much less than unity and the fluid motion is governed by the Stokes equation.

Neglecting the inertia of the sheet, the total elastic force Fe exerted on each node by the

surrounding solid is balanced by the force Fh exerted by the fluid on the node:

Fe + Fh = 0. (3.5)

Thus, the sheet exerts a force on the fluid at each nodal position. To account for the fact

that the forces are not completely localized to the nodal positions, we use the method of

regularized Stokeslets [28]: the force Fi exerted by node i on the fluid corresponds to a

regularized force density fκ = Fδκ(x− xi), where δκ(x) is a regularized delta function with

regularization parameter κ. Thus, the governing equations are the Stokes equation with

regularized nodal forces and the continuity equation:
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−∇p+ η∇2v +
∑

i Fiδκ(x) = 0

∇ · v = 0.
(3.6)

Here the sum is over the nodal positions. The velocity field generated due to a regularized

point force f = Fδκ(x) can be represented using a regularized Stokeslet Gκ:

vκ(x) = Gκ(x) · F. (3.7)

As 1/κ→ 0, Gκ reduces to the usual Stokeslet operator G(x) = 1/8πηr(I + xx/r2), where

r = |x|. There are many ways to regularize a delta function δκ(x); we choose a regularization

function for which the deviation between G and Gκ decays exponentially as κr →∞ [50, 59]:

δκ(x) =
κ3

√
π

3 exp(−κ2r2)

[
5

2
− κ2r2

]
. (3.8)

With this choice,

Gκ(x) =
erf(κr)

8πηr

(
I +

xx

r2

)
+
κe−κ

2r2

4π3/2η

(
I− xx

r2

)
. (3.9)

In the simulations, κ must be chosen to scale with the minimum node-to-node distance

lmin. We take κlmin = 2.1842, which is obtained using a validation case discussed below. Due

to the no-slip and the no-penetration boundary conditions, the velocity of each node on the

sheet surface equals the fluid velocity at the nodal position. This velocity is the sum of the

free velocity v∞ in the absence of the sheet and the perturbation velocity vp generated by

the nodal forces:

v(x) = v∞(x) + vp(x) = v∞(x) +
∑
i

Gκ(x− xi) · Fi. (3.10)

The position of each node is determined by integrating the velocity with a fourth-order

Runge-Kutta method. The time step applied in simulation follows ∆t = 0.1Calmin, with an
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upper limit of 5× 10−4 strain unit.

3.3 Results

3.3.1 Planar extensional flow

We begin the discussion of sheets in planar extensional flow with an important general

observation. Consider an initial condition where the sheet is flat, with arbitrary orientation.

We find that this initial condition will almost always evolve at long time to a flat shape

aligned with the x − y plane, where the x- and y-axes are the extensional and neutral

directions for the flow, respectively. The only exception is the case where the sheet is

initially oriented perfectly in the x − z plane. By symmetry, this sheet’s orientation will

remain in this plane for all time. However, this situation seems to be unstable for a sheet

of any shape with any finite deformability, as exemplified in Fig 3.1 for a disk. In all cases

studied, the transient dynamics, and in particular the degree of transient wrinkling as the

sheet is compressed along the z-direction, depend on Ca and K̂B, but eventually a flat state

aligned with the x− y plane is reached. Accordingly, all subsequent results consider sheets

with this orientation and with K̂B = 1 × 10−3. Only the in-plane deformability (Ca) is

varied in the rest of the paper, as K̂B has no influence on the final conformation.

Another stability issue arises for sheets whose initial shapes are not circular. Fig 3.2

shows steady states for the three shapes we consider here, for low Ca and the neo-Hookean

constitutive model (Eq.3.3 with c = 0). For a disk, the steady state is roughly ellipsoidal, as

Figure 3.1: Time evolution of a deformable disk initially aligned with the x− z plane in planar
extensional flow (Ca = 0.2; K̂B = 1× 10−3).
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shown in Fig 3.2(a). For a non-radially symmetric geometry like a square, we also need to

consider its stable orientation. Even at very small Ca, an initial condition where the sides

of the square are aligned with the x and y coordinate axes will eventually rotate until the

diagonal aligns with the flow direction, reaching a steady state as indicated in Fig 3.2(b).

(At Ca = 0, where the sheet is perfectly rigid, Stokes flow reversibility would prevent this

reorientation.) By contrast, the rectangular shape we study here remains symmetric at low

Ca, as illustrated in Fig 3.2(c)).

Figure 3.2: Stable steady-state conformation of a sheet in planar extensional flow with
neo-Hookean elasticity at Ca = 0.1: (a) disk. (b) a square. (c) rectangle. The scale bar 1
dimensionless length unit.

Continuing with the neo-Hookean model, Fig 3.3 shows the steady-state extension ls as a

function of Ca for the three shapes. In each case, there is a critical value of Ca beyond which

the sheet will stretch without bound, not reaching a steady state shape. The appearance of

the singularity is caused by the strain-softening property of the neo-Hookean model – the

increasing flow strength overcomes the elastic response of the sheet – and is analogous to

the behavior found in a bead-spring dumbbell model of a polymer molecule when the spring

force obeys Hooke’s law [50] and the Weissenberg number exceeds a critical value. In the

case of the dumbbell model, if the Hookean spring model is replaced by a finitely extensible

spring, the singularity vanishes and the chain reaches a steady state where the chain is highly

stretched. This is the simplest version of the “coil-stretch” transition of flexible polymers. In

the sheet case, we will refer to conformations at Ca values below the transition as “compact".
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Figure 3.3: Steady-state stretched length ls vs. Ca for deformable sheets with neo-Hookean
elasticity in planar extensional flow. The data points filled with light color correspond to the
shapes shown in Fig 3.2. The critical Ca for each geometry are: disk (Ca = 0.34), square
(Ca = 0.214), rectangle (Ca = 0.228). The subplot indicates how length l is measured and the
preferred stable orientation.

To further explore the compact-stretched transition, we turn to the strain-hardening

Yeoh model. At low Ca, a finite, small value of c leads to negligible change in conformation.

However, once the critical capillary number is exceeded, the the behavior is very different:

the singularity is replaced by a sudden jump in the stretched length within a small Ca

interval around the critical Ca. Fig 3.4 shows steady states for our three rest shapes with

c = 5 × 10−5 at values of Ca just above the singularity in the neo-Hookean case, i.e.,

Ca = 0.35, 0.22 and 0.24 for disk, square, and rectangle, respectively. All cases take on

strongly stretched conformations, and in addition, the rectangle takes on an asymmetric

shape: reflection symmetry across the extensional axis is broken. The following paragraphs

describe the parameter dependence in further detail.

Figure 3.5(a) shows steady state stretching length of a disk vs. Ca for c = 2 × 10−5.
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Figure 3.4: The steady-state conformation of a stretched sheet in planar extensional flow with
Yeoh elasticity with c = 5× 10−5: (a) a disk at Ca = 0.35. (b) a square at Ca = 0.22. (c) a
rectangle at Ca = 0.24. The scale bar is 2 dimensionless length units.

At sufficiently low Ca the only steady state is compact (blue). Once Ca exceeds a critical

value Cac, the compact steady state branch loses existence and the length evolves to a

stretched state (red), as indicated by the upward black arrow. This type of transition

is known as a saddle-node bifurcation. The critical value Cac splits the result into two

branches in the parameter space: a compact branch and the stretched branch. Meanwhile,

the diskontinuity in the stretched length suggests the existence of a bistable region that

corresponds to hysteresis as Ca is increased or decreased quasistatically. Indeed this is the

case – if we use an initial condition corresponding to a stretched state, then as long as Ca is

greater than some lower limit, denoted Cas, then the final state will be highly stretched. For

Ca < Cas, the stretched steady state branch loses existence, and an initially stretched sheet

will relax to a compact steady state, as indicated by the downward black arrow. In general,

this type of bistable behavior implies the existence of a branch of unstable steady states

intermediate between the upper and lower ones. This branch is indicated schematically by

the black dashed lines – we have not explicitly computed it. Fig 3.5(c)-(e) show the evolution
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of either an initially compact or an initially stretched state for Ca < Cas, Cas < Ca < Cac,

and Ca > Cac, respectively.

Figure 3.5: (a) Final stretched length ls vs. Ca for a disk with c = 2× 10−5 in planar
extensional flow. Blue symbols and curves represent a compact final conformation and red
represent a stretched final conformation. The points filled with light color correspond to the
transient evolution shown in Fig 3.5(c)-(e). The black dashed line indicates the unstable steady
state. The light blue dashed line shows the critical Ca with neo-Hookean elasticity. Cac and Cas
are two critical Ca marked besides the arrows. (b) Final stretched length ls vs. Ca for a disk with
c = 1× 10−4 in planar extensional flow. (c)-(e): Examples of stretched length evolution of a disk
from either a stretched state or a compact state with c = 2× 10−5 in planar extensional flow: (c)
Ca = 0.3 (d) Ca = 0.33 (e) Ca = 0.35.

In polymer dynamics, the origin of coil-stretch hysteresis is understood to be the conformation-

dependent hydrodynamic interactions. The situation here is somewhat analogous. When the

sheet remains at a compact state, the strain is relatively small and there is not a substantial

change in surface area for the fluid to exert stresses on. In the stretched state, however, the

surface area is substantially larger, leading to larger forces on the sheet from the flow, pre-
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venting relaxation back to a compact state. Consequently, the sheet maintains a deformed

state that is larger in size than the compact state under the same Ca. In Section ??, we

verify this picture by examination of an artificial model in which hydrodynamic interactions

are artificially screened out.

Figure 3.6: (a) Final stretched length ls vs. Ca for a disk in planar extensional flow with various
c. All c have a similar (overlapped) compact branch. The blue dashed line refers to Cas with
neo-Hookean elasticity. (b) Phase diagram of Cac and Cas vs. c in planar extensional flow. The
gray area marks the parameter regime where hysteresis can be observed.

This bistability phenomenon only exists for small c. The steady-state stretch for c =

1 × 10−4 is shown in Fig 3.5(b); while there is a sharp increase in ls as Ca increases, there

no longer exists a discontinuous transition or a multiplicity region. Fig 3.6(a) shows the

steady states over a range of c. All choices of c share a similar compact branch, as the cubic

energy term does not play a role when the strain is small. The discontinuity between the

compact and the stretched branch becomes more evident with decreasing c, where hysteresis

arises. In the linear polymer case, bistable behavior in extension is only observed for very

long chain – highly extensible – polymers, where the equilibrium coil size and the contour

length differ by orders of magnitude. In the present case, the extensibility is represented

by the nonlinearity parameter c in the strain energy. Thinking of the sheet as a crosslinked

polymer network, small c roughly corresponds to a material with a large number of polymer
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segments between crosslinks: c = 0 is the neo-Hookean limit where the material can stretch

without limit. As c increases, large deformations are increasingly penalized, as in the case

of a linear chain with finite extensibility. Consistent with the linear polymer case, for the

sheets, bistability vanishes as extensibility decreases (c increases).

Figure 3.6(b) summarizes the values of Cac and Cas as a function of c. Hysteresis exists

in the gray region between the two curves. Note that Cac increases only slightly with c, as

the nonlinear elastic behavior only has a small influence on a compact state. The Cas branch

increases faster with c as a result of the increasing energy penalty for a stretched state as c

increases. Based on the chosen mesh resolution, we note that Cac and Cas are not sensitive

to further increase in resolution; increasing the number of elements by 10% shifts Cas and

Cac in the third decimal place.

Since we found compact-stretched transition and hysteresis behavior for a disk sheet

in planar extensional flow, we expect a similar transition to be found for a different sheet

geometries. We now briefly present the behavior of a square in planar extensional flow.

As previously mentioned, the square shape preferentially orients with diagonally opposed

corners in the extension direction (Fig 3.2(b) and Fig 3.4(b)) for both the compact and

the stretched state. We provide an example of compact-stretched transition and hysteresis

behavior for a square in Fig 3.7a, for c = 1 × 10−4. Fig 3.7(b) shows the region in Ca − c

space where hysteresis can be found.

In contrast, the rectangle is less symmetric than the disk or the square. From the previous

steady-state analysis, we have already noted the existence of an asymmetric stretched steady

state. This result indicates that there exists a symmetry-breaking bifurcation that interacts

with the bifurcation behavior shown above. Fig 3.8(a) illustrates the length evolution for

a rectangle initially in its rest state and oriented with the extension direction. This sheet

is initially stretched by the flow symmetrically relative to the x− z plane until it reaches a

symmetric stretched state. The sheet stays at this unstable symmetric state for some time,

but then evolves to a tilted asymmetric stable conformation. This observation suggests that
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Figure 3.7: (a) Bifurcation diagram of stretched length ls vs. Ca for a square in planar
extensional flow, c = 1× 10−4. (b) Phase diagram of Cac and Cas vs c for a square in planar
extensional flow, with the gray area indicating the hysteresis region.

there is a stretched symmetric state that is unstable with respect to symmetry-breaking

perturbations, leading the final steady state to be asymmetric.

Figures 3.8(b) and (c) shows bifurcation diagrams for c = 1× 10−5 and 7× 10−5, respec-

tively. (We can compute symmetric steady states that unstable in the full space by enforcing

reflection symmetry.) In Fig 3.8b, multiplicity behavior exists for both the symmetric and

the (unstable) symmetric stretched steady states. The bifurcation diagram indicates two

saddle node bifurcations on the symmetric branch and a hypothesized subcritical symmetry-

breaking (pitchfork) bifurcation that also undergoes a saddle-node bifurcation, yielding the

stable stretched asymmetric state. This is the simplest bifurcation scenario consistent with

the computational results – the orange dashed curve has not been computed but is consistent

with this scenario. For the larger value of c considered in Fig 3.8(c), there is no bistability

of symmetric solutions, but the asymmetric branch still bifurcates subcritically and turns

around to yield a stable asymmetric stretched state. If we further increase c, bistability will

vanish for the asymmetric solution and we obtain a supercritical bifurcation. We present a

case in Fig 3.8(d) to show the existence of supercritical bifurcation.
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Figure 3.8: (a) Transient stretched length evolution of a rectangle in planar extensional flow,
c = 7× 10−5, Ca = 0.24. (b) Bifurcation diagram of ls vs. Ca for a rectangle with c = 1× 10−5.(c)
Bifurcation diagram of ls vs. Ca for a rectangle sheet with c = 7× 10−5. The data point filled
with light color corresponds to the evolution shown in Fig 3.8(a) (d) Bifurcation diagram of ls vs.
Ca for a rectangle with c = 3× 10−4. (e) Phase diagram Cac and Cas vs c for a rectangle in
planar extensional flow; here Cas,a represents the stretched critical Ca for an asymmetric
conformation, and Cas,s represents the stretched critical Ca for a symmetric conformation. The
dark gray area indicates the hysteresis region for symmetric states and the light gray area marks
the hysteresis region without symmetry constraints, so the stretched state is tilted.

Figure 3.8(e) summarizes the behavior, showing the parameter space where hysteresis

arises for both the asymmetric and the symmetric stretched states. The conformational

hysteresis disappears faster as c increases for symmetric conformations than tilted ones.

3.3.2 Biaxial extensional flow

This section briefly turns to the case of biaxial extension, in which we shall see many of the

features described above in planar extension. To begin with, similar to planar extension,
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the strong compressive flow inward along the z direction suppresses any out-of-plane defor-

mations, so at long times the deformations only occur in the x − y plane. Different from

the planar extension case, due to the radial symmetry of the biaxial flow in the x− y plane,

there is no issue of a preferred orientation for a square and a rectangle. Examples of stable

steady states are illustrated in Fig 3.9.

Figure 3.9: Steady-state conformation of a stable steady-state sheet with neo-Hookean elasticity
in biaxial extensional flow at Ca = 0.2: (a) disk. (b) square. (c) rectangle. Scale bar is 1
dimensionless length unit.

As in planar extension, if neo-Hookean elasticity is used, there is again a singularity in

stretching as Ca increases, as shown in Fig 3.10. In general, Cac is larger compared to planar

extension. With the Yeoh model, bistability behavior similar to that found above is again

observed. In biaxial extension, all three shapes have a stretched state similar to its compact

state, just more stretched. No symmetry-breaking has been observed. Fig 3.11(a)-(c) show

bifurcation diagrams for the disk, square and rectangle cases, respectively.

Figure 3.11(d)-(f) give the corresponding phase diagrams, showing where where hysteresis

occurs. Compared with planar extensional flow results, the disk and rectangle in biaxial

flow have larger effective hysteresis regimes. Interestingly, the rectangle has a substantially

smaller hysteresis regime in c. This may arise from the smaller extent of the rectangle in

one of the two characteristic stretching directions of biaxial extension.
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Figure 3.10: Steady-state stretched length ls vs. Ca for deformable sheets with neo-Hookean
elasticity in biaxial extensional flow. The data points filled with light color correspond to the
conformations shown in Fig 3.9. The critical capillary numbers are: disk: Cac = 0.391, square:
Cac = 0.309, rectangle: Cac = 0.395. The subplot indicates the length measured in each geometry.

3.3.3 Effect of artificial hydrodynamic screening

Recall that the presence of hysteresis in the coil-stretch transition is due to the different

hydrodynamic drag forces by the polymer in its coiled and stretched states[35, 151]. To assess

the role of hydrodynamic forces on bistability in the present case, we now consider an artificial

model that weakens the hydrodynamic interaction between different parts of the sheet. In

this model, we take the medium in which the sheet is moving to be a Brinkman porous

medium rather than a simple viscous fluid. In a porous medium, hydrodynamic interactions

decay quickly with distance, because the obstacles in the medium absorb momentum [? ].

With this model, the velocity field generated by point force F is determined not by the

Stokeslet, but by the so-called Brinkmanlet:
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Figure 3.11: Bifurcation diagrams of ls vs. Ca for sheets of different shapes in biaxial
extensional flow: (a) disk: c = 1× 10−4. (b) square: c = 1× 10−4, (c) rectangle: c = 1× 10−5.
The light blue dashed line refers to Cac with neo-Hookean elasticity. Phase diagram of the
hysteresis regime in biaxial extensional flow: (d) disk, (e) square, (f) rectangle.

B(x) =
2

8πηα2r3
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) (
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r2

)]
.

(3.11)

Here a new length scale α−1, the Brinkman screening length, arises. When αr � 1, the

Brinkmanlet reduces to the Stokeslet. When αr � 1, the velocity decays as r−3, as in a

Darcy’s law porous medium [50]. In our model, we apply the Brinkmanlet, rather than the

regularized Stokeslet, to the interactions between different nodes, and examine the effect of

α. In dimensionless form, α is scaled with sheet size a, so once α > 1, hydrodynamic will be
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important only between nearby positions on the sheet.

Figure 3.12: Bifurcation diagrams of ls vs. Ca for a square sheet (c = 1× 10−4) with increasing
α: (a) planar extensional flow. (b) biaxial extensional flow.

We take a square (c = 1 × 10−4) in both planar and biaxial extension as an example

to illustrate how the HI influences the hysteresis behavior. Fig 3.12 shows the steady state

stretching length vs. Ca for multiple choices of α. Compared with the case α = 0 (Fig 3.7a

for planar extension and Fig 3.11(b) for biaxial extension at c = 1 × 10−4), the bistable

region becomes narrower and shifts towards smaller Ca as α increases. When α = 100, the

hysteresis region vanishes and we obtain a smooth monostable curve. We conclude that, as

with linear polymers, bistable behaviors arise from the hydrodynamic interactions between

different parts of the sheet surface.

3.4 Summary

In this study, we systematically explored the dynamics of freely suspended elastic sheets

with three different rest shapes in planar and biaxial extensional flows. In both flow fields,

the sheet always takes on a flat steady conformation in the stretching plane. If neo-Hookean

elasticity is applied, we observed a weakly stretched “compact" sheet conformation at low
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Ca, while above a critical Cac the degree of stretching diverges. With a nonlinear Yeoh

elasticity model, this singularity vanishes, but for sufficiently small nonlinearity parameter

c, we observe a “compact-stretched" transition, where the sheet suddenly becomes highly

stretched once a critical capillary number is exceeded. The discontinuity in stretched length

marks a bistable or hysteretic regime, where the sheet has either a compact or a stretched

conformation based on its deformation history. This behavior occurs for all three rest shapes

considered. The origin of such bistable behavior is a result of hydrodynamic interaction

between different parts of the sheet. The dynamics become monostable if hydrodynamic

interactions are artificially screened out. The highly nonlinear behavior predicted here may

play a substantial role in the behavior and performance of flow processes involving soft

sheet-like particles.
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4

Wrinkling and multiplicity in the

dynamics of deformable sheets in

uniaxial extensional flow

1 The processing of thin-structured materials in a fluidic environment, from nearly inexten-

sible but flexible graphene sheets to highly extensible polymer films, arises in many appli-

cations. So far, little is known about the dynamics of such thin sheets freely suspended in

fluid. In this work, we study the dynamics of freely suspended soft sheets in uniaxial exten-

sional flow. Elastic sheets are modeled with a continuum model that accounts for in-plane

deformation and out-of-plane bending, and the fluid motion is computed using the method

of regularized Stokeslets. We explore two types of sheets: “stiff" sheets that strongly re-

sist bending deformations and always stay flat, and “flexible" sheets with both in-plane and

out-of plane deformability that can wrinkle. For stiff sheets, we observe a coil-stretch-like

transition, similar to what has been observed for long-chain linear polymers under exten-

sion as well as elastic sheets under planar extension: in a certain range of capillary number

(flow strength relative to in-plane deformability), the sheets exhibit either a compact or a

1The text of this chapter is adapted from the publication by Y. Yu and M. D. Graham Physical Review
Fluids, 2022,7, 023601
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highly stretched conformation, depending on deformation history. For flexible sheets, sheets

with sufficiently small bending stiffness wrinkle to form various conformations. Here, the

compact-stretched bistability still occurs, but is strongly modified by the wrinkling insta-

bility: a highly-stretched planar state can become unstable and wrinkle, after which it may

dramatically shrink in length due to hydrodynamic screening associated with wrinkling.

Therefore, wrinkling renders a shift in the bistability regime. In addition, we can predict

and understand the nonlinear long-term dynamics for some parameter regimes with linear

stability analysis of the flat steady states.

4.1 Introduction

Two-dimensional materials, such as graphene, boron nitride and thin polymeric films, have

received great attention in recent years. Thin graphene flakes and graphene composites, due

to their superior mechanical and electronic properties, are widely used in the energy storage

field [3, 4, 44, 197, 199]. Electronic nanomaterials, such as MoS2, GeSe and graphene,

are used in nanoscale thin films for semiconductor nanomembranes in high-performance

electronic devices [141, 194]. Thin polymer sheets and films are important in the development

of cell-based biohybrid machines [99].

These examples all involve stages of synthesis or processing where thin sheet-like struc-

tures are freely suspended in a fluidic environment, potentially showing complicated dynam-

ics under external flow fields. For instance, Fei and coworkers improved the performance of

carbon nanofibers in battery anodes by adding graphene oxide (GO) nanosheets to the fibers,

which were produced by water-based electrospinning [44]. Once the mixture of nanosheets

and polymer solutions was injected into the air, the uniaxial extensional flow near the needle

tip stretched the nanosheet and helped it to wrap around the fiber surface. Park et al. inves-

tigated behavior and orientation of layered silicate nanocomposites in uniaxial extensional

flow, finding that exfoliated nanosheets tended to align with the extensional direction [129].
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Recently, Ng et al. performed capillary breakup extensional rheometry (CaBER) with dilute

GO solutions, demonstrating that a very small amount of GO nanosheets can influence ex-

tensional rheology [119]. Yoon et al. synthesized GaAs nanomembranes in suspension with

a combination of dispersion and sonication that generated complicated flow fields [194]. Liu

et al. reviewed the fabrication of thin and ultra-thin polymer films, some of which involved

an exfoliation process to dissolve the substrate where the films were suspended in solution

[99].

The understanding of these nontrivial scenarios requires a comprehensive knowledge of

the dynamics of suspended deformable sheet-like structures in flow, an area that has barely

been explored. The above examples involve uniaxial extensional flow, which is, therefore,

the focus of the present work. To our knowledge, this is the first study of flexible sheets in

uniaxial extension.

Though little is known about deformable sheet dynamics in extensional flow, other soft

objects such as flexible polymers have been well-studied. De Gennes suggested the possibil-

ity of a discontinuous, hysteretic coil-stretch transition for sufficiently long chain polymers

under extensional flow, because of the conformation-dependence of the hydrodynamic in-

teractions between chain segments [35]. Fuller and Leal modeled this situation in planar

extensional flow with a bead-spring dumbbell model with conformation-dependent drag on

the beads, observing the discontinuous transition and conformational bistability and hystere-

sis hypothesized by De Gennes [47]. Bistability was experimentally observed by Schroeder

and coworkers with dilute solutions of fluorescently labeled E. coli DNA under planar exten-

sion [151]. They also performed Brownian dynamics simulations of a bead-spring polymer

model with hydrodynamic interactions, finding conformational hysteresis consistent with

what they observed in experiments. Recent computational work has also suggested the tran-

sition not only happens in a dilute polymer solution but also for polyethylene melts under

planar extension [116].

Coil-stretch-like transitions have been shown to exist beyond linear polymers. Kantsler
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et al. reported experimental observation of a tubular-dumbbell transition for vesicles in pla-

nar elongational flow when a critical strain rate is reached [70]. They did not observe

bistability. Zhao et al. found a similar transition computationally for a vesicle in uniaxial

extensional flow [201]: when reaching a critical flow strength, the vesicle became unstable

and deformed into an extended asymmetric dumbbell shape with two unequally sized ends.

The simulation results are consistent with experimental observations from Kantsler et al. in

planar extension and vesicles did not show bistability. Soh and Doyle studied the deforma-

tion response for 2D kinetoplast DNA sheets, which are networks of linked ring structures

that appear in mitochondria, in planar elongational flow [164]. The DNA sheets underwent

a relatively smooth transition from an undeformed state to a deformed stretched state, with

no evidence of a hysteretic coil-stretch transition. A recent computational study from Yu

and Graham demonstrated that a sufficiently deformable elastic sheet in planar or biaxial

extension can display a compact-stretched transition with hysteresis that is closely analogous

to the coil-stretch transition in long polymer chains in solution [195]. As in the polymer case,

the bistability was shown to arise from the hydrodynamic interaction between different parts

of the sheet surface, and vanished if the hydrodynamic interactions were turned off. Due to

the nature of biaxial and planar extension, the long-time conformations of the sheets were

always flat. However, as we shall see, a flexible sheet in uniaxial extension experiences radial

compressive stress and may wrinkle, influencing the shape evolution and bistability.

While the above discussion focused on extensional flows, a number of recent studies

consider the dynamics of inextensible sheets in shear flow in order to understand synthesis

processes of sheets such as graphene, which usually involve a liquid-phase exfoliation in a

shear-dominated flow where complicated folding dynamics may occur. Xu and Green studied

a Brownian bead-spring model for a square sheet in simple shear flow [186], where they char-

acterized a cyclic crumple-stretch-crumple motion for a flexible sheet. In addition, they also

applied the same model to investigate the dynamics in biaxial extension [187], where sheets

with large bending stiffness stayed flat while sheets with small stiffness crumpled as a result
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of Brownian fluctuations. Silmore and coworkers studied semiflexible non-Brownian sheets

in shear [156]. They found that, depending on initial conditions and bending stiffness, the

sheets can either undergo a continuous chaotic tumbling or follow a Jeffery-like orbit then

reach a flat state in the flow-vorticity plane. They also predicted some transient buckling dy-

namics with a simple 1D elasticity model. Dutta and Graham studied piecewise rigid creased

sheets in shear flow [40]. Sheets either approached a steady, periodic or quasiperiodic state

depending on initial conditions. Botto and coworkers examined liquid-phase exfoliation of

multiple graphene sheets via molecular dynamic simulation and characterized the parameter

regime where exfoliation can occur [51]. They also applied molecular dynamic simulation to

study thin nanoplatelets in shear [67]. They found the effect of hydrodynamic slip influenced

the dynamics, allowing the platelet to attain a stable steady orientation with a fixed angle

with respect to flow.

In the present work, we investigate the dynamics of soft, non-Brownian elastic sheets

in uniaxial extensional flow. We examine cases that range from relatively stiff sheets like

graphene to highly deformable polymeric sheets. We are interested in the wrinkling instabil-

ity and its influence on compact-stretched bistability – i.e. the analogue of the coil-stretch

transition in linear polymers. The rest of the paper is presented as follows: Section 4.2

presents the model and numerical methods. Section 4.3 presents the results in three parts:

dynamics of stiff sheets (sheets with large stiffness that prevents out-of-plane deformation);

wrinkling transitions at low extension rates where sheets are not highly stretched; dynam-

ics of stretched sheets and the interaction between wrinkling and the compact-stretched

transition. We conclude in Section 4.4.

4.2 Methods

Model setup

We consider an elastic thin sheet that is freely suspended in an unbounded uniaxial
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extensional flow (v∞ = ε̇ [−x/2,−y/2, z]T , with ε̇ as the flow strain rate). The fluid is

Newtonian with viscosity η and density ρ. We model the sheet as a continuum with a no-slip

surface, so material points on the surface move with the same velocity as the local fluid. The

no-slip boundary condition also implies that the sheet is impermeable – if the sheet moves

with the local fluid velocity, then no fluid is passing through the sheet. The sheet surface

is discretized into triangular elements with a node at each corner. The detailed numerical

methods will be introduced in the following section. In the present study, we focus on a sheet

whose equilibrium shape is a disk with radius a and thickness h such that h� a. Thus, the

sheet has a traction-free edge, along which fluid exerts no forces.

The total strain energy of the elastic sheet can be written as the sum of in-plane strain

energy Es and out-of plane bending energy Eb:

E = Es + Eb. (4.1)

Here, the in-plane strain energy is evaluated by integrating the strain energy density W over

the sheet surface. We choose a nonlinear Yeoh model (YH), as it is often used to model

rubber-like polymer structures [192], with the form:

WYH =
G

2
(I1 − 3) + cG (I1 − 3)3 . (4.2)

The two-dimensional shear modulus G scales with the equilibrium thickness h. The term

I1 is the first invariant of the right Cauchy-Green deformation tensor, and depends on the

local principal stretch ratios λi along the tangential direction of the sheet surface:

I1 = λ2
1 + λ2

2 +
1

λ2
1λ

2
2

. (4.3)

The last term denotes λ3, as the stretch ratio along the thickness direction, is obtained by

incompressibility of the material (λ1λ2λ3 = 1). The parameter c weights the cubic term

in the energy density, and can be physically related to the properties of the material. For
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example, for a polymeric sheet, c is inversely related to the distance between cross-linked

points inside the sheet, thus small c indicates higher extensibility. Consequently, large c

makes the material strain-hardening, due to the penalty from the cubic energy term under

large strain. If c = 0, the model recovers the strain-softening neo-Hookean (NH) model.

For the bending energy Eb, we apply a simple bending model that sums the energy due

to dihedral angles θαβ between neighboring elements [42, 43]:

Eb =
∑

adj α,β

kb (1− cos(θαβ − θ0)) (4.4)

where kb is the bending constant calculated from bending stiffness KB (kb = 3
√

3
2
KB). The

angle θ0 is zero as we assume a flat equilibrium state.

In addition, we also add a truncated Lennard-Jones(LJ) repulsive potential to prevent

the sheet from self-intersecting. Numerically, the potential acts between all the nodes, except

for the nodes that are located within 3-ring neighbors of the targeted node at the equilibrium

state. The potential has the form:

ELJ =


4ϕ0

[(
σ
r

)12 −
(
σ
r

)6
]
, if r < σ

0, otherwise

(4.5)

where r is the distance between nonadjacent nodes at equilibrium state, σ is the range of the

potential, and ϕ0 measures is the strength of the potential. Here, we choose σ = 0.06a and

ϕ0 = 4 × 10−6 such that the potential has no influence on the dynamics for sheets without

intersection. We find that the only case where the repulsive force is active is when the sheet

edge would otherwise cut through the surface, which only occurs for sheets with very small

bending stiffness.

We introduce two nondimensional parameters to describe the aforementioned mechanical

properties. The capillary number Ca = ηε̇a/G compares the viscous stresses exerted by the

fluid on the sheet to the in-plane elastic response of the sheet. Larger Ca indicates that the
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sheet is more deformable. The relative size of the bending and in-plane stresses is measured

by K̂B = KB/a
2G: the parameter comparing the bending with flow is Ca/K̂B = ηε̇a3/KB:

smaller K̂B indicates that the sheet is more flexible. In this study, we explore two types of

sheets: “stiff" sheets (K̂B = ∞) with in-plane deformability, which strongly resist bending

deformations and always stay flat, and “flexible" sheets with both in-plane and out-of plane

deformability, which can wrinkle. We consider the stiff sheet case primarily as an idealized

base case for comparison with the more realistic flexible case.

Additionally, we do not include thermal fluctuations, as we estimate them to be negligible

under the conditions studied here. For example, for a polyethylene glycol (PEG) hydrogel

[48] sheet with radius of 100 µm and thickness of 100 nm suspended in water, its estimated

shear strain energy (∼ 109kBT ) and bending energy (∼ 3 × 105kBT ) are much larger than

thermal energy.

Numerical methods

The numerical method for the elasticity problem is adapted from Charrier et al. [21, 128].

We simulate the sheet by keeping track of nodes that move as material points on the sheet

surface. From the above two energies, we obtain the summed nodal elastic force (Fe,i =

Fs,i+Fb,i) exerted on each node from the first variation of the total energy with respect to the

nodal displacements. Each discretized element of the sheet is assumed to have homogenous

deformation, so the element edges always remain linear. The deformed element is compared

to its equilibrium shape under a local coordinate transformation via a rigid body rotation,

and the displacement for any point inside the element is obtained by linear interpolation from

the nodal positions. The detailed implementation can be found in references [42, 43, 79]. The

total nodal force Fe,i is evaluated by summing the elastic force (Fe,i)j due to deformation of

each surrounding element j shared by the node i: Fe,i =
∑

j(Fe,i)j, where the sum is over

all elements meeting at the node. For the results shown, we discretize the disk with 1600

elements and 841 nodes. We have verified that changes in mesh resolution lead to only small

quantitative changes in the results and no qualitative changes.
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In the present work, we consider a small, thin sheet and assume that the particle Reynolds

number Re = ρε̇a2/η is negligible. Under these assumptions, inertia of the sheet and fluid

are negligible, so the forces on each point on the sheet sum to zero and the fluid is governed

by the Stokes equation. For each node on the sheet surface, the elastic force Fe,i exerted by

the sheet on the fluid is balanced with hydrodynamic force Fh,i from the fluid:

Fe,i + Fh,i = 0. (4.6)

To account for the fact that the forces are not completely localized to the nodal positions,

we use the method of regularized Stokeslets to solve for the fluid motion [28]: the force

Fi = −Fh,i exerted by node i on the fluid corresponds to a regularized force density fκi =

Fiδκ(x − Xi), where Xi is the position of node i and δκ(x) is a regularized delta function

with regularization parameter κ. Thus, the governing equations are the Stokes equation with

regularized nodal forces and the continuity equation:

−∇p+ η∇2v +
∑

i Fiδκ(x−Xi) = 0

∇ · v = 0.
(4.7)

The velocity field generated due to a regularized point force f = Fδκ(x−Xi) can be repre-

sented using a regularized Stokeslet Gκ:

vκ(x) = Gκ(x−Xi) · F. (4.8)

As 1/κ → 0, Gκ reduces to the usual Stokeslet operator G(x − Xi) = 1/8πηr(I + (x −

Xi)(x−Xi)/r
2), where r = ||x−Xi||. There are many ways to regularize a delta function

δκ(x); we choose a regularization function for which the difference between G and Gκ decays

exponentially as κr →∞ [50, 59, 122]:
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δκ(x−Xi) =
κ3

√
π

3 exp(−κ2r2)

[
5

2
− κ2r2

]
. (4.9)

With this choice,

Gκ(x−Xi) =
erf(κr)

8πηr

(
I +

(x−Xi)(x−Xi)

r2

)
+
κe−κ

2r2

4π3/2η

(
I− (x−Xi)(x−Xi)

r2

)
. (4.10)

In the simulations, κ must be chosen to scale with the minimum node-to-node distance

lmin. We take κlmin = 2.1842, which is obtained from a validation case of a disk in biaxial

extensional flow discussed in [195]. We represent the total velocity at a point x as

v(x) = v∞(x) + vp(x) = v∞(x) +
∑
i

Gκ(x−Xi) · Fi. (4.11)

At each time step, after updating the force balance, we update the nodal positions by

applying the condition that they move with the local fluid velocity in Eq. 6.23, thereby

satisfying the no-slip and no-penetration conditions:

dXi

dt
= v(Xi). (4.12)

This equation is solved with a fourth-order Runge-Kutta method. For numerical stability,

the time step applied follows ∆t = 0.1Calmin. If Ca is large, we apply an upper limit of

5× 10−4 strain unit per time step.

4.3 Results

4.3.1 Dynamics of stiff sheets

We begin the discussion of dynamics in uniaxial extensional flow by introducing the dynamics

of a stiff sheet that has extremely large bending stiffness (K̂B = ∞) and always stays flat.
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The dynamics of a stiff sheet serve as a base case to understand the more complicated

flexible sheets discussed in later sections. For simplicity, we impose the infinite stiffness

criterion by directly preventing any out-of-plane deflection in the numerical simulation. Our

primary quantity for characterizing the conformation of a sheet will be its half-length l in

the z-direction, which at rest reduces to its radius a.

One important observation of a sheet in uniaxial flow is that the only stable orientation

of the sheet aligns with the flow direction. This observation agrees with Park et al. [129] for

orientation of nanocomposites in uniaxial extension. Therefore, we only focus on the initial

condition where the sheet aligns with flow direction: the sheet always lies in the x− z plane.

Figure 4.1(a) - (c) presents bifurcation diagrams for the steady state value ls vs. Ca with

different choices of parameter c, with the definition of l shown in Fig. 4.1(d). For a simple

neo-Hookean model (c = 0), shown in Fig. 4.1(a), the conformation stretches without bound

once a critical capillary number Cac = 0.39 is exceeded, yielding a singularity. (This is

analogous to the unbounded stretching of a bead-spring dumbbell of a polymer in solution

when the spring is Hookean [50].) For a nonlinear Yeoh model with small but finite c

(Fig. 4.1(b)), beyond Cac, the compact state loses existence, and the sheets evolve to a

stretched state – the singularity in the Hookean case at Cac is replaced by a saddle-node

bifurcation at which the compact branch loses existence. Quasistatically decreasing Ca

shows that the stretched steady state branch persists down to another critical (saddle-node

bifurcation) value Cas, below which all initial conditions relax back to the compact state.

That is, when Cas < Ca < Cac, this case displays bistability between a weakly stretched

compact branch and a fully stretched branch. Figure 4.1(d) shows examples of compact

and stretched conformations for Ca = 0.37 from Fig. 4.1(b). This bifurcation behavior is

qualitatively similar to what has been previously predicted for sheets in planar and biaxial

extension [195].

We compare two examples from Fig. 4.1(b) to show the difference in dynamics for sheets

with and without bistability: Figure 4.1(e) shows the transient length evolution of sheets for
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Figure 4.1: (a) Steady state half-length ls vs. Ca for a stiff disk with c = 0 (neo-Hookean) in
uniaxial extensional flow, indicating a singularity in ls. (b) ls vs. Ca for a stiff disk with
c = 1× 10−5 in uniaxial extensional flow. Blue symbols represent a compact final conformation
and red symbols represent a stretched final conformation. Cac and Cas are the two critical Ca
marked beside the arrows. (c) ls vs. Ca for a stiff disk with c = 5× 10−5 in uniaxial extensional
flow, with a smooth transition observed. (d) Examples of bistable sheets for Ca = 0.37 with
c = 1× 10−5, corresponding to light symbols in Fig. 4.1(b). The figure shows the front view of
compact and stretched states with half-length labeled ls. (e) Examples of transient length
evolution for stiff sheets with Ca = 0.36 and c = 1× 10−5, below the bistability regime. (f)
Examples of transient length evolution for stiff sheets with Ca = 0.37 and c = 1× 10−5 , in the
bistable regime.

a value of Ca below the bistable regime, as either a compact or stretched initial condition

both result in a compact final conformation as the only stable steady state; Figure 4.1(f)

indicates that if Ca is inside the bistable regime, the sheet either becomes compact or remains

stretched based on its initial condition, with both states being stable.

The bistability regime depends on the value of c. Smaller c indicates larger extensibility,

with c = 0 the special case of neo-Hookean elasticity. The bistability arises only when c is

small. Figure 4.1(c) shows an example where c is sufficiently large that ls increases smoothly
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with increasing Ca. (As c increases, Cas approach one another, eventually merging and

disappearing.) Recalling that c can be viewed as inversely related to the extensibility of the

polymer subchains in the sheet, we suspect that the reason that bistability was not observed

in the DNA networks of [164] is the relatively low molecular weight of the DNA that they

used, leading effectively to a value of c above the bistability regime. In addition, we note

that changing c has negligible influence on the stretching dynamics of the compact branch,

because the strain is relatively small for compact conformations. The current study focuses

on the compact-stretched transition, so below we only discuss the influence of deformation

on the transition with choices of c that show bistability (c = 1× 10−5).

4.3.2 Dynamics of flexible sheets in the compact (low Ca) regime

In this section, we probe into the compact branch shown in Fig. 4.1(b). Here, we remove the

infinite stiffness constraint to make the sheet flexible, so the dynamics depend on bending

stiffness K̂B. When the sheet is compact, the dynamics are not sensitive to c, as the penalty

from cubic energy term is small. Therefore, we present the following results with a simple

neo-Hookean model (c = 0), where a singularity appears beyond Cac = 0.39.



89

Figure 4.2: Top view (x− y plane) and front view (x− z plane) of shape evolutions for a
deformable sheet with Ca = 0.25 and decreasing K̂B: (a) Taco (K̂B = 5× 10−3), (b) S shape
(K̂B = 1× 10−3), (c) Heart (K̂B = 3× 10−4), (d) Double S (K̂B = 1× 10−4).

The dynamics of flexible sheets in uniaxial flow are complicated due to flow-induced

out-of-plane deformation and are highly dependent on Ca and K̂B. We perform numerical

simulations by applying a small and random out-of-plane perturbation to the flat steady
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states shown in Fig. 4.1(b). We found that, depending on K̂B, the sheet either resists

perturbation and stays flat, or develops into different wrinkled conformations.

Figure 4.2 shows a transition of final conformation, for a sheet with fixed Ca and decreas-

ing K̂B, from a flat stable steady state to more complicated geometries. With decreasing

stiffness, the first non-flat conformation appeared is a C shape, or a “taco" shape (Fig. 4.2(a))

as the circular sheet folds onto itself. The next conformation observed is an S shape, as shown

in Fig. 4.2(b). This shape and some of the other wrinkled shapes slowly rotate around the

z axis during flow, due to the asymmetry of the conformation. For even smaller K̂B, the

sheet develops into more complicated structures, such as “heart" and “double S", as shown

in Fig. 4.2(c) and Fig. 4.2(d), respectively. A full parameter sweep of results for a range of

Ca and K̂B will be given below, after we illustrate the various types of conformations that

we observe.

Since the sheets with different K̂B develop into various conformations, we here illus-

trate how different conformations affect the stretching dynamics from two perspectives: the

stretched length of the sheet and the force dipole exerted by the sheet on the flow. Figure

4.4(a) shows the transient stretched length l for the cases presented in Fig. 4.2. All sheets

begin with the same flat steady state (fixed Ca) and a small random perturbation. Interest-

ingly, we observe that as the sheet begins to wrinkle, the induced out-of-plane deformation

leads to a decrease in stretched size. The decrease in l can be easily observed in Fig. 4.2.

From Fig. 4.4(a), sheets with smaller K̂B display a more significant decrease in stretched

length, and the decrease in the stretched length is associated with the type of conformation

observed. For instance, as the taco folds onto itself, it “embraces" and traps fluid inside the

taco, screening it from the fluid motion outside of the taco.

To visualize the effect of this hydrodynamic screening of the interior of the taco from the

imposed flow, we examine the velocity on a symmetry plane cutting vertically through the

taco shape. Figure 4.3b shows this plane and the velocity magnitude ||v|| on it. We show

a slice through the flat steady state in Fig. 4.3a as a reference, where the velocity field is



91

similar to the bulk extensional flow. By comparing with the flat case, we observe that the

velocity inside the taco is smaller than outside, indicating hydrodynamic screening of the

interior. In Fig 4.3c, we also present results for an S conformation. Here the decrease in

velocity of the fluid inside the wrinkles is even more apparent than in the taco case. Because

of this effect, the sheet is less exposed to the extensional flow, leading to the decrease in

length. This hydrodynamic screening applies as well for the other conformations: for the

heart or double S shapes, fluid is trapped in the wrinkles. Those conformations have different

stretched lengths because of the different extents of hydrodynamic screening.

Figure 4.3: Velocity norm ||v|| on a slice (plane x = 0) through the steady states at Ca = 0.25:
(a) A flat sheet as at t = 0 in Fig. 4.2. (b) The taco shape in Fig. 4.2(a). (c) The S shape in
Fig. 4.2(b).

The deformation of the sheets is closely related to the stress that they exert on the fluid,

so it is also of interest to examine the force dipole associated with the deforming sheets.

(The total stress associated with the sheets is simply the force dipole per sheet times the

number density in suspension.) The force dipole is given by:

D = −
∑
i

Fixi, (4.13)

where Fi is the force exerted on the fluid by node i on the sheet. The eigenvalues σi of

D reveal the strength of the dipole along the three principal directions. Here, the first

eigenvalue σ1 indicates the dipole acting along the z axis (flow direction). The second and

third eigenvalues correspond to two orthogonal dipoles on the x− y plane.

In Fig. 4.4(b), we plot evolution of σ1 for same cases from conformations from Fig. 4.4(a).
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Figure 4.4: (a) Transient stretched length evolution of different conformations in Figure 4.2
with fixed Ca = 0.25. (b) Largest eigenvalue σ1 evolution of the cases in Figure 4.4(a).

Here, we focus on σ1, as the two in-plane eigenvalues are negative and small in magnitude.

The evolution of σ1 follows that of stretched length. The magnitude of σ1 relates to the

stretched length of the sheet because more stretched sheets exert stronger force dipole along

the flow direction.

4.3.3 Linear stability analysis for compact sheets

We aim to probe into the buckling instability and find the dependence of sheet elasticity

on different deformations via a linear stability analysis. For a steady state, if the system

experiences small and random perturbations, the analysis can evaluate the linear stability

of each perturbation pattern and find unstable deformations, or unstable modes that make

the steady-state unstable.

Here, we briefly introduce the key steps of the linear stability analysis. For a dynamical

system, where the system observation can be described by a state x, the time evolution of

the system can be described by some unknown function f .

ẋ = f(x) (4.14)
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If the system exists a steady state xs, it indicates the time evolution of a steady state is zero,

or f(xs) = 0. If we add a random perturbation to the steady state with a small magnitude

ε � 1, such that the induced deformation remains in the linear regime. The perturbed

system can be described as:

x = xs + εx̂, (4.15)

where x̂ is a random deformation pattern acting on the steady state. Since the perturbation

is small, we Taylor-expand the system around the steady state xs:

ẋ = f(xs + εx̂) = ẋs + ε ˙̂x

= f(xs) + εLx̂ +O(ε2),

(4.16)

where L is the Jacobian. We can ignore the steady state evolution as well as the higher-order

terms in ε (as ε is a small magnitude), thereby linearizing the system:

˙̂x = dx̂/dt = Lx̂. (4.17)

We solve the integral and obtain the relation between the time evolution of the perturbation

patterns x̂(t) and the initial perturbation pattern x̂0:

x̂(t) = eLtx̂0 = Ax̂0. (4.18)

More generally, we can assume that at any time t, the evolution of the system in small time

τ ahead (τ should be small enough to make the system stay in the linear regime with a small

deviation from the steady state) can be approximated by:

x̂(t+ τ) = eLτ x̂t = Ax̂t. (4.19)

That is, in the linear regime, we obtain an operator A = eLτ , as a linear mapping from
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the initial condition to τ units afterward. In this linearized system, we can examine the

stability via the eigenvalues of A or L. Assume the eigenvalues (λ) are complex, we have

the following stability criteria:


Re(λL) > 0, unstable

Re(λL) ≤ 0, stable

or


||Re(λA)|| > 1, unstable

||Re(λA)|| ≤ 1, stable.

(4.20)

In the following, we will elaborate based on the standard of L. Note that eigenvalues λL

of matrix L are related to those of A by λA = eλLτ , and two matrices share the same

eigenvectors, which are the perturbation modes. If a mode has an eigenvalue with a positive

real part Re(λL) > 0, the mode is unstable and its amplitude as a component of the initial

condition will grow exponentially until nonlinear effects become important. In contrast, a

mode with an eigenvalue that has a negative real part Re(λL) < 0 will decay exponentially.

In summary, the goal of linear stability analysis is to filter out those unstable modes that

can destabilize the steady state.

Under some special circumstances, the operator A may remain unknown. We develop

a method that can extract dominant eigenvectors and eigenvalues. The method has two

concurrent steps: generate a vector space that contains the information of A and extract

information from the vector space. The idea is based on a concept called Krylov subspace,

which allows us to obtain eigenvalues and eigenvectors of an unknown linear operation by

iteratively operating on an initial condition to generate a vector space. For a linear trans-

formation of a vector b through an unknown linear operator A: Ax = b, we can generate a

series of vectors by repetitively operating A on b and form a vector space Kr(A, b), where r

is the numbers of operations.

Kr(A,b) = span
{
b,Ab,A2b, . . . ,Ar−1b

}
(4.21)

The vector space formed is called a Krylov subspace, and each vector in the space is a collec-
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tion of different powers of A acting on b, starting from A0b = b. Each vector in Kr(A,b) is

linearly independent with r < n, where n is the maximum dimension of the Krylov subspace.

We can obtain the eigenvectors of this vector space thereby understanding the information

of the unknown operator A. Ideally, the dominant eigenvalues and eigenvectors extracted

should converge with enough vectors spanning the Krylov subspace.

To obtain information from the Krylov subspace, we apply a method called Arnoldi iter-

ation, which is an iterative method that gives an approximation of eigenvalues and eigenvec-

tors [170]. Basically, for each iteration (each operation of A acting on the previous vector),

we expand the dimension of Krylov subspace thereby extracting more information about the

unknown operator, as a Gram-Schmidt approach.

Though A remains unknown, we gradually reconstruct A using the basis obtained from

the Krylov subspace. Once we collect enough information, the reconstructed operator can in-

directly tell us the information of A. From the linear stability analysis, we want to construct

an eigenbasis Q and a matrix H, such that:

AQ = QH. (4.22)

For each iteration (each operation of A acting on the previous vector), we can extract a

basis vector to fill in Q, and add information to matrix H. In this study, we intentionally

keep the basis in Q orthonormal via a Gram-Schmidt alogrithm, such that we can make the

following transformation simply by taking the transpose of the basis matrix:

A = QHQT . (4.23)

It is evident that the known matrix H is the unknown operator A in a different basis Q.

Moreover, we take the eigen decomposition to both A and H:

SAΛAS−1
A = QSHΛHS−1

H QT . (4.24)
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Since they share the same eigenvalues ΛA = ΛH, we obtain the transformation between

eigenvectors:

SA = QSH . (4.25)

In summary, after enough iterations, we can reconstruct the eigenvalues and eigenvectors of

the unknown operator A based on Q and H. The eigenvalues of H reveal the stability of A

and eigenvectors are the deformation patterns that can be calculated based on a change of

basis.

Now we illustrate how to implement the linear stability analysis on the sheet. In uniaxial

extensional flow, we found a steady state when a flat sheet aligns with the flow (z) direction.

Typically, the steady state is a slightly stretched sheet (based on specific Ca) with infinitely

large bending stiffness (EV → 0). We stack all the nodal positions on the sheet and shape

them as a position vector x and xs is the position vector at the steady state.

The analysis aims to get the knowledge of the operator A to extract stability information,

which is unknown in the sheet case. Instead, we make full use of our nonlinear simulations

and determine Ax̂t by performing our full nonlinear in the case where ε and τ are very

small as the dynamics are approximately linear. To determine the dominant eigenvalues and

eigenvectors, we use a modified Arnoldi iteration method. Figure 4.6 shows some typical

Figure 4.5: Convergence of unstable modes with numbers of iterations (n).

modes arising in our analysis and the names we have given them based on their shapes.

One important mode (leftmost in Fig. 4.6) is the rotational invariance mode, which always

has a zero eigenvalue (λL = 0). It arises because the shape dynamics are independent of
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orientation around the z axis.

Figure 4.6: Top view of examples of deformation modes (added to the flat steady state)
obtained from linear stability analysis.

We now apply the linear stability analysis to help understand the numerical simulation

results by performing a parameter sweep of Ca and K̂B. Figure 4.7 consists of two parts: the

shaded area with different colors are results from linear stability analysis, showing numbers

of unstable modes found for sheets with different Ca and K̂B; the markers represent final

conformations from numerical simulation. For nonlinear simulations, the initial condition

chosen is a flat (compact) steady state at the corresponding Ca (the steady state obtained

from a stiff sheet) subjected to a small random perturbation. If no compact steady state is

available (the special cases above Cac), we start from a sheet at equilibrium with randomly

perturbed surface.

The results in Fig. 4.7 are divided into three parts based on the number of unstable

modes found. The green area shows the regime where no unstable modes are found, so linear

stability analysis predicts that the sheet relaxes to the flat steady state under infinitesimal

perturbation. For those sheets with no unstable modes, their final conformation with finite

random initial conditions from numerical simulation also stays flat. We only introduce

perturbations at t = 0, so if a sheet evolves to the flat state it will stay there forever.

In the blue regime, the stability analysis gives one unstable mode, the taco mode. The

numerical simulation agrees with what we understand from linear stability analysis: if the

taco is the only unstable mode, it is the only unstable deformation that the sheet evolves

into, as the sheet is stable under all other types of perturbation. Therefore, the taco is the

only stable conformation in the long-term. The linear stability analysis also can predict the

final conformation in this regime when only one unstable mode emerges.
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Figure 4.7: Simulation results and linear stability analysis for a disk with neo-Hookean model
(c = 0). The symbols represent the final conformation from numerical simulation, where the
initial condition is a compact and flat sheet under random perturbation, except for the sheets
above Cac. The color of the shaded region indicates the number of unstable modes obtained from
linear stability analysis.

When it comes to the red area, the presence of multiple unstable modes implies that

various potential deformations can be obtained, depending on the initial condition. Here,

the numerical simulation also suggests many complicated conformations. From the phase

diagram, the simulation shows a transition from taco to more complicated S, heart and double

S with decreasing K̂B. In order to understand these complicated scenarios, we present two

examples in this regime to help illustrate the relation between unstable modes and final

conformation. Figure 4.8 shows the shape evolution of the unstable modes fed as the initial

condition in two cases. The first case (Ca = 0.2, K̂B = 3 × 10−3) only has two unstable

modes, and is located at the border of red and blue area. The second case (Ca = 0.2,

K̂B = 1× 10−3) has more than two unstable modes, and we only show two of them.
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Figure 4.8: Top view and front view of evolutions of modes when they become unstable, with
their short-term and long-term dynamics. (a) Taco and S with Ca = 0.2, K̂B = 3× 10−3. (b) M
and double S with Ca = 0.2, K̂B = 1× 10−3.
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Based on the evolution in Fig. 4.8(a), the first case, the long time dynamics from either

taco or S initial conditions evolve into a taco. This observation shows the limit of the linear

analysis that it is unable to precisely determine the long term dynamics of a nonlinear sim-

ulation. The second case, Fig. 4.8(b), is more complex, with multiple unstable modes that

show different unstable wrinkling patterns. The mirror symmetrical mode M and rotation-

ally symmetric mode double S keep their symmetry for both the short-term and long-term

dynamics. Therefore, the mode evolution also implies that the long-time sheet conformations

in the red area may vary based on the initial condition, especially for cases with small K̂B.

We observed above that the wrinkling instability leads to a decrease in the steady-state

length. We conclude this section with an interesting extreme example of this phenomenon.

If Ca exceeds Cac, there is no steady state at all for the flat neo-Hookean sheet: the sheet

stretches indefinitely. Nevertheless, if the bending stiffness is sufficiently small that the

sheet wrinkles, the wrinkled sheet will reach a finite-length steady state. This observation is

indicated previously in Fig. 4.7 for Ca = 0.4. Figure 4.9(a) shows the length evolution for

a case where this happens, and Fig. 4.9(b) shows the corresponding shape evolution. The

Figure 4.9: Dynamics of a flexible sheet for Ca > Cac for the neo-Hookean model (c = 0):
Ca = 0.4, K̂B = 5× 10−4. (a) Evolution of length. (b) Snapshots of evolution.

sheet is at rest at t = 0 when flow begins. Initially, the length increases, but once the sheet

begins to wrinkle, l decreases and then reaches a steady state value. The wrinkling leads

to the hydrodynamic screening of the sheet surface in the folds, reducing the local drag on
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the sheet and causing it to reach a finite steady state value of l. These results imply that

the actual Cac might vary with K̂B in the compact-stretched transition, as we discuss in the

next section.

4.3.4 Dynamics of flexible sheets in the stretched (high Ca)

In this section, we first continue the discussion of wrinkling with a focus on the stretched

branch in Fig. 4.1(b). Then, we address the influence of wrinkling on the compact-stretched

transition and bistability.

Figure 4.10: Simulation results and linear stability analysis for a disk for parameters
encompassing the bistable regime for the flat sheet (c = 1× 10−5). The symbols represent the
final conformation from numerical simulation, where the initial condition is a stretched and flat
sheet under random perturbation. The boxed region indicated where an initially stretch state
reverts to a compact state upon wrinkling. The color of the shaded region indicates the number of
unstable modes obtained from linear stability analysis.

When a sheet is highly stretched, it experiences strong shear stresses due to its increased

length and surface area, which further affects the conformation. We performed a parameter

sweep focusing on the stretched Ca regime in Fig. 4.1(b) and combined the linear stability

analysis to examine the influence of K̂B, and thus the wrinkling instability, on the confor-

mation. Figure 4.10 illustrates the final conformation of the sheet with different K̂B, as well
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as the number of unstable modes obtained from linear stability analysis. Compared with

Fig. 4.7 for compact sheets, Fig. 4.10 indicates that stretched sheets are more resistant than

compact sheets at same parameter values to out-of-plane deformation when K̂B is relatively

large: a compact sheet wrinkles while a stretched sheet with same parameters stays flat.

Interestingly, in contrast to the compact regime, where sheets with larger Ca deform first,

stretched sheets with smaller Ca first evolve into non-flat conformations while stretched

sheets with larger Ca stay flat.

We observed that upon decreasing K̂B, the stretched sheets close to Cas may snap to the

compact branch after wrinkling, exhibiting a significant decrease in stretched length. Due

to hydrodynamic screening (reduced drag) arising from wrinkling, a fully stretched shape

can no longer be maintained. We indicate those cases in Fig. 4.10 as a boxed area. This

observation implies an increase in Cas for smaller K̂B.

We also performed linear stability analysis on the stretched steady states and split

Fig. 4.10 into three parts based on the number of unstable modes. The stability analy-

sis results agree with simulation in identifying the regime where sheets stay flat and where

sheets become taco-shaped. For sheets with multiple unstable modes, the final conformation

again depends on the initial conditions – multiple stable final wrinkled states are possible.

Figure 4.10 shows that initially flat sheets with small K̂B can form asymmetric shapes like

the roll that is shown in Fig. 4.11. These shapes slowly rotate due to their asymmetry,

and the final conformations deviate significantly from the shape of the unstable modes from

linear analysis.

To summarize the influence of wrinkling on the bistability, we present in Fig. 4.11 the

bifurcation diagrams of stretch vs. Ca for four different values of K̂B, showing results for

flat sheets and sheets allowed to wrinkle. Figure 4.11(a) shows the bifurcation diagram for

a relatively stiff sheet (K̂B = 5 × 10−3): all cases on the stretched branch stay flat, while

the compact branch wrinkles, displaying a taco shape. Figure 4.11(e) presents a snapshot of

the taco shape that is found at the point labeled ‘e’ on Fig. 4.11(a). At this stage, both Cac
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Figure 4.11: (a)-(d): Bifurcation diagram for a flexible disk (c = 1× 10−5). For reference, the
light blue data indicate results for a flat stiff sheet. The hollow data points show a wrinkled sheet
and the filled points represent a flat state. (a) K̂B = 5× 10−3. (b) K̂B = 2× 10−3. (c)
K̂B = 1× 10−3. (d) K̂B = 3× 10−4. Labels Cac,w or Cas,w denote critical capillary numbers for
the wrinkled case. (e)-(l): Conformations at the points labeled e - l on the bifurcation diagrams.

and Cas are close to the values found for the flat case.

If we decrease K̂B to 2 × 10−3 (Fig. 4.11(b)), the Cac for the compact branch begins
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to shift to higher Ca due to wrinkling, and we denote the new critical capillary number

Cac,w. The interval between Cac and Cac,w is similar to the case we described above for the

neo-Hookean model, in which cases above the singularity can maintain a compact state due

to wrinkling-induced hydrodynamic screening. For this parameter set, the steady shapes on

the compact branch are tacos (Fig. 4.11(f)) and the stretched branch remains flat.

When K̂B = 1× 10−3 (Fig. 4.11(c)), we observe that some stretched sheets also wrinkle,

which induces a transition back to a compact state, resulting in a shift of the upper saddle-

node bifurcation to a larger value of Ca that we denote Cas,w. Here the conformations on

that compact branch all become a rotating S, as shown in Fig. 4.11(g). For the stretched

branch, the deformed sheets form a taco (Fig. 4.11(j)).

Finally, Fig. 4.11(d) shows a case, K̂B = 3×10−4, where both the upper and lower critical

capillary numbers strongly deviate from the stiff case. Here, we did not determine the new

Cac specifically as it is above the parameter range we have considered. The compact branch

exhibits two different conformations: heart (Fig. 4.11(h)) for Ca < 0.38 and S (Fig. 4.11(i))

otherwise. On the stretched branch, all cases evolve into two non-flat conformations. Except

the case Ca = 0.375, which becomes a S (Fig. 4.11(k)), all other cases become a slowly

rotating roll shape (Fig. 4.11(l)). In summary, based on what we have observed, decreasing

K̂B strongly modifies the compact-stretched transition by shifting saddle-node bifurcations

to higher Ca.

4.4 Summary

We have applied numerical simulation and linear stability analysis to systematically explore

the compact-stretched transition of soft elastic sheets in uniaxial extensional flow.

For stiff sheets (K̂B =∞) modeled with the neo-Hookean model, we observe a singularity

in conformation at a critical capillary number Cac. Sheets modeled with the Yeoh model and

small values of the nonlinearity parameter c exhibit a discontinuous transition to a highly
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stretched state beyond Cac – a compact-stretched transition. The discontinuity in size marks

a bistable regime (defined by Cas and Cac), where both compact and stretched states can

exist based on deformation history.

For flexible sheets, wrinkling instability strongly modifies the compact-stretched transi-

tion and bistability. In the compact regime, we observe various wrinkled conformations with

different sizes, due to different extents of hydrodynamic screening: the sheet traps the fluid

inside wrinkles, leading to a decrease in stretched length. With sufficiently small K̂B, cases

above Cac can stay in a compact conformation without becoming fully stretched, resulting

in a larger Cac for wrinkled sheets. We develop a simple linear stability analysis that can

predict some of the conformations.

In the stretched regime, the linear stability analysis can also predict the final conforma-

tion of stretched sheets with limited unstable modes. Compared with the compact sheets

at the same parameter values, the stretched sheets are more resistant to out-of-plane de-

formation. Highly stretched flat sheets with small K̂B may become wrinkle and snap to

compact conformations, yielding a larger Cas. Therefore, we find the decrease in K̂B shifts

the bistable regime to higher Ca.

This study deepens our fundamental understanding of the dynamics of soft sheet-like par-

ticles in uniaxial extensional flow and displays important interactions between the compact-

stretched transition and wrinkling instabilities. The broad parameter range considered here

covers sheets with different in-plane deformability and out-of-plane flexibility, ranging from

flexible nanosheets to extensible polymer films. We believe the current work will help guide

the design of processes for flow-controlled assembly and synthesis of sheet-like particles.
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5

Complex dynamics of elastic sheets in

shear flow

We study the dynamics of a thin elastic sheet freely suspended in shear flow at low Reynolds

numbers. The sheet with rest shape of a disk or a rectangle is initially placed inside the flow-

gradient (shear) plane. For a disk sheet, we identified a stable wiggling motion, corresponding

to a dynamic S-shape buckling instability that can be predicted by a simple linear stability

analysis. The analysis yields a number of dynamic buckling modes that contribute to the

understanding of nonlinear long-term dynamics. On the other hand, we also found unique

flapping dynamics: sheets buckle up and down relative to the shear plane with alternating

directions. The periodic flapping arises from limited extensibility and the interplay between

shear flow and sheet elasticity, which exists in a wide range of dimensionless flow strength

and is confirmed by experimental observations made by our collaborator. For a rectangle

sheet, apart from the aforementioned flapping, we observed interesting swirling and kayaking

motions. Here, the dynamics are strongly determined by the aspect ratio. We observed a

nonmonotonic evolution of the buckling threshold with an increasing sheet aspect ratio. The

complex dynamics observed shed light on applications involving the suspension of sheet-like

particles like thin polymeric films and graphene.
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5.1 Introduction

Dynamics and deformations of elastic objects in flow is a classical problem of fluid-structure

interaction. At zero Reynolds number, rigid particles like spheroids in shear flow are known

to undergo Jeffery orbits, with dynamics only determined by initial orientations [64]. For

deformable particles, strong fluid-structure interactions coupled with particle elasticity may

induce nonlinear deformations, leading to complex dynamics. Deformable particles such

as flexible filaments [37, 56, 93, 161], vesicles [8, 10, 71, 109], and capsules [1, 38, 159]

have been extensively studied in shear flow, with many interesting dynamics reported that

deviate from Jeffery’s predictions. Among the observed morphologies of elastic bodies in

Stokes flow, oscillating deformations are of recent interest. Slender filament tumbles in

shear flow. Flexible filaments experience periodic deformation combined with tumbling

due to straining components from the shear, which gives rise to buckling instability. With

increasing flexibility, filaments show a transition from tumbling to a snaking motion, and very

flexible filaments may coil during rotation [37, 56, 93, 161]. Other examples of oscillatory

motions include the vacillating-breathing in vesicles [8, 10, 109] and swinging in red blood cell

capsules [1, 38, 159], where the main axis of the particle oscillates around the flow direction

and the body undergoes a breathing motion.

While filaments, vesicles, cells, and other soft particles have been extensively studied in

shear, relatively little attention has been paid to the dynamics of thin elastic sheets. Aside

from fundamental interest, there is a strong need for such studies due to the increasing

prevalence of fluid-suspended thin elastic sheets in various materials processing operations.

The processing of two-dimensional (2D) sheets in shear flow is common in nanosheet synthe-

sis like graphene, where in shear flow flexible sheets show complex instability in response to

shear-induced deformation [4, 24, 141]. Specifically, the thin structure nature offers 2D sheets

less resistance to out-of-plane buckling compared to in-plane deformation, making it easy to

develop a 3D shape from a flat state. Some recent works have explored the dynamics of thin

sheets in shear flow [39, 67, 89, 133, 150, 156, 157, 186, 187] by addressing the importance
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of initial orientation, interfacial effects, and deformability. Thin elastic sheets behave simi-

larly to fibers as they evidence buckling, crumbling, stretching. In extensional flows, highly

stretchable sheets show a coil-stretch-like transition with bistable conformations, while suf-

ficiently flexible sheets in uniaxial extensional flow also show complex wrinkling instability

due to compressive stress [195, 196]. In a shear flow it has been shown that during the

tumbling dynamics due to the rotational component of the shear flow, a thin sheet can buckle

due to the compressional hydrodynamic force [133]. A recent simulation study demonstrates

that non-Brownian flexible sheets can reach a global steady state in shear flow where the

sheet rests within the flow-vorticity plane, as a flow-aligned state [156]. However, so far no

oscillatory trajectories have been observed for elastic sheets in shear, which are reported in

this study.

The present work describes computational and experimental observations of a non-

Brownian thin, nearly-inextensible elastic disk in shear flow. A dimensionless parameter

determining the relative strengths of flow and bending stiffness is varied over a wide range,

and when flow is strong relative to stiffness, complex “flapping" dynamics of the sheet, with

alternating flapping directions along the vorticity axis, are observed. In simulations, stable

wiggling dynamics besides flapping can arise from a flat rolling sheet under small and ran-

dom perturbation. A linear stability analysis is developed that can precisely determine the

buckling threshold when a flat disk becomes unstable as well as the wiggling motion.

5.2 Methods

We apply numerical simulations to model an incompressible sheet in two categories of rest

shapes shown in Fig 5.1: a disk with a radius of a and a rectangle-like sheet with a fixed

long edge 2a and a short edge 2aω, where ω varies from 0.2 to 1 indicating sheets with

different aspect ratios (e.g. ω = 0.5 represents a rectangle with an aspect ratio of 2, and

ω = 1 represents a square sheet with an aspect ratio of 1). The sheet is freely suspended in
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a Newtonian fluid with viscosity η and experiences a simple shear flow with the shear rate

γ̇. The sheet is initially placed in the shear (flow-gradient) plane with its normal aligned

with the vorticity axis, shown in Fig 5.1(c).

Figure 5.1: Rest shape of interest: (a) A disk with a radius of a. (b) Rectangle-like sheets with
long edge sized 2a and short edge sized 2aω, with examples including a slender ribbon (ω = 0.2),
a rectangle (ω = 0.5) and a square (ω = 1) with increasing ω. (c) Illustration of the initial
condition for a disk and a rectangle: the sheet lies inside the shear (flow-gradient) plane.

The elastic responses of the sheet include in-plane stretching and out-of-plane bending[21,

42, 195, 196]. The in-plane deformation is modeled as a neo-Hookean solid with strain energy

density W :

W =
G

2
(I − 3), (5.1)

where G is a 2D shear modulus and I is the first invariant of the Cauchy deformation

tensor. The bending energy is evaluated by adding a penalty to deflection angle θαβ between

neighboring elements:

Eb =
∑

adj α,β

kb [1− cos(θαβ − θ0)] , (5.2)
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where kb is the bending constant calculated from bending stiffness KB, by comparing Eq

5.2 with the energy of a disk buckled into part of a cylinder with known curvature. The

angle θ0 is zero as we assume a flat equilibrium state. The total elastic force exerted by the

sheet on fluid at a random material point Xi is obtained by taking the derivative of energy:

Fi = −∂E/∂Xi.

To nondimensionalize the system, we scale length with sheet radius a, and time with shear

rate γ̇. For mechanical responses, the capillary number Ca = η̇γa/G compares flow strength

to in-plane deformation. Smaller Ca indicates a less extensible sheet – in the present work

we consider nearly inextensible sheets, with Ca = 0.01. We have confirmed that a further

decrease in Ca has no qualitative change in sheet dynamics but rather a decrease in the

flapping amplitude (See the following section). The bending flexibility of the disk compared

to viscous shear strength is measured by an elastoviscous number: EV = ηγ̇a3/KB. Smaller

EV implies a sheet that resists out-of-plane deformation.

We assume that the inertia of the fluid is negligible so that the fluid motion is governed

by Stokes equation. In this Chapter, we consider two scenarios: fluid motion in free space

and under a free surface.

Modeling of fluids in free space

The fluid velocity in free space is resolved with the method of regularized Stokeslet, as

introduced in the previous section. As a summary, the perturbation velocity field at location

x generated due to a regularized point force f = Fδκ(x−Xi) at Xi can be represented using

a regularized Stokeslet Gκ: vp(x) = Gκ(x − Xi) · F, where Gκ is the regularized Green’s

function:

Gκ(x−Xi) =
erf(κr)

8πηr

(
I +

(x−Xi)(x−Xi)

r2

)
+
κe−κ

2r2

4π3/2η

(
I− (x−Xi)(x−Xi)

r2

)
, (5.3)

where r = ||x − Xi|| and κr scales regularization distance. As κr → ∞, Gκ reduces to

Stokeslet solution G(x−Xi) = 1/8πηr(I + (x−Xi)(x−Xi)/r
2) [50].



111

Modeling of fluids under a free surface

In this case, the boundary conditions of fluids are changed due to the presence of a free

surface. We aim to solve the Stokes equation subject to no-penetration and no-shear stress

conditions. More specifically, for an arbitrary position x located at the free surface, the fluid

satisfies:

vz(x) = 0,

(I− nn) · (n · σ) = 0,

(5.4)

where vz is velocity component along z (vorticity) direction, n is the vector normal to

the free surface, and σ is Cauchy-stress tensor. The above two boundary conditions make

the free surface stress-free, as ∂vx/∂z = ∂vy/∂z = 0.

Figure 5.2: The image Stokeslet to solve a force density below a free surface. The free surface
locates at the plane z = 0. A point force with strength F is located below the surface at Xi. Its
image force is located at XI

i above the surface.

To numerically account for the presence of free surface, we add an image Stokeslet system

across the surface plane z = 0, which is the air-solution interface. Such treatment allows

fluid particles locate on the surface to satisfy no penetration and no shear stress boundary
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conditions. Therefore, for a given regularized point force f = Fδκ(x − Xi) (with strength

F = [Fx, Fy, Fz]
T) located at position Xi with distance h0 below the free surface, its image

Stokeslet with strength FI = [Fx, Fy,−Fz]T is located at position XI
i with distance h0 above

the surface. The perturbation velocity field vp(x) due to the sheet at any position x below

the free surface:

vp(x) = Gκ (x−Xi) · F + G
(
x−XI

i

)
· (I− 2ezez) · FI

=
[
Gκ (x−Xi) + G

(
x−XI

i

)
· (I− 2ezez)

]
· F

(5.5)

Compared with the free space case, the perturbation velocity field also decays as 1/r but

is significantly larger because the diffused momentum is not absorbed by the free surface but

instead gets reflected back into the domain.

Characterization of deformations

We characterize the deformation on the sheet by measuring the deformation amplitude

∆z along the vorticity (z) direction based on a local coordinate centered by the disk center.

Fig 5.3 shows a disk stays flat and aligns along the vorticity direction. We define the

maximum z position above the disk center zmax, and the minimum z position below the disk

center zmin, such that the disk owns a deformation amplitude ∆z = |zmax|+ |zmin| along the

vorticity axis. The example in Fig 5.3 shows the case where zmax = 1 and zmin = −1 and

deformation amplitude ∆z = 2.

Figure 5.3: Illustration of deformation measurement based on a local coordinate centered by the
disk center. The maximum and minimum z nodal positions are marked as zmax and zmin, with a
deformation amplitude defined as∆z = |zmax|+ |zmin|.
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Ca dependence

In this study, we assume an almost inextensible sheet by enforcing a small Ca = 0.01.

Here, we examine this assumption with test cases to confirm that a further decrease in Ca

gives no qualitative change in dynamics. We focus on two sheets with different dynamics:

EV = 22 (flapping) and EV = 38 (wiggling). The detailed characterization of dynamics can

be found in the following section. Fig 5.4 compares the deformation amplitude for two sheets

with decreasing Ca. The results indicate that the decrease in Ca leads to a decrease in the

deformation amplitude without a qualitative change in dynamics. Therefore, it is reasonable

to assume that Ca = 0.01 rules out the influence of in-plane deformability.

Figure 5.4: Deformation amplitude ∆z as a function of Ca for two sheets that show flapping
and wiggling, separately. The decrease in Ca leads to a decrease in deformation amplitude while
the dynamics converge qualitatively.

5.3 Dynamics of a disk in simple shear flow

To illustrate the disk dynamics in shear flow, we first focus on a basic case where the disk

is freely suspended in an unbounded simple shear flow. We begin with the introduction of
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Figure 5.5: (a) Snapshots of a sheet with EV = 5 undergoing periodic 2D rolling motion. A red
marker is placed on the edge to track the dynamics. (b) Steady-state trajectory of the marker.

characteristic dynamics observed in the simulation. This is followed by a discussion of the

dependence of dynamics on EV. Finally, we compare the simulation results with experiments

done by our collaborator.

5.3.1 Characteristic dynamics

Rolling

Rolling is a 2D periodic motion where the sheet rotates inside the flow-gradient plane.

When the sheet is stiff with small EV, the sheet is stable to small perturbation, and out-of-

plane deformation is observed (i.e. below the buckling threshold). As shown in Fig 5.5, the

marker on the sheet rotates in the flow while the outer shape of the sheet remains unchanged,

which is analogous to the tank-treading motion in capsules and vesicles. The trajectory of

the marker chases out to be a circle.

Flapping

The flapping dynamics are observed when a slightly folded C-shape is used as the initial

condition. Snapshots of free space simulation in Fig 5.6(a) for the case EV = 47 illustrate one

cycle of a flapping motion in three different views, with a reference flat sheet at equilibrium

(γ̇t = 0). Similar to the dynamics observed in experiments, the rotating sheet experiences

continuous folding followed by relaxation, while folded direction alternates along the vorticity

(z) direction.
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Figure 5.6: (a) Snapshots of a disk with EV = 38 undergoing periodic flapping motion. A red
marker is placed on the edge to track the dynamics. (b) Evolution of max (zmax) and min (zmin)
deformation amplitude relative to the sheet center. The shaded area represents the dynamics from
the snapshots. (c) Lagrangian trajectory of the marker focused by the sheet center during periodic
flapping.

Snapshots (∆γ̇t = 10 and ∆γ̇t = 18) show two distinct C-shapes buckling toward opposite

vorticity axis, with the folded edges roughly aligned with the gradient axis due to rotation.

In addition, we observed two non-flat relaxed shapes (∆γ̇t = 14 and ∆γ̇t = 22) as transition

states. For example, in ∆γ̇t = 14, the upward folding along the major extension axis

vanishes and the downward folding along the major compression axis amplifies to trigger

opposite flapping. A complete flapping period involves two symmetric flapping motions,

thereby resulting in zero net displacements along the vorticity direction. It is important to

highlight that the non-flat transition states exhibit nonzero Gaussian curvatures, whereas

a perfectly inextensible sheet maintains a constant zero Gaussian curvature. Consequently,

the alternating flapping may not be observed in the case of a completely inextensible disk.
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Figure 5.7: (a) Snapshots of a disk with EV = 38 undergoing symmetric wiggling motion. A red
marker is placed on the edge to track the dynamics. (b) Evolution of max (zmax) and min (zmin)
deformation amplitude relative to the sheet center. The shaded area represents the dynamics from
the snapshots. (c) Lagrangian trajectory of the marker focused by the sheet center during periodic
wiggling.

One counterintuitive but robust observation is that the period of the flapping motion

does not coincide with the time period of the rotation of the disk, as can be seen from

the simulation result in Figure 5.6(a) by following the red marker on the boundary of the

disk. This fact also leads to the trajectory of the marker spans the flapping regime in

Figure 5.6(c). More generally, while the shape evolution is time-periodic, the motion of the

material elements of the disk is quasi-periodic. The periodic nature of flapping motion is also

observed in the evolution of deformation amplitude. Fig 5.6 (b) shows the evolution of the

maximum and minimum z position of the sheet relative to the sheet center, which indicates

the periodicity of flapping. The C-shape deformation can be observed as the alternate peak

of zmax and zmin.

Wiggling
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Figure 5.8: (a) Snapshots of a disk with EV = 25 undergoing asymmetric wiggling motion. A red
marker is placed on the edge to track the dynamics. (b) Evolution of max (zmax) and min (zmin)
deformation amplitude relative to the sheet center. The shaded area represents the dynamics from
the snapshots. (c) Lagrangian trajectory of the marker focused by the sheet center during wiggling.

Wiggling describes the motion where the disk undergoes a periodic and dynamic S shape

transition. It can be obtained by perturbing a rolling disk and is the first 3D motion that

arises from an initially flat disk above the buckling threshold. The dynamics can be complex

because wiggling can be either symmetric or asymmetric, determined by EV. We first show a

symmetric wiggling motion in Fig 5.7. As the rolling disk becomes unstable, the sheet buckles

due to compressive stresses and form an S shape wrinkling. The sheet experiences periodic

compression and extension, making the S shape relax and buckle. Fig 5.7(a) demonstrates

two wiggling periods and it is evident that t = 154 and t = 158 indicate two S shapes with

opposite deformations. Similar to the flapping motion, the motion of material elements is

quasi-periodic, such that the trajectory of the marker spans the wiggling domain.
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Symmetric wiggling is commonly observed at the beginning stage of deformation for sev-

eral hundreds of strain units. Later on, the sheet shows a transition from symmetric wiggling

to asymmetric wiggling, where S-shape deformation persists and becomes asymmetric rela-

tive to the sheet center. Fig 5.8 shows the evolution of a sheet near the buckling threshold. It

stays symmetric wiggling for about 100 strain units, then the dynamics become asymmetric

wiggling. The trajectory of the marker shows the S shape deformation deforms along the

positive vorticity axis.

Flow-aligned

Flexible sheets with large EV are sensitive to small perturbations. Interactions between

many unstable evolution directions lead to complex transient dynamics. Interestingly, al-

most all flexible sheets finally reach a stable flat state in the flow-vorticity plane, where it

experiences the least shear stress. We denote it as a flow-aligned state. It is worth noting

that, flow-aligned sheets are stable because in the simulation the sheet takes zero thickness.

Therefore, as it approaches the flow-vorticity plane, there is no hydrodynamic torque caused

by the zero thickness, and the sheet is trapped in this flat state forever. A particle with

finite thickness will tumble.

Figure 5.9: (a) Snapshots of a disk with EV = 96 reaching the flow-aligned state. (b) Evolution
of max (zmax) and min (zmin) deformation amplitude relative to the sheet center.
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5.3.2 Bifurcation diagram and linear stability analysis

To more fully investigate the evolution of the dynamics with EV, we performed time-

integration of the computational model over a broad range of EV, as well as examined

the linear stability of the rolling state. We tested two types of initial perturbations away

from the rolling flat sheet state: (1) small random shape perturbations and (2) perturba-

tions with a “C-shape" similar to the observed flapping shape described above. The long-

term dynamics (over 800 strain units) are characterized based on a deformation amplitude

∆z = maxnodes z −minnodes z as shown in Fig 5.10(a).

Under small random perturbations, initially flat sheets are stable, returning to the in-

plane rolling motion when EV < 22. At EV = 22, the in-plane motion becomes linearly

unstable (as confirmed by the linear stability analysis below), exhibits a supercritical linear

buckling instability: the sheet evolves with an out-of-plane S-shaped deformation that we call

“wiggling", and the S shape oscillates by switching folding direction dynamically as the sheet

rotates. With increasing EV, the wiggling shows a larger deformation amplitude. Finally,

for EV > 38, wiggling becomes unstable and sheets evolve to a “flow-aligned" state: a flat

conformation in the x − z plane. Due to the assumption of zero thickness, a flow-aligned

sheet will remain flow-aligned forever.

When subjected to a finite-amplitude C-shaped perturbation, sheets with EV < 14 evolve

back to the 2D rolling motion. At EV = 14, a sufficiently large initial perturbation will

amplify and the sheet evolves into stable periodic flapping. More generally, with increasing

EV, we identified two out-of-plane solution branches arising from EV = 14, indicated in Fig

5.10(a), corresponding to a saddle-node bifurcation. The first branch is the stable flapping

solution just described, whose flapping amplitude ∆z increases with EV. Additionally, we

found an unstable branch that represents a critical ∆z required to obtain stable flapping.

Below the unstable branch, the symmetric deformation decays and the dynamics are governed

by the linear buckling instability: the sheet either stays flat (EV < 22) or evolves to the

wiggling branch (EV > 22).
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Figure 5.10: (a) Bifurcation diagram of deformation amplitude out of shear plane ∆z = zmax−zmin

vs. EV from simulation. Snapshots indicate the final dynamics within the observation window. (b)
Examples of unstable deformation modes (M1-M3) obtained from stability analysis. Modes are
plotted with a random magnitude. Modes become unstable at EV = 22 for mode 1, EV = 38 for
mode 2, and EV = 48 for mode 3, with all EV labeled in the bifurcation diagram.

The buckling instability of the flat state described above can be analyzed in further detail

by a linear stability analysis; this also provides insight into further modes of instability and
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Figure 5.11: (a) Illustration of Floquet analysis. The black trajectory represents the periodic
solution. Red and green trajectories represent an unstable and a stable perturbation, separately.
(b) Convergence of eigenvalues (λL) with numbers of iterations (n). 30 Arnoldi iterations are
sufficient for eigenvalues to converge.

their impact on long-term behavior. Because the motions of material points in the rotating

flat sheet are time-periodic, this analysis makes use of Floquet theory: i.e. we investigate the

response of the periodic rotating solution with a period T (X(t) = X(t+T )) to infinitesimal

perturbation. The detailed implementation to obtain eigenmodes can be found in Sec 4.3.3

from the previous Chapter in extensional flow. The major difference is that the shear flow

requires a whole period while the extensional flow owns a steady state. By linearizing the

system, we obtain eigenvalues λL and eigenmodes that show the linear stability of the system.

That is, we can find unstable perturbation patterns with a positive growth rate (Re(λL) > 0)

that make dynamics diverge from a 2D rolling disk.

In Fig 5.10(b), we show the first three non-flat unstable modes. The first unstable

mode (M1) has a rotation symmetric S shape and emerges around EV = 22, showing a

linear buckling instability. It is worth noting that the S mode arises exactly at the buckling

threshold EV in nonlinear simulations, indicating the linear analysis precisely predicts the

EV where the 2D rolling becomes unstable in Fig 5.10(a). The second unstable mode (M2)

appears at EV = 38 with an M shape deformation and the third mode (M3) arises at EV = 48

with a C shape.

Though linear analysis is incapable of predicting nonlinear dynamics, it helps explain the

long-term evolution based on the evolution of unstable modes. For instance, the evolution

of the S mode directly shows wiggling, which predicts the existence of the wiggling solution.
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In the nonlinear simulation, the sheet experiences small and random perturbations. The

parameter regime where only the S mode arises (22 < EV < 38) reaches stable wiggling as it is

the only unstable direction to evolve. The evolution of M mode (38 < EV < 48) in the linear

regime stays a dynamic M-shape flapping. However, due to the interaction with the dominant

S mode, the long-term evolution of the M mode depends on EV from becoming wiggling to

flapping. This shows the limit of the linear study as it cannot precisely capture the nonlinear

dynamics with multiple unstable modes. When the third unstable mode arises (EV > 48),

the nonlinear interaction between unstable modes destabilizes periodic deformations and

triggers the sheet to become flow-aligned.

5.3.3 Experimental observations

We collaborate with Dr. Hugo Perrin and Dr. Lorenzo Botto to explore a disk in simple

shear flow. The following experiments are performed by Dr. Hugo Perrin.

Figure 5.12: (a) Experiment setup: the shear cell generates quasi 2D-shear flow. The inclined
laser sheet shines on the disk. The intersection of the laser sheet with the disk measures the local
height of the disk with a view from the top (z vorticity direction) and out-of-shear-plane
deformation can be extracted. (b) An example of curvature measurement extracted from the laser
line on the sheet.

Experiment setup

Thin films of silicon elastomer (Young’s modulus E ' 4 GPa) and different thicknesses

ranging in h ' 100 − 200 µm were cut in a disk shape of radius a = 1.6 cm. The shear

cell is composed of a belt-driven device by two co-rotating cylinders of diameter 6 cm – see

Fig5.12(a). A motor, connected to one of the cylinders, imposes a controlled shear rate in

the range γ̇ = 0.4 − 10 s−1. The sheets were placed in glycerol (the viscosity is η ' 1 Pa.s
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and the density is ρ ' 1.2×103 kg.m−3). The maximum Reynolds number Re is in the order

of 1 at the maximum shear rate. With the use of tweezers, the disk was set with its normal

vector along the vorticity direction. Optical measurements with a camera were carried out

from the top, i.e. along the vorticity direction of the undisturbed shear flow. An incline laser

line is projected on the disk. The deformation of the disk is measured by the distortion of

the laser line. We extracted from the images the curvature κ(t) by fitting a parabola to the

laser line – see Fig 5.12(b). Measurements were performed with a time resolution of 0.01 s

and with a spatial resolution of 25 µm/pixel. Even though the maximum Re is of order 1,

in analyzing the results we will consider a low Reynolds approximation (Stokes flow). As it

will appear later, this approximation gives a reasonable agreement between the simulations

and the experimental data.

Comparison

When a flexible disk is placed in a shear flow with the normal vector along the direction of

vorticity, the disk rotates and for a strong shear flow, the disk additionally exhibits periodic

flapping. More quantitatively, Fig 5.13(a) shows experimental images of the disk (in black)

as seen from above (along the z axis) at different times for EV ' 47. The white line on

the disk is the intersection line of the disk with the incline laser sheet. The line periodically

changes its curvature. From the curvature of the laser line, we extracted the curvature κ

of the sheet along the axis y. The measured curvature, see Fig 5.13(b), shows a periodic

oscillation between positive and negative curvature. The amplitude of the beat is quite

noticeable since it is of the order of κa ' 1.

We provide a direct comparison between experiments and simulation with the center

curvature κ evolution in Fig 5.13(b), which measures the curvature along the slice in y − z

plane shown in Fig 5.13(a). We choose roughly two flapping cycles for EV = 47 and overlap

their κ evolution in Fig 5.13(b). Simulation and experiment show good agreement in κ

evolution and share a similar flapping period around γ̇T = 15.

The flapping dynamics exist in a wide range of EV in both experiments and simula-
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Figure 5.13: (a) Experiment and simulation snapshots for EV = 47 show flapping. The laser
line indicates the height of the sheet along the vorticity z direction and the curvature κ along the
laser slice can be extracted from the curvature of the laser line. γ̇t = 0 is the disk at equilibrium.
Simulation snapshots for EV = 47 show flapping with three views. The 3D view provides a direct
view of flapping dynamics. The flow-gradient (xy) plane view shows a heat plot measuring the
deformation amplitude out of the shear plane at the sheet center with an interface with an
inclined plane (gray line) to mimic the laser sheet in the experiment. The gradient-vorticity (yz)
plane view illustrates the sheet deformation along the slice defined by the laser line. (b)
Comparison of curvature κ evolution on the sheet between experiment and simulation from (Fig
5.13(a)). The alternating sign of κ indicates the sheet flaps up and down away from the shear
plane. (c) Evolution of κmax vs. EV showing flapping regime in experiment: EV = 24− 59, and in
simulation: EV = 14− 64. Snapshots show flapping sheets observed in experiments.

tions. Experimentally, flapping dynamics were observed for EV in the range from 24 to 59.

Below EV ' 24 the disk doesn’t deform, rotate and leave the initial shear plane. Above
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EV ' 59 the disk deforms in higher modes and leaves the shear plane. We present the

flapping regimes in Fig 5.13(c) and compare the maximum center curvature during flapping

κmax between experiments and simulations. Overall, the simulation shows a wider range of

flapping regimes.

One important observation is the noticeable asymmetry of flapping motion in experi-

ments. In contrast to symmetric flapping in free space simulation, the sheet in experiments

prefers flapping downward (along −z axis), resulting in a more negative evolution in κ. The

asymmetry observed in experiments can be attributed to the presence of a free surface, which

plays a crucial role in shaping the sheet’s dynamics. We have conducted simulations of a flat

sheet under a free surface and observed a similar asymmetric flapping motion, which will be

elaborated on in the following section. Moreover, we found that the free surface can induce

a C-shape deformation on an initially flat sheet, thereby facilitating the evolution toward

flapping.

5.4 Dynamics of a disk in shear flow under a free sur-

face

The free surface is an interface where the liquid is in contact with the open air and fluid

particles near the free surface experience zero shear stress. In experiments, the polymeric

sheet is freely suspended in glycerol under the air-glycerol surface, or simply a free surface.

Simulations have suggested that the dynamics arising from an initially flat sheet subject to

small and random perturbations are wiggling, a dynamic S-shaped deformation. However,

experimental observations have revealed that flapping naturally arises from an initially flat

disk. Since the major difference in operating conditions here is the presence of a free surface,

we are motivated to investigate its influence on the shear flow dynamics.

As mentioned in the methods, the free surface is located at the plane z = 0. The disk

is oriented with an initial distance z0 below the free surface, while the sheet itself lies inside
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the flow-gradient plane. In the following, we set z0 = −0.5 to make the disk initially close

to the free surface to better examine this effect. We have verified that, though dynamics

are determined by the distance away from the free surface, they are not sensitive to the

deformation history based on the parameter regime interested. That is, when a disk with

z0 = −0.5 migrates away from the surface and arrives at z = −1, the dynamics agree with

the disk released at z0 = −1, except for those sheets become unstable and flow-aligned.

Figure 5.14: Snapshots of a disk (EV = 4) initially inside the shear plane at z0 = −0.5 below the
free surface, with colored plots indicating z position of the sheet relative to the sheet center. The
grey layer represents the free surface located at z = 0. The disk forms a stable taco shape
migrating away from the free surface. (b) Evolution of max (zmax) and min (zmin) deformation
amplitude relative to the sheet center. The shaded area represents the dynamics from the
snapshots. (c) Evolution of distance away from the free surface z.

In the following, we introduce two transient evolutions to illustrate the free surface effect.

Fig 5.14 shows a disk with EV = 4, which is stiffer compared to the buckling threshold

EC
V = 22 examined in the free space. Notably, the sheet quickly deforms into a taco shape

facing away from the free surface as indicated at t = 0, while the material points on the

disk undergo tank-treading-like motion. Due to the free surface breaking spatial symmetry,
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the deformed taco sheet migrates away from the free surface and the deformation gradually

vanishes. This is indicated in the evolution of deformation amplitude. Finally, when the

sheet arrives around d = 2, the deformation on the sheet vanishes, and the sheet rolls in the

flow-gradient plane, which agrees with what we find in free space.

Based on the observations, we can make several comments.

• Free surface effect influences the dynamics within a certain range. When the sheet is

away from the free surface, the dynamics assemble free space.

• The buckling threshold near the free surface is significantly lower than that in free

space.

• The deformation induced by the free surface on an initially flat sheet is symmetric,

whereas in free space C-shape deformation only arises from symmetric perturbations.

Perhaps we can gain more understanding of the free surface with a more flexible sheet.

In the case EV = 50 in Fig 5.15, the disk flaps when close to the free surface. However,

the flapping is strongly biased as it only flaps away from the free surface along with the

migration of the sheet. During migration, the sheet starts showing upward flapping, and the

upward flapping amplitude gradually increases, which indicates the fact that as the sheet

migrates away, the free surface effect gradually vanishes.

The above observations can are related to two facts. Though the induced velocity field

under a free surface scales as 1/r, the velocity magnitude is significantly larger than that

in free space. This happens because the free surface reflects the momentum back to the

fluid domain and amplifies the velocity [50]. Therefore, under the same force, the sheet

under a free surface is easier to deform, decreasing the buckling threshold. We can also treat

the free surface effect as placing a second sheet on the top of the free surface, as the image

Stokeslet in the free surface formulation, such that the influence of the second sheet increases

hydrodynamic interactions that lead to deformation.
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Figure 5.15: (a) Snapshots of a disk (EV = 50) initially inside the shear plane at z0 = −0.5
below the free surface, with colored plots indicating z position of the sheet relative to the sheet
center. The grey layer represents the free surface located at z = 0. (b) Evolution of max (zmax)
and min (zmin) deformation amplitude relative to the sheet center. The shaded area represents
the dynamics from the snapshots. (c) Evolution of distance away from the free surface z.

The two examples above indicate that the free surface triggers symmetric deformations

on the sheet. To explain the origin of the symmetric deformation, we did the linear stability

analysis for a rolling disk under a free surface at z = −1. Unlike the free space results

where an S-shaped mode is the first out-of-plane unstable mode, we obtained a dominant

C-shape mode (Fig 5.16(a)) in all test cases, which confirms the fact that free surface induces

symmetric deformation that leads to flapping.

To give a more detailed comparison with experiments, we include the free surface effect

and compare deformation amplitude at EV = 47. The data were taken when the sheet is

around z = −1. Fig 5.16(b) shows that the curvature evolution from the free surface case

is biased as the free surface hinders upward flapping. This observation qualitatively agrees

with the experiment.
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Figure 5.16: (a) The dominant unstable mode obtained from linear stability analysis for a flat
sheet rolling at the plane z = −1 under a free surface at z = 0. (b) Comparison of curvature κ
evolution on the sheet between experiment (Fig 5.13(a)) and free surface simulation for EV = 47.
The alternating sign of κ indicates the sheet flaps up and down away from the shear plane.

Finally, we summarized the free surface dynamics by recording the dynamics with differ-

ent EV with z0 = −0.5 in Fig 5.17. For all cases, the free surface effect induces migration

and sheets drift along the −z direction.

Here, we consider a sheet to be flat when the deformation amplitude ∆z < 0.05 and we

count the taco case in Fig 5.14 as a special case in one-side flapping. The phase diagram gives

an overview of dynamical regimes. We have verified that the dynamics are not determined

by the initial distance z0 except for the markers that show flow-aligned. For example, if

the sheet initially locates at the regime of two-side flapping, the dynamics will soon become

flapping and start migrating. For the flow-aligned regime, we found an initially flat sheet

undergoes two-side flapping and eventually becomes flow aligned.
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Figure 5.17: Phase diagram of dynamics at different height (z) below the free surface (z = 0).
All sheets are initially located at the plane z0 = −0.5. The markers represent the dynamics of the
sheet at the corresponding z.

5.5 Dynamics of a rectangle sheet in simple shear flow

In the previous section, we gave a detailed analysis of a disk in unbounded shear flow. Now

we switch the gear to discuss a family of different rest shapes as rectangles.

5.5.1 Tumbling sheets

We revisited the model validation case presented in Chapter 2 with a more detailed illus-

tration. A flat rectangle sheet with ω = 0.5 is initially placed near the flow-vorticity plane
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with the normal vector of the sheet arranged 10◦ relative to the gradient direction inside the

flow-gradient plane (see Fig 5.18).

Figure 5.18: Snapshots of a rectangle tumbling in shear flow with increasing EV. The long edge
of the rectangle aligns with x− y plane and is initially oriented 10◦ from the flow direction. (a) A
stiff sheet shows no buckling with EV = 1. (b) A flexible sheet shows C-shape buckling with
EV = 5. (c) A flexible sheet shows S-shape buckling with EV = 25.

Once the sheet starts tumbling, sufficiently flexible sheets show different buckling de-

formation responses while passing through the major compressive axis of the shear flow.

The buckling soon vanishes as tumbling continues and all sheets complete about half of a

tumbling cycle by gradually approaching the flow-vorticity plane, as an "aligned" state. It

is worth noting that the aligned state is meta-stable. Strong perturbation may induce tum-

bling followed by a repeated long aligned process. Due to the limitation of the methods,

the sheet will finally be trapped in the aligned state as there is no hydrodynamic torque

generated for a zero-thickness sheet to undergo a Jeffery-like tumbling. We may fix this by

adding an artificial hydrodynamic torque based on the actual thickness of the sheet. How-

ever, the thin-structured nature makes the thickness effect negligible for the dynamics before

the alignment process and we choose to leave the sheet with zero-thickness.

Figure 5.18 presents the time evolution of three different responses observed during tum-

bling. With increasing flexibility, the sheet shows a transition from a stiff sheet below the
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buckling threshold to flexible sheets with C-shape and S-shape wrinkling patterns. We then

plot the temporal buckling state B of the above cases in Fig 5.19(a). All three cases show a

local peak around t = 5.5, as the most buckled state right after the sheet passes through the

major compressive axis of shear flow. This indicates that tumbling delays the deformation

triggered by compressive stress. The most buckled state (markers in Fig 5.19(a)) are listed.

Figure 5.19: (a) Evolution of wrinkling parameter B on the sheet for three cases from Fig 5.18.
A-C are snapshots of the most wrinkled states at t = 5.5. (b) Evolution of buckling state for
sheets with different EV. The color scales the extent of buckling E?b and the markers indicate the
snapshots A-C. The buckling threshold is estimated to be EC

V ∼ 1.

We summarize the buckling evolution of sheets covering a range of flexibility in Fig

5.19(b). Here, we determined the buckling threshold as EC
V 1. Since the deformation remains

2D, we assume the change in shapes has negligible influence on the buckling dynamics. In

experimental observations made by Perrin et al. [133], the buckling threshold estimated is

larger due to the limit of resolution for curvature measurement. When applying the curvature

measurement to the simulation, we obtain an almost identical buckling threshold.

5.5.2 Characteristic dynamics

We now shift the gear to explore a different rest shape: rectangle sheets, with the tuning

parameter ω that varies the sheet from a slender ribbon to a square. Unlike the tumbling

case where the dynamics remain 2D and are not sensitive to the change in the rest shape,
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the dynamics for a sheet initially inside the shear plane are determined by both ω and EV.

To begin with, we introduce several characteristic dynamics that have been highlighted

in the simulation. The order is roughly based on sheets with increasing flexibility, but some

dynamics are also determined by the aspect ratio.

2D rotating

When the sheet is stiff, it is stable to perturbations and returns to rotate inside the shear

plane, similar to the 2D rolling observed for the disk.

Stiff kayaking

We report a Jeffery-like kayaking motion observed for stiff sheets with small ω (slender

sheets) in Fig 5.20. During kayaking, the sheet stays flat and gradually rotates out of the

initial shear plane. The out-of-plane motion is triggered by the initial random perturbation.

Though the sheet resists small perturbation, it becomes tilted and is slightly off the shear

plane. As a result, the sheet tumbles while gradually leaving the shear plane. This effect is

more evident for more slender sheets.

Figure 5.20: (a) Snapshots of transient evolution of a sheet with ω = 0.2 andEV = 13. (b)
Evolution of max (zmax) and min (zmin) deformation amplitude relative to the sheet center. (c)
The transient Lagrangian trajectory of the marker.
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Flapping

In the disk case, we reported unique flapping dynamics with the sheet buckles up and

down relative to the shear plane. For rectangle sheets, we observed similar flapping motions

in a wide range of ω. Compared with the disk, rectangle-like sheets show two major dif-

ferences. First, while the flapping in the disk arises only from a symmetric perturbation,

the flapping in rectangle sheets arises from random perturbations. Second, the disk shows

periodic flapping motion with a quasi-periodic motion of material points on the disk. In

contrast, the flapping in a rectangle sheet is periodic. Fig 5.21 shows a complete flapping

cycle. The trajectory of the marker traces out a closed orbit.

Figure 5.21: (a) Snapshots of periodic flapping motion for ω = 0.5 and EV = 8. (b) Evolution of
deformation amplitude zmax and zmin relative to the center of the sheet. The shaded area
indicates the snapshot in (a). (c) The Lagrangian trajectory (based on the sheet center) of the
marker after reaching the steady state.

Swirling

For sheets with ω close to one (more square-like), we observed an interesting motion

named swirling, where four corners of the sheet folded toward the same direction during

rotation. We identified two types of swirling: symmetric and asymmetric. When the sheet is
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Figure 5.22: (a) Snapshots of symmetric swirling motion for ω = 1 and EV = 7. (b) Evolution
of deformation amplitude zmax and zmin relative to the center of the sheet. The shaded area
indicates the snapshot in (a). (c) The Lagrangian trajectory (based on the sheet center) of the
marker after reaching the steady state.

flexible enough to deform out of the 2D rotating, the buckling instability triggers a symmetric

swirling motion out of the shear plane shown in Fig 5.22. In this case, all corners are facing

the positive vorticity axis, and the deformations are symmetric across the diagonal. When

the sheet is oriented as in t = 348, two corners aligned with the major compressive are

compressed, and two aligned with the tensile axis are relaxed. The most bucked state, due

to rotation, is when the sheet roughly aligns with the gradient direction (t = 349). Fig

5.22(a) indicates two periods of asymmetric swirling. The motion is periodic and the period

of the rotation of the sheet is four times longer than the period of the swirling (it takes four

swirling cycles for the marker to translate one cycle).

When the sheet becomes more flexible, the appearance of higher deformation modes

makes swirling more complicated. The deformation on the sheet is asymmetric as the folding

of one corner guides the rotation of the sheet. In Fig 5.23, this can be observed by the

snapshots t = 343.
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Figure 5.23: (a) Snapshots of asymmetric swirling motion for ω = 1 and EV = 13. (b) Evolution
of deformation amplitude zmax and zmin relative to the center of the sheet. The shaded area
indicates the snapshot in (a). (c) The Lagrangian trajectory (based on the sheet center) of the
marker after reaching the steady state.

The swirling motion breaks spatial symmetry and shows a net drift along the vorticity

direction.

Flow aligned

Similar to the disk case, very flexible sheets undergo complex transient dynamics and

gradually approach the flow-vorticity plane.

5.5.3 Bifurcation and phase diagram

To summarize the free space dynamics for rectangles, we show the bifurcation diagrams of

dynamics evolution with increasing EV. We select two cases: a rectangle with ω = 0.5 and

a square with ω = 1.

For both cases, we observed a transition for rotating sheets becoming unstable and de-
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Figure 5.24: Phase diagram for a rectangle sheet with different ω and stiffness EV in free space:
(a) Rectangle with ω = 0.5. (b) Square with ω = 1. Markers represent the steady state dynamics.

forming out of the shear plane. The rectangle shows a larger buckling threshold compared

to the square, because of the fact that it is harder to deform along a shorter edge. Therefore,

the periodic compressive stresses acting on the square sheet with two long edges make it eas-

ier to trigger buckling instability. Another major difference here is that symmetric flapping

only arises for the rectangle while asymmetric swirling arises for the square. It is intriguing
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that a flat steady state can trigger both symmetric and asymmetric dynamics. Finally, it is

not a surprise that very flexible sheets all end up aligning with the flow-vorticity plane.

To include a comprehensive understanding of rectangles in shear flow, we present a phase

diagram by exploring the parameter space of ω and EV for a sheet initially lying inside the

shear plane in Fig 5.25.

Figure 5.25: Phase diagram for a rectangle sheet with different ω and stiffness EV in free space.
Markers represent the steady state dynamics.

For sheets with small EV, all rest shapes are stable to perturbation and remain inside the

shear plane showing stiff rotating. For slender sheets with ω < 0.3, the initial perturbation

may trigger the kayaking motion, where the sheet leaves the shear plane without buckling.

For intermediate EV, sheets show out-of-plane deformation and the dynamics vary with

sheet geometry. Flexible sheets with ω < 0.75 show periodic flapping and square-like sheets

arrest periodic swirling motion. For large EV, flexible sheets end up with the aligned state.

Typically, very flexible sheets are easier to be disturbed by the shear flow and evolve to the
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aligned state more quickly.

Figure 5.26: Buckling threshold EC
V as a function of sheet size ω for a rectangle sheet initially

inside the shear plane.

One interesting observation from the phase diagram is the relation between the buckling

threshold EC
V and the sheet size ω shown in Fig 5.26. We denote that sheets undergoing rotat-

ing and kayaking show no wrinkling observed on the sheet as below the buckling threshold.

Surprisingly, the buckling threshold of the sheet shows a non-monotonic relation with the

size of the sheet. For ω < 0.66 (slender sheets), the buckling threshold decreases with ω,

indicating a longer side edge eases the buckling. This is followed by an increase of buckling

threshold with ω. Typically, For ω > 0.75, the similar buckling threshold decreases with

ω again. Generally, sheets with small ω show a larger EC
V due to the smaller width that is

more resistant to buckling compared to a larger width. However, we noticed a small regime

in 0.67 < ω < 0.83 that shows a non-monotonic trend, and the sheet becomes more resis-

tant to buckling. Interestingly, for ω = 0.75, the sheet does not show buckling till the flow

strength is strong enough to make the sheet flow-aligned. Moreover, it also separates the

dynamic from flapping to swirling once the rotating becomes unstable. Future investigations

are needed to probe into this size-dependent stiffening observation.
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5.6 Summary

In this Chapter, we showed a detailed and systematic analysis of the dynamics of a thin

elastic sheet in shear flow in the Stokes regime. Sheets with the rest shapes of a disk or

a rectangle are considered and we are interested in the initial condition where the sheet is

placed in the shear plane subject to perturbations.

Under small and random perturbation, a sufficiently flexible disk “rolling" in the shear

plane shows a supercritical linear instability with increasing EV from a flat state to a periodic

wiggling motion, corresponding to a dynamic S-shape buckling instability. With further

increase in EV, sheets beyond the wiggling regime show complex dynamics that lead to the

alignment of the sheet in the flow-vorticity plane. We developed a linear stability analysis

and obtained a family of unstable modes that help understand the simulation results. The

presence of the first unstable S-shape mode successfully predicts the buckling instability

leading to wiggling, and the appearance of the second M-shape mode demonstrates the

onset where the sheets become flow-aligned due to nonlinear interactions between unstable

modes.

Under finite C-shaped perturbation, the disk shows stable flapping dynamics in a wide

regime of EV, where the sheet shows periodic C-shaped deformation with alternating buckled

directions along the vorticity axis. The flapping is a result of periodic compressive and

tensile stresses from shear flow and arises from the limited extensibility of the sheet. We

identified a stable flapping branch with increasing EV and an unstable branch that originates

subcritically from a linear C-shape perturbation at large EV. The flapping dynamics are

confirmed experimentally from our collaborator’s results, and the evolution of curvature

measured at the disk center as well as the flapping regime in EV all show quantitative

agreement with our simulation.

The fact that wiggling was not reported in experiments motivated us to study the disk

under a free surface. With a combination of numerical simulation and linear stability anal-

ysis, we found the presence of a free surface induces symmetric buckling on the disk thereby



141

facilitating the formation of flapping observed in experiments. In addition, we developed a

phase diagram illustrating the evolution of dynamics under the free surface.

Beyond a disk sheet, we also investigated a rectangle sheet with different aspect ratios

(controlled by a parameter ω) in simple shear flow, varied from a slender ribbon (small ω) to

a square (large ω). The results indicate slight changes in rest shape can lead to qualitatively

different dynamics. For all sheets with small EV below buckling threshold, sheets resist

perturbation and rotate inside the shear plane. One exception is for ribbons, due to their

slenderness, can be perturbed out of the shear plane without buckling. Above the buckling

threshold, we identified a regime of EV with periodic motions determined by ω, such as

periodic flapping for intermediate ω (rectangle-like sheets) and periodic swirling for large ω

(square-like sheets). Very flexible sheets for all shapes show complex dynamics that finally

lead to alignment of sheets in flow-vorticity plane. Typically, we found a non-monontonic

decrease of buckling threshold with ω.

The rich dynamics observed from elastic sheets contribute to the understanding of shear-

induced morphologies of soft particles processed in shear flow. The knowledge serves as

fundamental to investigating more complex systems, such as the suspension of graphene and

polymer films, and the influence of sheet morphologies on macroscopic rheological properties.
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6

Free-space and near-wall dynamics of

a flexible sheet sedimenting in Stokes

flow

We present a numerical study of a thin elastic sheet with small extensibility freely sediment-

ing in a viscous fluid. Two scenarios are investigated: sedimentation in free space and near

an infinite wall, where the wall can be tilted. Elastic sheets with a rest shape of a square

are modeled with a finite-element-based continuum model that accounts for in-plane stretch-

ing and out-of-plane bending. The fluid motion is computed by the method of regularized

Stokeslets in the free space and regularized Blaketlets near a wall. During sedimentation, the

interplay between gravity and the elastic response of sheets gives rise to complex deforma-

tion and reorientation dynamics, measured by a dimensionless elasto-gravitational number

(EG). In free space, sheets attain a stable orientation by aligning perpendicular to gravity.

Sheets with larger deformability adopt more compact conformations and experience smaller

hydrodynamic drag, thereby sedimenting faster. A sheet with a random initial orientation

evolves reorients to align perpendicular to gravity, accompanied by lateral drift in free space.

We identified two reorientation mechanisms with increasing flexibility: rotating and bend-

ing. When the sheet is placed near an infinite wall, sedimentation is hindered compared
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to that in free space due to wall-induced hydrodynamic drag. Near a vertical wall, sheets

exhibit asymmetric conformations that cause the sheet to migrate away, with the migration

dynamics determined by EG. The difference in flexibility leads to a non-monotonic trend in

the evolution of wall-normal distance. Near a tilted wall, sheets either deposit or slide along

the wall with a fixed wall-normal distance.

6.1 Introduction

The sedimentation dynamics of particles in a viscous fluid under gravitational or centrifugal

forces have been receiving significant interest for their ubiquity in many applications and

biological systems [6, 12, 32, 52, 58, 112, 146, 175, 178, 179, 185, 197, 200]. So far, extensive

research has been done to explore sedimentation dynamics for various particle configura-

tions, such as filaments [17, 31, 65, 81, 91, 144, 154], rings [52, 53], cylinders [19, 102], and

spheroids [104, 110, 132]. However, one universal geometry has rarely been investigated:

thin elastic sheets. Sedimentation of elastic sheets is prevailing in the synthesis of polymer

films, nanosheets, and quantum dots [6, 32, 58, 179, 185, 197, 200]. For example, graphene

flakes obtained by liquid-phase exfoliation are separated via centrifugation [6, 58, 185, 197].

Therefore, the knowledge of sheet-like particle sedimentation is crucial to predict sheet con-

formations obtained from centrifugation but is lacking. In this paper, we fill this gap by

providing a fundamental understanding of thin sheets sedimenting in a viscous fluid. Be-

sides particle configuration, sedimentation dynamics are affected by many factors, including

particle stiffness [31, 91], aspect ratio [65], fluid properties [9, 158]. In this work, we focus

on two typical aspects: particle elasticity and wall effects. Below, we review some related

works of other particle configurations to provide insights for understanding elastic sheets.

It is known that rigid particles, like rigid spheroids and rods, sedimenting in an un-

bounded environment maintain their initial orientation due to Stokes flow reversibility [50].

A tilted initial orientation can induce continuous drift of the particle in the lateral direction
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thereby the particle sediments with a fixed angle determined by initial orientation. In con-

trast, deformability allows particles to adjust their orientation and introduce more complex

sedimenting dynamics. For instance, sedimenting flexible slender fibers and filaments form

varied shapes in free space and have a unique and stable orientation as the end-to-end vector

is perpendicular to gravity, as a result of nonlocal hydrodynamic interactions [81]. From a

numerical and analytical study, Li et al. found that a weakly flexible filament with random

initial conditions reorients to a unique orientation and conformation, where the reorientation

trajectories are restricted to a cloud with envelope size determined by flexibility [91]. In a re-

cent work of non-Brownian simulations, Cunha et al. studied sedimenting flexible filaments

modeled with a bead-spring system and characterized the final shapes of filaments varying

from almost horizontal to horseshoe-like based on flexibility [31]. Moreover, they identified

three different reorientation dynamics: rotating, bending, and snaking with decreasing resis-

tance to gravity-induced deformation. Gruziel and coworkers examined a knotted deformable

closed chain with a rest shape of ring sedimenting in a viscous fluid. In both experiments

and simulations, they observed the knots often attained a toroidal structure with oscillating

intertwined loops during sedimentation [52]. In a later study, Gruziel et al. also gave a

detailed investigation of loop flexibility and found rich sedimentation dynamics [53]. For

more complex geometries, Peltomaki and Gompper did a numerical study of deformable

red blood cells sedimentation using multi-particle collision dynamics and triangulated mem-

branes. They characterized and presented a phase diagram of three gravity-induced shapes

depending on elasticity: parachutes, teardrops, and fin-tailed spheres [132]. Matsunaga et al.

extended the study by considering red blood cells with different ratios of internal and exter-

nal fluid viscosity to investigate the reorientation dynamics during sedimentation [104]. The

studies of single-particle sedimenting in free space benefit the understanding of more com-

plex scenarios. When multiple particles sediment together, the deformation and collective

sedimentation dynamics of particles are affected by inter-particle hydrodynamic interactions.

Recent experiments and simulations have reported interesting hydrodynamic repulsion and
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attraction, as well as shape deformations [17, 19, 144, 154]. We will not elaborate on this

topic as the present work focuses on single-particle dynamics.

In contrast to sedimenting in free space, the sedimenting dynamics can be strongly mod-

ified with the presence of boundaries. It is known that particles next to the wall sediment

slower compared to free space because the wall-induced drag hinders sedimentation. Rigid

particles like a tilted rod close to a wall no longer maintain the orientation. Instead, rigid

particles rotate and migrate away from the wall. Russel et al. first reported characteris-

tic glancing or reversing dynamics of a rod sedimenting near a vertical wall, determined

by the initial angle of the rod approaching the wall [143]. Mitchell and Spagnolie later

extended the study to a rigid spheroidal particle with an arbitrary aspect ratio next to a

tilted wall [110] at zero Reynolds number. They developed analytical solutions based on the

method of images for randomly oriented prolate and oblate spheroids and found 3D dynam-

ics like glancing, reversing, and wobbling based on the symmetry of initial orientations. In

addition, they identified a stable sliding trajectory when the wall is slightly tilted. In more

complex scenarios, Salez and Mahadevan numerically studied a sedimenting cylinder near a

thin compressible elastic, and tilted wall. They observed that under specific conditions, the

cylinder show a sliding motion: the cylinder sediments along the tilted wall while keeping a

fixed distance away from the boundary. They also found that the competition between drag

and wall deformation results in spontaneous oscillation of cylinder with lift during sedimen-

tation [148]. Subsequent experiments and simulations probed into the effect of wall elasticity

on the sliding and rotation dynamics of the cylinder [138, 147].

The aforementioned studies provide good insights into flexible particle sedimentation and

the similarity between elastic sheets and elastic filaments imply that rich dynamics can be

found for a sedimenting 2D sheet in a viscous fluid. In this work, we present a numerical

study to systematically investigate the sedimentation dynamics of an almost inextensible

elastic sheet by addressing the influence of sheet elasticity and wall effects. The structure

of this work is as follows. In Section 6.2, we present the model and numerical methods to
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simulate an almost inextensible sheet. We introduce two different flow solvers to account

for the sedimentation in free space and near-wall sedimentation, separately. In Section 6.3,

we introduce simulation results by first discussing the free space sedimentation, which is

purely determined by the effect of sheet flexibility. Next, we place an elastic sheet next to

an infinite solid wall to examine the wall effects, where the wall can be tilted. We conclude

in Section 6.4.

6.2 Methods

6.2.1 Model setup

We consider an elastic thin sheet with a square rest shape that sediments in a stationary

viscous fluid. The fluid is Newtonian with viscosity η and density ρf . The square sheet has

edge 2a and thickness h such that h � a. Thus, the sheet has a traction-free edge, along

which fluid exerts no forces. The weight of the sheet can be described as 4ρsga
2h, where

ρs is density and g is the gravitational constant. The gravity acts along the positive x axis

with y and z marked as lateral directions. In this work, we investigate two scenarios: the

sheet sediments 1) in an unbounded fluid, and 2) next to an infinite and solid wall, where

the wall can be adjusted to be tilted. The initial condition of the sheet is described by an

orientation angle φ, which is defined as the angle between the normal vector n of the sheet

and the positive y axis. (i.e. φ = 90◦ indicates the sheet sediments perpendicular to gravity

and φ = 0◦ when the sheet sediments parallel to gravity.) In the near-wall scenario, the

wall can be tilted with an angle α. If the wall remains vertical (α = 0◦), it aligns with the

plane y = 0, such that y becomes the wall-normal direction. The initial distance between

the center of mass of the sheet and the wall surface is measured by the wall-normal distance

d0. Figure 6.1 illustrates the setup by placing a sheet with φ = 90◦ next to a wall tilted by

α = 30◦.

We model the sheet as a continuum with a no-slip surface, where material points on
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Figure 6.1: Illustration of a square sheet sedimenting next to a tilted wall. The case shows the
sheet with initial wall-normal distance d0 = 1.5 is oriented φ = 90◦ and the titled wall angle is
α = 30◦.

the surface move with the same velocity as the local fluid. The no-slip boundary condition

also implies that the sheet is impermeable – if the sheet moves with the local fluid velocity,

then no fluid is passing through the sheet. The sheet surface is discretized into triangular

elements with a node at each corner. Detailed numerical methods will be introduced in the

following section.

The total strain energy of the elastic sheet can be written as the sum of in-plane strain

energy Es and out-of-plane bending energy Eb:

E = Es + Eb. (6.1)

Here, the in-plane strain energy is evaluated by integrating the strain energy density W over

the sheet surface. We choose a nonlinear neo-Hookean model (NH), as it is often used to

model rubber-like polymer structures, with the form:
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WNH =
G

2
(I1 − 3) . (6.2)

The two-dimensional shear modulus G scales with the equilibrium thickness h. The term

I1 is the first invariant of the right Cauchy-Green deformation tensor, and depends on the

local principal stretch ratios λi along the tangential direction of the sheet surface:

I1 = λ2
1 + λ2

2 +
1

λ2
1λ

2
2

. (6.3)

The last term denotes λ3, as the stretch ratio along the thickness direction, is obtained by

incompressibility of the material (λ1λ2λ3 = 1).

For the bending energy Eb, we apply a simple bending model that sums the energy due

to dihedral angles θαβ between neighboring elements [42, 43]:

Eb =
∑

adj α,β

kb (1− cos(θαβ − θ0)) , (6.4)

where kb is the bending constant calculated from bending stiffnessKB, by comparing Eb with

the energy of a square bending into part of a cylinder with known curvature: kb = 1.03KB.

The angle θ0 is zero as we assume a flat equilibrium state. We also denote the sum of

deflection on the sheet as a wrinkling parameter B =
∑

adj α,β (1− cos(θαβ − θ0)), which

simply represents the extent of wrinkling on the sheet surface and is related to the total

bending energy by the bending constant: Eb = kbB.

For a sedimenting particle, the body force due to gravity acting on the sheet is described

by a potential U .

U = ∆ρgah0∆x (6.5)

We also include a truncated Lennard-Jones(LJ) repulsive potential to prevent the sheet from

self-intersecting. Numerically, the potential acts between all the nodes, except for the nodes

that are located within 3-ring neighbors of the targeted node at the equilibrium state. The
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potential has the form:

ELJ =


4ϕ0

[(
σ
r

)12 −
(
σ
r

)6
]
, if r < σ

0, otherwise

(6.6)

where r is the instant distance between nonadjacent nodes, σ scales the range of the potential,

and ϕ0 measures is the strength of the potential. Here, we choose σ = 0.06a and ϕ0 = 4×10−6

such that the potential has no influence on the dynamics for sheets without intersection. We

find that the only case where the repulsive force is active is when the sheet edge would

otherwise cut through the surface, which only occurs for sheets with very small bending

stiffness. In addition, we also apply a similar truncated LJ potential between the sheet and

the wall. Basically, we apply a strong repulsive potential to prevent sheets from entering a

distance dlim from the wall, and the potential only acts along the wall-normal direction in

the range d < dlim. It is worth noting that, this interaction only acts when the sheet fully

deposits on the wall and has no other effect on near-wall dynamics.

We introduce two nondimensional parameters to describe the aforementioned mechanical

properties. The capillary number Ca = ∆ρgah0/G compares the viscous stresses exerted

by the fluid on the sheet to the in-plane elastic response of the sheet. Larger Ca indicates

that the sheet is more deformable. In this study, we mainly focus on an almost inextensible

sheet, such that the in-plane deformation is strongly constrained with a small capillary

number Ca = 0.01. We have verified that a further decrease in Ca (by 10 times) results in

no qualitative change in sedimentation conformations. The comparison between bending and

gravity is measured by elasto-gravitational number EG = ∆ρga3h0/KB: larger EG indicates

that the sheet is more flexible. In this study, we mainly focus on the influence of EG.
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6.2.2 Numerical methods

The numerical method for the elasticity problem is adapted from Charrier et al. [21]. We

simulate the sheet by keeping track of nodes that move as material points on the sheet

surface. From the elastic energies, we obtain the summed nodal elastic force (Fe,i = Fs,i +

Fb,i) exerted on each node from the first variation of the total energy with respect to the

nodal displacements. Each discretized element of the sheet is assumed to have homogenous

deformation, so the element edges always remain linear. The deformed element is compared

to its equilibrium shape under a local coordinate transformation via a rigid body rotation,

and the displacement for any point inside the element is obtained by linear interpolation

from the nodal positions. The detailed implementation can be found in references [42, 43,

195, 196]. The total nodal force Fe,i is evaluated by summing the elastic force (Fe,i)j due

to the deformation of each surrounding element j shared by the node i: Fe,i =
∑

j(Fe,i)j,

where the sum is over all elements meeting at the node.

Besides the elastic force, we also need to consider the external body force Fg. The body

force acting on the sheet has been assigned to each node based on the Voronoi area around

the node at the equilibrium state. Due to the conservation of mass, the nodal body force

Fg,i remains constant in the simulation.

Fg,i = AVoronoi,i∆ρh0g. (6.7)

For the results shown, we discretize the square sheet with 1152 elements and 625 nodes.

We have verified that changes in mesh resolution lead to only small quantitative changes in

the results and no qualitative changes.

6.2.3 Fluid solver

In the present work, we consider a small, thin square sedimenting at low Reynolds number.

Under these assumptions, the inertia of the fluid at the particle scale is negligible, and the
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fluid is governed by the Stokes equation. For each node on the sheet surface, the elastic force

Fe,i exerted by the sheet on the fluid, the external body force Fg,i acting on the sheet are

balanced with hydrodynamic force Fh,i from the fluid:

Fe,i + Fg,i + Fh,i = 0. (6.8)

To account for the fact that the forces are not completely localized to the nodal positions,

we use the method of regularized Stokeslets to solve for the fluid motion [28]: the force

Fi = −Fh,i exerted by node i on the fluid corresponds to a regularized force density fκi =

Fiδκ(x − Xi), where Xi is the position of node i and δκ(x) is a regularized delta function

with regularization parameter κ. Thus, the governing equations are the Stokes equation with

regularized nodal forces and the continuity equation:

−∇p+ η∇2v +
∑

i Fiδκ(x−Xi) = 0

∇ · v = 0.
(6.9)

Free-space sedimentation

In an unbounded fluid, the velocity field generated due to a regularized point force f =

Fδκ(x−Xi) can be represented using a regularized Stokeslet Gκ [50, 195, 196],:

vκ(x) = Gκ(x−Xi) · F. (6.10)

As 1/κ → 0, Gκ reduces to the usual Stokeslet operator G(x − Xi) = 1/8πηr(I + (x −

Xi)(x−Xi)/r
2), where r = ||x−Xi||. There are many ways to regularize a delta function

δκ(x); we choose a regularization function for which the difference between G and Gκ decays

exponentially as κr →∞ [50]:

δκ(r) =
κ3

√
π

3 exp(−κ2r2)

[
5

2
− κ2r2

]
. (6.11)
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With this choice,

Gκ(x−Xi) =
erf(κr)

8πηr

(
I +

(x−Xi)(x−Xi)

r2

)
+
κe−κ

2r2

4π3/2η

(
I− (x−Xi)(x−Xi)

r2

)
. (6.12)

In the simulations, κ must be chosen to scale with the minimum node-to-node distance

lmin. We take κlmin = 2.1842, which is obtained from a validation case of a disc in biaxial

extensional flow discussed in [195]. We represent the total velocity at a point x as

v(x) = v∞(x) + vp(x) = v∞(x) +
∑
i

Gκ(x−Xi) · Fi. (6.13)

Near-wall sedimentation

The presence of an infinite wall complicates the problem as we require an extra boundary

condition for the fluid: the velocity needs to vanish on the no-slip wall (v(y = 0) = 0,

assume a vertical wall with α = 0◦) [13]. Therefore, the velocity field generated to a regu-

larized point force is now accounted for by the regularized Blakelet to satisfy this boundary

condition [2, 29]. The regularized Blakelet consists of a regularized Stokeslet and an image

system across the wall which contains a combination of multipolar expansion terms from

the Stokes equation that together cancel the induced velocity on the wall to enforce no-slip

condition. Compared to singular solution derived by Blake, we need two extra rotlets to

account for residual terms due to regularization. Following Ainley et al. [2], we apply two

types of regularized delta functions: δκ(x) and δdκ(x) to regularized different terms in the

image system. Here, δκ(r) is from Eq. 6.11, and δdκ(r) has the form:

δdκ(x) =
κ3

√
π

3 exp(−κ2r2). (6.14)

Two functions satisfy the relation:

δκ(x) =
1

2

(
r
∂δdκ(x)

∂r
+ 5δdκ(x)

)
. (6.15)
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We define r = x−Xi and R = x−XI
i , where Xi is the the position of the node i and XI

i is

the corresponding image point. Therefore, the regularized Blakelet Bκ, in indicial notation

form, can be expressed as:

Bκ,ij (r) = Gκ,ij (r)−Gκ,ij (R)

− 2y0 (δjl − 2δj2δ2l)

(
Dκ,i2l(R)− y0

2η
P d
κ,il(R)

)
+ 2y0

(
Rκ,il(R)−Rd

κ,il(R)
)
εjl2.

(6.16)

where the regularized Stokeslet Gκ (r), the image regularized Stokeslet Gκ (R), the regular-

ized Stokes doublet Dκ (R) and the rotlet Rκ (R) are regularized by function δκ(x). The

regularized potential dipole Pκ (R) and the second rotlet Rd
κ (R) are regularized by the al-

ternative function δdκ(x). Note that if 1/κ → 0, the solution recovers the singular Blakelet

as two rotlets cancel each other [2, 29]. Here,

Gκ,ij(r) =
1

8πη

[(
erf (κr)

r
+

2κe−κ
2r

√
π

)
δij +

(
erf (κr)

r
− 2κe−κ

2r

√
π

)
rirj
r2

]
, (6.17)

Gκ,ij(R) =
1

8πη

[(
erf (κR)

R
+

2κe−κ
2R

√
π

)
δij +

(
erf (κR)

R
− 2κe−κ

2R

√
π

)
RiRj

R2

]
, (6.18)

Dκ,i2l(R) =
1

8πη

[
1

R2

(
erf (κR)

R
− 2κe−κ

2R2

√
π

)(
δ2lRi − δi2Rl +R2

(
δil − 3

RiRl

R2

))

−2κ2 2κe−κ
2R2

√
π

(
δi2Rl −R2

RiRl

R2

)]
,

(6.19)
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P d
κ,il(R) = − 1

4π

[
1

R2

(
erf (κR)

R
− 2κ(2κ2R2 + 1)e−κ

2R2

√
π

)(
δil −

3RiRl

R2

)

+
4κe−k

2R2

√
πR2

RiRl

R2

]
,

(6.20)

Rκ,il(R) =

(
erf (κR)

4πR3
+
κ (κ2R2 − 1) e−κ

2R2

2π
3
2R2

)
εilmRm, (6.21)

Rd
κ,il(R) =

(
erf (κR)

4πR3
− κe−κ

2R2

2π
3
2R2

)
εilmRm. (6.22)

Therefore, the total velocity at a point x as

v(x) = v∞(x) + vp(x) = v∞(x) +
∑
i

Bκ(x−Xi) · Fi. (6.23)

At each time step for either the free space or the near wall case, after updating the force

balance, we update the nodal positions by applying the condition that they move with the

local fluid velocity in Eq. 6.23, thereby satisfying the no-slip and no-penetration conditions:

dXi

dt
= v(Xi). (6.24)

This equation is solved with a forward-Euler method. We have verified the solution with

other numerical methods such as the fourth-order Runge-Kutta method, and find that the

higher-order method shows negligible effects on the results based on the timestep used. For

numerical stability, the timestep applied follows ∆t = 0.1Calmin, and we enforce an upper

limit of 5× 10−4 strain unit per time step.
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6.3 Results

6.3.1 Sedimentation in free space

Figure 6.2: Snapshots of a square sheet sedimenting in free space with φ = 90◦. (a) Flat
(EG = 1). (b) Convex taco (EG = 8). (c) Concave taco (EG = 40). (d) Complex (EG = 198). A-D
represent the final steady conformation. Snapshots only show the conformation evolution without
actual sedimenting distance.

We first consider an almost inextensible sheet sedimenting in free space. The initial ori-

entation of the sheet aligns perpendicular to gravity as φ = 90◦, which is a stable orientation

and will be discussed in detail later. In Figure 6.2, we show four distinct examples of sheets

with increasing EG to address the effect of sheet flexibility on gravity-induced deformation.

For stiff sheets shown in Fig 6.2(a), sheet elasticity dominates over gravity. The sheet settles

with an almost flat conformation, with negligible deformation observed on the surface. With

increasing EG, gravity is comparable to sheet elasticity. Due to hydrodynamic interactions
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Figure 6.3: Characterization of sedimentation dynamics. A-D are steady conformations shown
in Fig 6.2 representing four distinct regimes. (a) Evolution of wrinkling parameter B on the sheet
vs. EG. (b) Terminal velocity vsed vs. EG. (c) The transition of conformations between regime B
and regime C is shown as the evolution of folded and relaxed edges.

between different parts of the sheet surface, the center part of the sheet initially sediments

faster, which drives the four corners to symmetrically lift upward. This metastable state

soon becomes unstable and two edges fold inward as folded edges while the other two edges

relax as relaxed edges together to form a taco shape. Based on EG, we observed two types

of tacos. A less flexible sheet (Fig 6.2(b)) indicates a convex taco. The folded edges form a

V shape, and the relaxed edges are convex. A more flexible sheet (Fig 6.2(c)) ends up with

a concave taco. The folded edges become a U shape, and the relaxed edges are concave. For

very flexible sheets as Fig 6.2(d), small resistance to buckling leads to a complex geometry

that is not considered in this study.

We characterize the sedimentation dynamics by examining the folding on the sheet and

sedimentation velocity of the final steady conformations. We measure the extent of folding

by calculating the wrinkling parameter B defined earlier (the sum of deflection between all

neighboring elements) for a group of sheets spanning parameter space of EG in Fig 6.3(a).

With increasing EG, sheets are more wrinkled and become more compact. We quantify the
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sedimenting dynamics by measuring a terminal velocity vsed when the sheet reaches a steady

conformation, shown in Fig 6.3(b). The results indicate that more flexible sheets sediment

faster. Here, we observe four different regimes, corresponding to the four examples (A-D)

given in Fig 6.2. With increasing EG, sheets show stronger buckling and the conforma-

tion becomes more compact. The more compact conformation experiences smaller drag and

makes the sheet sediments faster in free space. Typically, the transition of shape conforma-

tions assembles flexible filament sedimentation with increasing flexibility. For instance, the

evolution of relaxed edges in Fig 6.3(c) demonstrates a smooth transition from a V-shape

(regime B) to a U-shape (regime C). Elastic sheet conformations are more complex than

fiber. With the transition of buckled edges, sheets also show a transition of the relaxed

edges from convex to concave, in order to accommodate a less wrinkled state.

As mentioned at the beginning of the section, the sheet has a preferred sedimenting

orientation perpendicular to gravity. This argument is robust to initial conditions as we

examine case B in Figure 6.2 (EG = 8) with different initial orientations. The evolution

of deformation on the sheet is tracked by the wrinkling parameter B in Fig 6.4(a), which

demonstrates that all φ reach the same conformation shown in Figure 6.2, as the only stable

conformation. Though arriving at the same conformation, the difference in initial conditions

shows a significant change in the transient reorientation dynamics, which is shown as the

evolution of lateral drift distance d in Fig 6.4(b). There is no drift observed in the case

φ = 90◦, which implies a stable orientation. The drift distance d increases with decreasing of

φ and the maximum drift happens when the sheet is initially parallel to the gravity (φ = 0◦).

Therefore, by the symmetry of free space, all possible sedimenting trajectories of the sheet

are restricted to a cloud. This observation agrees with observations in flexible filament [91].

We denote the maximum lateral drift distance (when φ = 0◦) as dmax.

We summarize dmax for a group of sheets spanning parameter space of EG in Fig 6.4(c).

The drift due to reorientation is strongly influenced by EG as more flexible sheets show

smaller dmax. After carefully examining the dynamics, we introduce two categories of different
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Figure 6.4: Influence of initial orientation φ and EG on the sheet reorientation dynamics: (a)
Transient evolution of buckling on the sheet for EG = 8 with different initial orientation φ. (b)
Transient evolution of lateral drift distance d on the sheet for EG = 8 with different initial
orientation φ. The maximum drift distance is denoted dmax. (c) Maximum lateral distance dmax

for sheets with different EG. (d) Illustration of two types of reorientation dynamics: rotating
(EG = 4) and bending (EG = 13) from selected cases in Fig 6.4c. The sheet is initially oriented as
φ = 0◦ subject to small and random perturbations.

reorientation dynamics: rotating and bending, with examples illustrated in Fig 6.4(d). Here,

all sheets initially stay parallel to gravity subject to small and random perturbations. For

stiff sheets, perturbation induces small deformation on the sheet while the sheet stays almost

flat. However, the small deformation makes the current orientation unstable and the sheet

reorients to align perpendicular to gravity. During the reorientation, the sheet rotates around

the sheet center while the asymmetric and tilted conformation induces the drift along the

lateral direction resulting in evident translation.

Unlike the stiff sheet, the flexible sheet bends during reorientation. Interestingly, the
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upper and lower part of the sheet shows relatively independent deformation: the upper part

bends slightly, and the lower part of the sheet folds and rotates relatively to the sheet center

to form a taco shape. We denote this type of reorientation as bending and bending sheets

introduce smaller lateral drift compared to rotating. For larger EG, the flexibility ensures a

quick folding reorientation and the drift becomes negligible. We summarized the evolution

of maximum drift distance dmax with EG in Fig 6.4(c), where the two different reorientation

types can be recognized. Similar orientation dynamics were also reported in reorientation

dynamics of flexible filaments [81, 91].

6.3.2 Sedimentation next to a wall

In this section, we place the sheet next to an infinite wall, which can be adjusted with an

angle α. We first illustrate the dynamics next to a vertical wall (α = 0◦) and apply the

initial orientation φ = 90◦, which is the stable orientation in free space. The sheet is initially

a distance d0 = 1.5 away from the wall. In addition, we also examined an initial distance

d0 = 3 far away from the wall to assess the dependence of dynamics on the initial distance.

The presence of the wall breaks spatial symmetry, resulting in an asymmetric sheet

conformation in contrast to a symmetric sheet in free space. The asymmetric sheet, due to

anisotropic drag, exhibits drift of the sheet along the wall-normal (lateral) direction while

sedimenting. Eventually, the sheet migrates away from the wall and we denote that the

sheet escapes from the wall. In Fig 6.5 (a), we show the migration dynamics of three cases

with increasing EG, where free space evolutions of the sheets are symmetric tacos. Due

to the wall-induced asymmetry, conformations in all cases are tilted at the early stage of

sedimentation: the side edge facing the wall is slightly above the edge away from the wall.

The migration dynamics of the sheet are strongly determined by EG. In the short term,

the relatively stiff sheet (case A EG = 8 in Fig 6.5(a)) directly migrates away from the wall.

In contrast, the other two flexible sheets initially migrate toward the wall. The noticeable

difference in dynamics arises from the sheet conformations. In case A, small EG leads to a
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Figure 6.5: (a) Snapshots of dynamics near a vertical wall with initial orientation φ = 90◦ and
d0 = 1.5. Case A, EG = 8: the sheet directly migrates away from the wall. Case B, EG = 28: the
sheet first migrates toward the wall and becomes trapped. Case C, EG = 40: the sheet first
migrates toward the wall and then reorient to escape. The transient migration distance away from
the wall is denoted d. Each case has its steady free space conformation for comparison. (b)
Transient evolution of migration distance d for three sheets in Fig 6.5(a). (c) Temporal evolution
of migration distance d for sheets with different EG, with labels indicating cases shown in
Fig 6.5(a).

slightly folded sheet where elasticity dominates and the overall orientation of the asymmetric

taco tilts away from the wall due to the unbalanced side edges. The resultant shape fosters

the sheet to drift away from the boundary. In cases B and C, the sheet becomes more flexible

and the conformations are more compact with two side edges getting close to each other.

The change in conformation makes the overall orientation of the sheet now determined by

both the side edges and the center of the sheet, such that the overall orientation is tilted

toward the wall, leading to the drift toward the boundary.

In the long term, the stiff sheet in case A continues migrating away, while flexible sheets

reorient near the wall and take on a shape that eases migration. That is, the stronger wall-
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induced asymmetry near the wall triggers the outer side edge of the flexible sheet to turn

inside out with a flip. Here, a sufficiently flexible sheet (case C) forms a taco with an overall

orientation now tilting away from the wall, and the new orientation causes the sheet to drift

away, as indicated in Fig 6.5(a). For a small regime of intermediate EG like case B, the

sheet becomes trapped near the wall. More specifically, the buckled sheet sediments next

to the wall with an almost constant wall-normal distance, while the conformation shows

weak oscillations as the conformation manages to reorient. Since the sheet is not flexible

enough, the wall hinders the flipping of the sheet resulting in a sustained oscillation in sheet

conformation. The oscillation in conformation is small and is almost negligible in Fig 6.5(a).

Overall, the sheet is “sliding” next to the wall with a fixed distance. It is worth noting that

the sliding sheet is a result of both initial orientation and EG. If the sheet is initially oriented

away from the wall, it immediately triggers the migration and the sheet escapes away from

the wall.

The above examples illustrate three distinct responses of a sheet next to a vertical wall,

determined by EG. To characterize the migration, we plot the evolution of wall-normal

distance d in Fig 6.5(b). The flexible sheet (case C) migrates slower compared to the stiffer

sheet (case A) as it first drifts toward the wall and reorients to migrate away, indicating a

non-monotonic increase in the wall-normal distance. The intermediate EG (case B) becomes

trapped around the wall. One important observation is the migration velocity, indicated by

the slope, decreases with the wall-normal distance. The wall effect is a nonlocal interaction

and migration is a long-range effect. However, if the sheet is placed sufficiently far away

from the wall, it will recover the symmetric free space dynamics.

To elaborate on the migration dynamics, we examine the evolution of d in the parameter

space of EG in Fig 6.5(c). At short times (t < 100), migration distance decreases with EG

and very flexible sheets begin to drift toward the wall. When t = 300, flexible sheets reorient

near the wall and migrate away, while sheets with intermediate EG become trapped around

the wall, resulting in a non-monotonic trend in d. Here, we identified two transition regimes
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of EG: EG ∼ 23 shows the threshold when the sheet immediately migrates away from the

wall, and 23 < EG < 28 marks the onset where the sheet can successfully reorient around the

wall and escape away. In addition, we examined the influence of initial distance by placing

the sheet away from the wall with d0 = 3 and the results are in qualitative agreement with

the near wall condition. Since the wall effect is long-range, flexible sheets initially drift

toward the wall such as case B and C in Fig 6.5(a) follows the same dynamics even when the

sheet is initially away. However, we suspect that once d0 is large enough where wall effects

are negligible, the dynamics will change.

Finally, we can dig into the migration dynamic with a simple scaling analysis. A rigid

particle that sediments next to a vertical wall does not migrate due to the Stokes reversibil-

ity [50], i.e. there is no wall-normal velocity generated by a Stokeslet next to a wall as the

Blakelet solution completely cancels the wall-normal component. Therefore, the migration

observed in simulations is due to a dipolar field arising from the next term in multipole

expansion, such that the migration velocity decays as 1/d2: v = dd/dt ∼ 1/d2 when the

sheet is relatively away from the wall. By integrating the equation and taking the initial

condition d(t = 0) = d0, we obtain a simple scaling between the wall-normal distance d and

t:

d = (3kt+ d0
3)1/3. (6.25)

To test the scaling, we take case A in Fig 6.5(a) and use the evolution of d to fit Eq 6.25.

Surprisingly, the comparison in Fig 6.6 shows that the simple scaling gives a good power-law

fit when the sheet is relatively far away from the wall. The deviation from the fitting curve

for t < 100 has two contributions. The first is near-wall hydrodynamics, which includes all

terms in the multipole expansion (the dipole term becomes dominant only when the sheet is

far away from the wall). The other factor is the change in conformation as the sheet deforms

from a flat state to adopt a taco conformation for t < 100.

Compared to the vertical wall, the tilted wall with α > 0◦ introduces more complex sedi-

menting dynamics. By taking α = 30◦, we introduce three dynamics observed in simulations:
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Figure 6.6: Comparison of wall-normal distance evolution for case A (EG = 8) in Fig 6.5(a) by a
fitting equation d = (3kt+ d0

3)1/3 with k = 0.085 and d0 = 1.5. We consider the dynamics for
t < 100 to be governed by near-wall effects.

depositing (case A), sliding (case B), and rolling (case C) in Fig 6.7(a). When the wall is

tilted, gravity pulls the sheet toward the wall. For relatively stiff sheets (EG = 1 in Case

A), the increased hydrodynamic drag due to wall effects causes the slightly folded sheets to

be incapable of maintaining deformation. Therefore, the sheet relaxes as it approaches the

boundary and finally deposits on the wall. In simulations, we apply a repulsive potential

to prevent direct contact between the sheet and wall surface, such that the relaxed sheet

becomes flat and sediments with a small fixed distance matching with the repulsive potential

range. This is indicated in the evolution of the wall-normal distance d in Fig 6.7(c) for case

A.

For intermediate EG, flexible sheets remain folded as they approach the tilted wall. There

are two competing effects. The wall-induced asymmetric conformation drives the sheet to

migrate away from the boundary as in the vertical wall case. Meanwhile, gravity pulls the
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Figure 6.7: (a) Snapshots of dynamics near a tilted wall (α = 30◦) with initial orientation
φ = 90◦: Case A. EG = 1: the sheet deposits on the wall. Case B. EG = 40: the sheet initially
close to the wall (d0 = 1.5) reaches a steady conformation and slides along the wall. Case C.
EG = 40: the sheet initially far from the wall (d0 = 3) folds and rolls along the wall. (b) Shape
evolution of steady sliding sheets with increasing EG. (c) Transient evolution of wall-normal
distance d for cases shown in Fig 6.7(a). (d) Steady wall-normal distance ds for sheets next to a
tilted wall with α = 30◦.

sheet toward the wall. When these two effects are balanced, sufficiently flexible sheets may

reach a steady conformation while sedimenting at a fixed distance away from the tilted wall,

as a sliding motion. The evolution of wall-normal distance reaches a fixed distance in Fig

6.7(c). We want to address the difference between sliding and depositing. Depositing is a
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result of added repulsive potential as we do not account for the contact between wall and

sheets. In reality, the sheet will deposit on the wall without sedimenting. The sliding sheets,

however, result from pure near-wall hydrodynamics due to the interplay between gravity,

sheet elasticity, and wall angle. The removal of repulsive potential does not affect sliding

sheets. The sliding is analogous to the sliding for a rigid spheroid particle near a tilted wall

observed by Michell et al. [110], where the spheroid sediments next to a tilted wall with a fixed

orientation angle and keeps a fixed wall-normal distance. The sliding sheet conformation is

determined by EG. We illustrate several sliding conformations with increasing EG in Fig

6.7(b). To accommodate different hydrodynamic stress, the equilibrium sliding sheets adopt

different conformations and wall-normal distances based on EG. In general, stiffer sheets

show less asymmetric conformation and stay a relatively large distance away from the wall.

Flexible sheets show an inverse “J” shape, with folding mainly located around the lower part

of the sheet and staying relatively close to the wall.

In certain parameter regimes, sliding dynamics may be influenced by the initial distance

from the wall. When α = 30◦, we identified a small regime of EG where sheets show

an interesting rolling motion when initially far from the wall. Case C in Fig 6.7(a) with

EG = 40 reveals an interesting rolling motion. The far wall initial distance (d0 = 3) allows

the sheet to buckle while approaching the wall and fully fold as a compact S shape near the

wall. The folded sheet then tumbles next to the wall and results in an oscillatory trajectory

in Fig 6.7(c). In contrast, a near-wall initial condition (d0 = 1.5) lacks space to fully fold on

itself and ends up sliding, which indicates the sliding here is a result of hindered transient

reorientation dynamics.

We summarize the different dynamics observed for α = 30◦ by plotting the steady wall-

normal distance ds for the equilibrium dynamics in Fig 6.7(d). When EG < 8, sheets deposit

on the wall as maintaining a small distance within the repulsive potential range. Sheets with

EG > 8 reach a steady conformation and slide along the wall, while the steady wall-normal

distance ds decreases with EG. Rolling only occurs in a small parameter regime when the
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sheet is initially away from the wall.

Figure 6.8: (a) Phase diagram for EG vs. α. Symbols represent the sheet dynamics. (b)Steady
wall-normal distance ds for sliding sheets (boxed region in Fig 6.8(a)) with different EG and α.

To systematically explore the influence of flexibility EG and wall angle α, we did a

parameter sweep with the long-term dynamics summarized in Fig 6.8(a). For every case, we

tested two different d0 to rule out dynamics due to the transient state. Typically, when the

wall is vertical (α = 0◦), sheets escape the wall except for a small parameter regime that

sheets are trapped due to reorientation. Once the wall is tilted, sheets either become trapped

near the wall region or deposited on the boundary. For each α, we determined a transition EG

to distinguish between sheets deposited on the wall and sheets trapped near the wall (marked

as the boundary between sliding and depositing). One observation is that the threshold EG

to deposit increases with α. Interestingly, under a small wall angle (α = 15◦), the sheet

deposits at large EG. In addition, we plot the steady wall-normal distance ds for the sliding

sheets for different EG and α in Fig 6.8(b). For all α, ds decreases with EG. We notice that

most of the cases explored fall onto a universal curve. The phase diagram provides a potential

strategy to separate sheet-like particles. For example, to separate particles with different

EG, we may choose a wall angle such that the transition EG of specific α lies in between EG

of particles. Consequently, stiffer particles deposit on the wall while more flexible particles

slide and can be collected downstream.
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6.4 Summary

In this work, we perform numerical simulations to systematically explore the sedimentation

of an almost inextensible but flexible square sheet in a viscous fluid. An elasto-gravitational

number EG is used to measure the ratio between gravity and bending elasticity. We addressed

two scenarios: sedimenting in free space or beside an infinite planar wall, where the wall can

be tilted.

In free space, the sheet takes on a stable orientation perpendicular to gravity, with a

unique steady conformation that is independent of initial orientations. Sheets adopt more

compact shapes with increasing EG, varying from almost flat to taco-like buckled shapes,

and more folded shapes sediment faster as they experience smaller hydrodynamic drag. The

randomly oriented sheets reorient toward the stable orientation, which induces lateral drift.

The maximum drift happens when the sheet is initially aligned with gravity. We identified

two different reorientation dynamics, and the drift distance due to reorientation increases

with EG.

The presence of a wall introduces asymmetry to the sheet conformation, and the sedi-

mentation dynamics are determined by both EG and the wall-tilted angle α. When next to

a vertical wall, asymmetry in sheet conformation leads to the migration of the sheet away

from the wall. We found three different drifting dynamics determined by EG, and observed

a non-monotonic trend of migration distance evolution due to the different responses in

complex buckled shapes. When the wall is tilted, wall-induced migration competes with

gravity-induced deformation, leading to the observation of three novel types of dynamics:

depositing, sliding, and rolling. We developed a phase diagram to show the dependence of

dynamics on α and EG, and determined the transition EG between depositing and sliding

for different α.

This study deepens our understanding of the sedimentation dynamics of sheet-like par-

ticles and provides several strategies for particle separation. Based on EG, we may separate

particles via different settling velocities, or different migration distances if next to a vertical
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wall. Typically, a more robust separation method is to adjust the wall tilted angle. Since

we know the transition EG, an appropriate wall angle can make the relatively stiff sheets

deposit on the wall while the more flexible particles keep sliding.
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7

Conclusions and future work

7.1 General summary

In this thesis, we developed a systematic framework to understand the dynamics of soft elastic

sheets in several flow conditions. Motivated by the paucity in fundamental knowledge for

elastic sheets, we explored the dynamics from freely suspended sheets in extensional and

shear flow to a sedimenting sheet in a viscous fluid.

We visited the extensional flow in Chapter 3 and Chapter 4. In Chapter 3, we studied

the conformational hysteresis for a highly stretchable polymeric sheet in planar and biaxial

extensional flows. The nature of two extensional flows that enforces a flat steady state allows

us to purely focus on the in-plane deformation. With a nonlinear hyperelastic model, we

captured a coil-stretch-like transition in sheet conformation from a compact state to a fully

stretched state, along with a bistable regime in flow strength where both steady states can

exist. We applied an artificial Brinkman model to screen the hydrodynamic interactions

and proved the existence of bistability requires hydrodynamic interactions between different

parts of the sheet surface. Next, we continued the discussion of conformational bistability in

Chapter 4 with a uniaxial extensional flow, where the radially compressive stresses lead to

buckling instability. We showed the wrinkled sheets arrest a smaller stretched size due to the

hydrodynamic screening of trapped fluids in the wrinkling, and highlighted the influence of
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wrinkling on bistable dynamics. We also developed an Arnoldi-based linear stability analysis

that can predict the buckling threshold as well as nonlinear dynamics in certain regimes of

flexibility.

In Chapter 5, we explored the dynamics of elastic sheets with different rest shapes in a

simple shear flow. For all the rest shapes, we identified characteristic motions and observed a

transition from 2D rotating inside the shear plane to complex shear-induced 3D deformations

with increasing flexibility. For the disk, we identified two stable solutions based on assigned

perturbations: a dynamic S-shape buckling instability as a wiggling motion and a periodic

C-shaped flapping motion. A linear stability analysis was developed that yields a number

of deformation modes and can predict linear dynamics such as buckling instability. Notably,

the flapping motion found in simulations has been confirmed by experiments done by our

collaborator, and the results show quantitative agreement with simulations. For rectangles,

we address the influence of aspect ratio and observed a non-monotonic relation between

aspect ratio and buckling threshold.

Beyond freely suspended sheets, we explore the sedimentation dynamics of a square

in Chapter 6. In free space, we systematically examined the influence of dimensionless

flexibility on the equilibrium conformations as well as the reorientation dynamics. The

free space sedimentation dynamics observed are comparable to that in a flexible filament.

Sheets with larger deformability adopt more compact conformations and experience smaller

hydrodynamic drag, thereby sedimenting faster. Moreover, we extended the study by placing

the sheet next to an infinite wall. When the wall remains vertical, migration of sheets

is expected due to the breaking of spatial symmetry and is strongly determined by sheet

flexibility. We observed a non-monotonic which reveals qualitatively different dynamics.

When the wall is titled, the sheet may slide along the near-wall or deposit on the wall as a

result of the interplay between sheet flexibility and wall effects.

In the following sections, we present several potential directions for future research, in-

cluding some improvements to the current model and interesting areas to explore.
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7.2 Model development

7.2.1 Elastic sheet with a finite thickness

In the current formulation, the sheet is taken to have zero thickness hydrodynamically be-

cause it is modeled as a single layer of nodes. This assumption is based on the fact that thin

sheets usually have a thickness negligible compared to their lateral dimensions. For exam-

ple, graphene flakes obtained from liquid-phase exfoliation have a lateral size of micrometers

while the thickness is in nanometers, which can be a thousand times different.

In extensional flow, the sheet thickness does not play a role as the buckling occurs along

the lateral direction of the sheet. In shear flow, however, we find sufficiently flexible sheets

become flow-aligned: the sheet approaches the flow-vorticity plane and stays there. This is

analogous to a fiber with an infinite aspect ratio. For the sheet with a finite thickness, the

shear stress acting on the top and bottom sides of the sheet induces a bending moment to

trigger the tumbling of the sheet. If the sheet has zero thickness, the bending moment is

zero and the sheet is trapped in the flow-aligned state. On the other hand, Jeffery’s solution

also shows the tumbling period of a rigid disk T ∼ (AR+AR−1). A disk with zero thickness

has AR→∞ thereby resulting in an infinite T to tumble. To better capture the shear flow

dynamics and add physics to the model, we propose to model an elastic sheet with a finite

thickness h, where h is much less than the lateral length scale a.

There are two potential solutions to implement the finite thickness. Based on the fact

that thickness only matters when the sheet approaches the flow-vorticity plane, one solution

is to keep the current formulation and assign the sheet an artificial hydrodynamic torque

based on h. We assume the layer of nodes is located on the mid-surface of the sheet and

artificial torque is assigned on the node based on the bending arm h
2
along the direction

normal to the mid-surface. and the surface traction s for both sides, where the traction can

be evaluated based on an interpolation of the velocity on the surface.
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Figure 7.1: Implementation of artificial torque to account for finite thickness h: n is normal to
the upper surface and s is the surface traction. Index t indicates top surface and b for the bottom.
t is a directional vector along the traction.

T =

∫
Γ

h

2
n× st −

h

2
n× sbdS. (7.1)

Therefore, once the sheet approaches the flow-vorticity plane, the small hydrodynamic

torque would help flip the sheet to complete a tumbling cycle. The formulation above requires

an estimation of h, which determines the aspect ratio of the sheet. The aspect ratio of the

current sheet is zero, making the corresponding Jeffery orbit period infinite. This could be

another test case to validate the model with Jeffery’s orbit.

The second potential solution is to model the sheet with actual thickness. The 3D fiber

modeled with a bead-spring system by [20, 82] inspires us to come up with a 3D model for a

thin elastic sheet. Instead of modeling the mid-surface, we track the material points located

on both sides of the sheet. That is, we use Hookean springs with a stiffness constant k to

interconnect the nodes on the other side of the sheet. FIG shows an example of a square

sheet with thickness h. Fig 7.2 shows two potential implementations. Fig 7.2(a) is a simple

toy version with every node only connecting to one corresponding node on the other sheet.

The system in Fig 7.2(b) is more complicated as every node connects to the corresponding

node as well as the surrounding nodes in its one-ring neighborhood. We show a simple test

case in Fig 7.2(c) using the simple connection in Fig 7.2(a). Though the sheet shows periodic

tumbling, the top and bottom surfaces are sheared with a relatively unrealistic gap. This toy
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Figure 7.2: (a) Simplified spring system with every node connected directly to the node on the
other surface. (b) Improved spring system with every node connected to the corresponding node
and its one-ring neighbor nodes on the other surface. (c)Example of tumbling flexible sheets with
the top surface and bottom surface connected by the simple spring system in (a).

model suggests that a finer connected network such as Fig 7.2(b) may resolve this problem.

7.2.2 Nonlinear bending method

The current formulation applies a linear bending model where the assigned energy penalty is

linearly proportional to the deflection angle θ and is valid only when θ remains small. This

approximation is easy to implement and is widely used in the modeling of capsules, vesicles

as well as elastic sheets. However, it is challenged when the sheet shows a large deflection

angle between elements, which requires a finer mesh discretization to keep θ small. On the

other hand, the method only captures linear bending dynamics. Therefore, it is necessary

to introduce a nonlinear bending to account for more realistic dynamics.

The nonlinear bending formulation from capsule and vesicle studies provides a possible

solution [54]. The method applies the principle of virtual work to the Canham-Helfrich

energy:

Eb =
KB

2

∫
Γ

(2κH + c0)2dS +KB

∫
Γ

κGdS. (7.2)
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Assume the local bending force density fb associated with the response of energy δEb to the

infinitesimal deformation δR on the sheet surface Γ:

δEb =

∫
Γ

fb · δRdS. (7.3)

The deformation δR is split into normal and tangential components. A well-established

normal bending formulation was developed by Zhong-can et al. [203] to study deformation

in vesicles. The tangential component is omitted in the vesicle study because it is included

the enforcement of constant area. Capovilla et al. [18] introduced the tangential bending

stresses formulation when considering membrane can be stretched with local area change by

transforming the deformation a Lie derivative, which is the directional derivative relative to

the surface curvilinear coordinates. The detailed numerical methods for nonlinear bending

are well-documented in [159]. While the method can be adapted to account for nonlinear

bending in sheets, there are several challenges that remained. The second term in the

Helfrich energy denotes the contribution due to Gaussian curvature. For a closed surface

like capsules and vesicles, this term is a topological invariant ensured by the Gauss-Bonnet

theorem:
∫

Γ
κGdS is constant and vanishes after taking variations. For a sheet with open

edges, this term is associated with the geodesic curvature kg integrated along the boundary,

which requires extra treatment to the formulation. Moreover, the boundary conditions are

changed due to the presence of free edges. The case discussed here is similar to a membrane

with open edges, which has been investigated by some researchers [11, 54, 124, 172]. Though

the membrane model considers a line tension along the open edge, potential modifications

can be made to adapt the nonlinear bending formulation to elastic sheets.

7.3 Multiple sheets interaction

In Chapter 1, we reviewed many applications involving the suspension of thin sheets. The

highly nonlinear deformation and dynamics of the sheet are sensitive to particle-particle
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interactions, which further influence the rheological properties. For example, the suspen-

sion of graphene oxide in a circular Couette flow shows shear-thinning properties when

the shear rate is large which causes the graphene to stack and align with the flow direc-

tion [107, 108, 135]. Salussolia et al. studied the interacting elastic sheets in shear flow and

characterized interesting hydrodynamic-induced dynamics such as parallel sliding, bending,

and reattachment [150]. Their study provides insights into the flow-induced morphologies

and particle-particle interactions but the simulation is based on a 2D formulation. Another

motivation comes from a recent experimental study by Perrin and coworkers [133]. They

investigated the buckling of a pair of rectangle sheets in a shear cell and found that a pair

of sheets show buckling below the critical buckling shear rate of a single sheet. This study

indicates the morphology of sheets in suspension may deviate from the dilute limit due to

particle interactions. From our shear flow results, we learned that deformable sheets show

complex 3D dynamics in shear flow. Therefore, we aim to get a comprehensive understanding

of particle-particle interactions in the dilute limit before moving on to the suspension.

Here, we first use our model to reproduce Perrin et al.’s observation on the reduced

buckling threshold due to the presence of a second sheet [133]. Their experiments are based

on two rectangles tumbling in shear flow. Though our model here is based on the disk, we

determined the buckling threshold EC
V ∼ 4 for a disk, which is close to EC

V ∼ 1 we got for

a rectangle. This fact suggests that the tumbling dynamics are not purely in 2D and are

influenced by the lateral dimensions.

Figure 7.3 shows two cases EV = 8 (Fig 7.3(b)) and EV = 4 (Fig7.3(c)) that are close to

the buckling threshold of a single disk. Similar to what Perrin et al. observed in experiments

(Fig 7.3(a)), sheets show deformation even about ten times stiffer than the buckling thresh-

old. The two cases show buckling instability: two sheets first bend away from each other

when align with the major compression axis of the flow (t = 0.9). As tumbling continues,

the deformation decrease (t = 5). A slight increase in buckling appears after sheets pass

the major extension axis, where the sheets buckle toward each other (t = 7). As discussed
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Figure 7.3: (a) Snapshots of two tumbling sheets with EV ∼ 30 (estimated) showing deformation
from experiments in [133]. (b) Snapshots of two tumbling disks with EV = 8. (c) Snapshots of two
tumbling disks with EV = 4.

in [133], the deformation on the sheet is mainly caused by the dipolar perturbation field

generated by the second sheet.

7.4 Exfoliation

Liquid-phase exfoliation is a robust method to achieve massive production of 2D materials.

Previously, several works have examined the exfoliation with either a continuum model

[14, 88, 144, 173] or molecular dynamic simulations [51]. The simulation of exfoliation

requires extra considerations. For example, the small size of 2D materials like graphene

makes thermal fluctuation important, which makes it necessary to include Brownian motion.

On the other hand, the no-slip condition no longer holds for sheets with atomic thickness.

In this case, we simplify the problem by taking advantage of the current model and extend

the study of multiple sheets interaction to tackle the exfoliation. Since the main interaction
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Figure 7.4: (a) Comparison of swimming distance ∆ based on actuation frequency ω. Larger
ω results in faster swimming. (b) Comparison of swimming distance ∆ based on sheet flexibility.
More flexible sheet results in faster swimming.

between layers of sheets is the van der Waals interaction, we include the full Lennard Jones

potential and focus on the exfoliation between multiple sheets.

ELJ = 4ϕ0

[(σ
r

)12

−
(σ
r

)6
]
, (7.4)

where r is the distance between nonadjacent nodes at equilibrium state, σ is the range of the

potential, and ϕ0 measures is the strength of the potential. We sheets are initially placed

parallel to each other with an inter-layer distance d0 with initial conditions defined by two

angles θ and φ indicated in Fig 7.4.

Here, we use a couple of examples to briefly show the idea of modeling exfoliation. We

consider the interaction potential strength ϕ0 and the initial orientation θ of the layered

sheet in shear flow. The long-term dynamics are considered based on whether the sheet is

exfoliated. Fig 7.5 presents two cases with the same mechanical properties. The first example

shows exfoliated sheets with relatively weak interaction. The evolution of an averaged gap

between sheets < d > Fig 7.5(c) marks the exfoliation. In the second case, sheets are not

exfoliated. Instead, they become flow-aligned as introduced in the shear flow case. Since

sheets are attracted due to potential, they can be treated as a thick plate with a thickness
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of the gap size. Therefore, we observed continuous tumbling.

Figure 7.5: Examples of two sheets with van der Waals interactions: (a) Two sheets successfully
exfoliate. (b) Two sheets fail to exfoliate. (c) Evolution of the averaged inter-layer distance < d >
for the exfoliated case in Fig 7.5(a). (d) Evolution of the averaged inter-layer distance < d > for
the unexfoliated case in Fig 7.5(b).

We summarize the exfoliation dynamics in Fig 7.4(c) and found that beyond a specific

ϕ0, sheets with random orientations all result in exfoliation. In the preliminary results, we

only visited the dependence on the initial orientation θ and interaction strength ϕ0, while

previous work found the exfoliation relates to the shear rate, number of layers of sheets, and

the size of the sheet.
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7.5 Biohybrid sheets

Locomotion at low Re can be challenging because the swimmer needs to overcome irre-

versibility in Stokes flow. In Chapter 1, we briefly introduced the Stokes flow reversibility

with an example of the scallop theorem: for rigid particles such as two rods connected by an

active hinge, the cyclic motion in time leads to no net motion in Stokes flow. In the example

of the self-propelled biohybrid filament [181], the filament overcomes the reversibility by the

flexibility of the filament. Every time the cell contracts that deforms the filament, the elas-

ticity allows the restoration of the filament back to its equilibrium shape thereby breaking

the symmetry. However, this fact also contributes to the low efficiency of swimming as the

net displacement for one cycle is small compared to its body length. On the other hand, very

flexible filament is also undesired, because the flexible nature of the filament prescribes the

contraction in a local regime where the deformation cannot be propagated along the body.

On the other hand, the swimming muscular thin polymer film developed by Feinberg et al.

[45] indicates the importance of cell distribution. The sheet with anisotropic distribution of

cells can swim while the sheet with isotropic distribution fails to swim.

Here, we present a toy model for a swimming sheet. Unlike the prescribed wave method

applied in [111], we aim to develop a swimming strategy based on the actuation from the

hybrid biological tissue on the sheet. We assume cardiomyocytes are used as a power source

and are distributed along a line on a square sheet. The sheet is freely suspended in a

stationary viscous fluid. and satisfies the zero-net-force and zero-net-torque conditions [50,

84]. As indicated in Fig 7.6(a), the sheet has a limited thickness h, and contractile forces

generated by cardiomyocytes are concentrated on the node where the cell is numerically

seeded. Adapted from a model of biohybrid flagellar [121], the contractile force magnitude

is given as:

F = A[cos(ωt− k) + 1], (7.5)

where A is the amplitude to be determined, ω is the actuation frequency, k is a phase,
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Figure 7.6: (a) The schematic of a self-propelled sheet with a surrounded patch. Red color is the
alignment of cells. θ is the angle between node-to-node displacement and contraction force. (b)
The schematic of induced moments generated by cell contraction. d is the node-to-node distance.

and the constant 1 ensures a positive magnitude. The contraction of the cardiomyocytes

creates torques with a bending arm of h/2. The induced moments result as forces on the

nodes. Different from the synthetic flagellar swimmer described in [121], the contraction

force influences the surrounding region, instead of two filaments, and the mesh may not

align with the force direction. We propose that the induced moment at node i is related to

the angle θ with respect to the force direction and the node-to-node distance d. It remains

unclear how the contractile force will interact with each other. Further details need to be

refined based on the proposed model.

We use the aforementioned toy model to examine the swimming dynamics based on three

aspects: cell alignment, cell actuation, and substrate flexibility. Fig 7.7 compares two sheets

with different alignments of cells based on their swimming distance ∆. To swim at low Re,

the particle needs to overcome the Stokes reversibility. The sheet with cells distributed along

the center has almost zero net displacements, while the sheet with cells distributed close to

the edge swims in the fluid. Typically, the center-aligned sheet is similar to the scenario

described in the scallop theorem where the upward motion is canceled by the downward

motion due to Stokes reversibility. Though the flexibility of the sheet allows the sheet to

break the symmetry due to the relaxation of the sheet from the deformation, this effect

is not evident and results in almost zero swimming distance. In contrast, the asymmetric
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Figure 7.7: Comparison of swimming distance ∆ based on alignments of cardiomyocytes: align-
ment along the centerline and alignment close to the edge.

alignment close to the edge show evident swimming, and the swimming distance in space

increase almost linearly with time. However, swimming efficiency is poor as the displacement

traveled by each cycle is negligible.

Figure 7.8: (a) Comparison of swimming distance ∆ based on actuation frequency ω. Larger
ω results in faster swimming. (b) Comparison of swimming distance ∆ based on sheet flexibility.
More flexible sheet results in faster swimming.

Furthermore, we examined the influence of the actuation frequency ω and substrate

flexibility. Fig 7.8(a) demonstrated more frequent actuation leads to faster swimming, which
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is expected. Fig 7.8(b) shows a flexible sheet swims faster than a less flexible sheet. One

possible explanation is the flexible sheet facilitates the deformation due to the contraction of

cells, resulting in a larger bending amplitude. However, when the sheet becomes too flexible,

it is possible that the deformation due to actuation will be localized around where the cells

are distributed and fail to propagate through the sheet.

7.6 Flexible filaments in simple shear flow

This proposed work is an extension of a class project.

Fiber model

We applied the model developed in [20, 82] to model a flexible fiber based on a bead-

spring system. Fig 7.9(a) shows the setup of the fiber: the intrinsically straight fiber is

modeled as a cylinder with an equilibrium length L and a diameter D, and the cylinder

surface is discretized by stacking layers of cross-sections along the filament centerline. Each

cross-section is described by Nc = 8 nodes along the edge and the fiber contains Nf cross-

sections. The distance between sections is set as approximately the spacing between adjacent

nodes on the individual section, such that the total number of nodes on the fiber surface

is Nc × Nf . The nodes are interconnected by linear Hookean springs. More specifically, a

single node is connected with all the nodes in the same cross-section and all the nodes on

the two neighboring cross-sections. As indicated in Fig 7.9(a), the node (from a section in

the middle) is connected with 7(same section) + 2×8(two neighboring sections) = 23 nodes.

The total elastic energy in the fiber is contributed by all the elastic springs inside the

filament:

E =
1

2

∑
j

kjl
2
j

(
‖xj1 − xj2‖

lj
− 1

)2

, (7.6)

where kj is the stiffness of a spring with the rest length lj that connects the node xj1 and

xj2 . The force at each nodal position is obtained by taking the derivative of the energy with
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respect to the position and sum over all springs meeting at the node.

Figure 7.9: (a) Illustration of fiber conformation. (b) Measurement of bending stiffness KB by
bending a fiber with a fixed curvature κ. (c) Illustration of fiber orientations in shear flow. (d)
Comparison of angle φ for a tumbling rigid fiber with analytical Jeffery orbit solutions.

In this model, the special treatment of the bead-spring network accounts for both the

tensile stress and bending rigidity. Since all springs share the same stiffness constant kj,

the material is considered to be homogenous and isotropic. Moreover, the bending rigidity

KB now is determined by the spring constant kj and the topology of the filament. By

assuming a straight filament at equilibrium, the bending energy is estimated based on the

Euler-Bernoulli beam theory. Given the centerline position X(s) and filament length L, the

bending energy Eb is:

Eb =
1

2
KB

∫ L

0

(
dt

ds
)2ds, (7.7)

where t is the local unit tangential vector that directly gives the estimate of local curvature
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κ = dt/ds. For a filament bent into a circle with prescribed known curvature κ (Fig 7.9(b)),

the bending energy becomes:

Eb =
1

2
KBκ

2, (7.8)

and the bending rigidity KB can be obtained as:

KB =
2Eb
κ2L

. (7.9)

Following other fiber literature, we define a dimensionless elasto-viscous number EV =

8πηγ̇L4/cKB. It is worth noting that EV also considers the filament aspect ratio. Larger EV

represents a more flexible fiber. The governing equation is the Stokes equation and is solved

by the method of regularized Stokeslet.

Model validation

We validate the fiber model by comparing the evolution of orientation of an almost rigid

filament (small EV) in shear flow with analytical Jeffery’s solutions from Chapter 1. The

centerline of the filament initially lives inside the flow-gradient plane and tumbles.

tan θ =
CARe√

AR2
e cos2 φ+ sin2 φ

, tanφ = ARe tan(
2πt

T
+ k). (7.10)

Here, the equivalent aspect ratio ARe of the filament is converted by a prefactor 0.72 from

the actual aspect ratio AR: ARe = 0.72AR. In addition, the tumbling filament inside the

shear plane has a fixed θ = π/4 thereby an infinitely large orbit constant C → ∞ and we

track the dynamics with angle φ. In Fig 7.9(d), the model’s evolution of angle φ agrees well

with that of analytical solutions.

Dynamics of a single filament

Here, we study the dynamics of a fiber with different initial conditions. We explore the

parameter space of initial angle θ while keeping φ = 90◦ for fibers with different aspect ratios

(AR = 5 and AR = 7) and flexibility. The evolution of θ is plotted in Fig 7.10. The angle
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θ is varied from 5◦ to 85◦. As a reference from Jeffery orbit, fiber with θ = 0◦ undergoes a

rolling motion, and θ = 90◦ leads to a tumbling motion.

Figure 7.10: Evolution of angle θ for a fiber with different aspect ratios and flexibility tested with
various initial orientations.

For flexible fiber, a small aspect ratio (AR = 5) shows a global attractor as θ = 90◦, which

indicates all fibers end up tumbling. Interestingly, fiber with a relatively larger aspect ratio

leads to a multiplicity in steady state dynamics. Only the initial condition θ = 85◦ becomes

tumbling while all other conditions lead to rolling. For relatively stiff fibers, fibers with

different initial orientations all become tumbling. Further investigation can be conducted to

probe into this multiplicity arising from initial orientation.
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8

Code

8.1 Code overview

We gave an overview of the base code for a sheet with an arbitrary rest shape placed in an

arbitrary flow field. The source code is available from the Graham Group website, or you

can contact the author and the author’s thesis advisor. The C++ code applies Armadillo

C++ library for linear algebra calculation and HDF5 library for the output file. CMake

is used to generate the makefile. Please check the availability of required libraries before

compiling.

Figure 8.1: Overview of code structure.

The structure of the code follows the method described in Chapter 2 with two parts.

The initialization part reads input files and calculates equilibrium statistics. The iterative
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part follows the order of force evaluation based on current deformation, velocity calculation

due to forces exerted on the fluids, position update, and file output. The code contains files

listed in Table 8.1.

File Functions

sheet.h head file

main.cpp main functions

generate_initial functions to tune initial condition and generate equilibrium data

cal_stretching.cpp functions to calculate in-plane stretching nodal forces

cal_bending.cpp functions to calculate out-of-plane bending nodal forces

cal_vel.cpp functions to calculate velocity with regularized Stokeslet method

input.txt input file with lists of set parameters

ref.h5 input file with mesh position and triangulation information

CMakeLists.txt CMake file for code compiling

Table 8.1: List of files and their functions.

After generating the makefile via CMake and compiling, the executable file sheet can

be copied to a new folder. The folder to run a job requires to contain the following files:

• executable file sheet

• input file input.txt

• position and triangulation reference file ref.h5

The simulation begins by inputting the text file: ./sheet < input.txt in terminal and the

file ref.h5 will be read automatically.
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8.2 Code excerpt

8.2.1 Initialization

The code requires an input text file along with a reference file containing equilibrium position

and triangulation. The rest shape can be arbitrary but with some restrictions:

• The mesh is required to base on triangular discretization.

• The solver regulates a maximum of 8 triangular elements meeting at one node.

The flow chart of initialization is visualized in Fig 8.2.

Figure 8.2: Code structure for initialization.

To start the simulation, we need to prepare two input files: input.txt and ref.h5. The

former contains 16 parameters that describe the initial conditions, mechanical parameters,

and time integration settings of the sheet. You need to make sure all the parameters are

within a reasonable range. For example, a smaller time step is required for stiffer sheets

otherwise the code will break. The latter file contains equilibrium mesh information that

can be prepared by self-generation or mesh-generation software. The text file input.txt

should have 16 rows, with each row defining a parameter. The code extracts the information

into a vector and the parameters are assigned to the code as follows.
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1 // read parameters from the input file (input.txt) into a vector var
2 vec var = read_input ();
3

4 // read parameters from var
5 int restart = (int)var (0); // 1: continue a simulation; 0: start a new

simulation
6 int file = (int)var (1); // the last file number to write output (e.g. if

the last file is cap_000500.h5, put 500 to continue)
7

8 // initial orientation of sheet normal following Jeffery ’s definition
9 const double theta = PI*(var (2) /180.0); // rotation around x in degrees

10 const double phi = PI*(var (3) /180.0); // rotation around z in degrees
11 const double gamma = PI*(var (4) /180.0); // rotation around y in degrees
12 const double mag = var (5); // magnitude of initial random perturbation , 0

means no perturbation
13

14 // mechanical properties
15 const double Ca = var (6); // Capillary number (dimensionless flow strength

), smaller Ca more rigid sheet
16 const double Ev = var (7); // Elastoviscous number (dimensionless bending

modulus), smaller Ev stiffer sheet
17

18 const int membrane_type = var(8); // 0: neo -Hookean , 1: Yeoh
19 const double yeoh_c = var (9); // nonlinear parameter in hyperelastic model

, larger means more strain -hardening , 0 means neo -Hookean
20

21 // flow condition
22 const int flow = (int)var (10); // -1: no flow , 0: biaxial , 1: uniaxial , 2:

planar , 3: shear
23

24 // repulsive potential: only turn it on if you notice an intersection or
edge cutting through the sheet surface

25 const int F_lj_control = (int)var (11); // 0: no repulsive potential , 1:
with repulsive potential acting on a node with other nodes outside of
its 3-ring neighborhood

26

27 // simulation setting
28 int step = (int)var (12); // total steps to run
29 const int save_step = (int)var (13); // save after save_step steps
30 const double max_dt = var (14); // maximum timestep possible
31 const int time_integral = var (15); // time integration method 0: forward

Euler 1: RK4 2: RK2
32

33 int nnodes = pos.n_rows; // # of nodes
34 int ntris = tri.n_rows; // # of triangular elements

On the other hand, ref.h5 file should include two matrices: a position matrix pos

and a triangulation connectivity matrix tri, showing a sheet with nnodes nodes and ntris

triangular elements. The position matrix pos has the dimension nnodes × 3, with each

row representing the position of a node. The triangulation matrix tri owns the dimension
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ntris× 3, with each row representing three node numbers of a specific triangular element.

The parameter restart and file allows simulations to continue based on previous results

if restart == 1. If a continued simulation, it will reload the position matrix from the latest

output file defined by file. Otherwise, it will begin a new simulation if restart == 0.

1 // check if restart , otherwise , read from last written file
2 if (restart == 1){
3 sprintf(name , "cap_ %06d.h5", file);
4 status = pos.load(hdf5_name(name , "pos"));
5 status = tri.load(hdf5_name(name , "tri"));
6 status = t.load(hdf5_name(name , "t"));
7 cout << "Reloading complete!" << endl;
8 }else{
9 file = 0;

10

11 // add perturbation to the sheet surface along the surface normal of
each node. Only when you first run it!

12 if (mag > 0){
13 pos = add_perturb(mag , pos , normal.row (0), nnodes);
14 }
15

16 cout << "Initialization complete!" << endl;
17 }

8.2.2 Iterative calculation

The iterative calculation evolves the time forward based on the initial condition of the sheet.

The related functions of the loop are shown below. For each iteration, the force evaluation

is split into two parts: in-plane stretching force matrix F_s (nnodes × 3) and out-of-plane

bending force matrix F_b (nnodes× 3), implemented via two functions below.

1 // evaluate nodal force
2 F_s = cal_stretching(pos , tri , eq_pos , area_eq , membrane_type , yeoh_c , Ca ,

A, B, nnodes , ntris);
3 F_b = cal_bending_simple(pos , tri , c_0 , edge , Ev, nnodes , ntris);
4 F = F_s + F_b; // sum two forces together

We obtain a force matrix F with dimension nnodes× 3 that represents the force exerted by

the sheet on the fluid. Based on this, we evaluate the perturbation velocity at the position

of nodes due to those forces and combine the free velocity field to obtain the velocity on each

node. The code below list gives three different velocity fields, which can be further modified

to account for more complex scenarios.
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Figure 8.3: Code structure for the iterative process.

1 // evaluate perturbation velocity vel_p
2 vel_p = cal_vel(min , F, pos , nnn , nnodes , kappa , F_lj_control);
3

4 // set free flow velocity vel_f
5 if (flow == 0){ // biaxial extensional flow in x-y-z plane (0.5x,0.5y,-z)
6 vel_f.col (0) = 0.5* pos.col (0);
7 vel_f.col (1) = 0.5* pos.col (1);
8 vel_f.col (2) = -pos.col(2);
9 } else if (flow == 1){ // uniaxial extensional flow in x-y-z plane (-0.5x

,-0.5y,z)
10 vel_f.col (0) = -0.5*pos.col (0);
11 vel_f.col (1) = -0.5*pos.col (1);
12 vel_f.col (2) = pos.col(2);
13 } else if (flow == 2){ // planar extensional flow in x-y-z plane (x,0,-z)
14 vel_f.col (0) = pos.col(0);
15 vel_f.col (2) = -pos.col(2);
16 } else if (flow == 3){ // simple shear (y,0,0)
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17 vel_f.col (0) = pos.col(1);
18 } else { // static flow
19 // doing nothing
20 }
21

22 // update velocity of nodes
23 vel = vel_f + vel_p;

We update the position of nodes either forward Euler or fourth-order Runge-Kutta

method. The information can be saved occasionally depending on settings.

1 bool status;
2 // save data based on set save_step
3 if (remainder(step , save_step) == 0){
4 sprintf(name , "cap_ %06d.h5", file);
5 status = pos.save(hdf5_name(name , "pos"));
6 status = tri.save(hdf5_name(name , "tri", hdf5_opts :: append));
7 status = t.save(hdf5_name(name , "t", hdf5_opts :: append));
8 status = Fsave.save(hdf5_name(name , "Fsave", hdf5_opts :: append));
9

10 cout << "save to " << name << endl;
11 if (status != 1){
12 cout << "Problems with saving data!" << endl;
13 }
14 file ++;
15 }
16 step --;

For post-processing, the information stored in output files (cap_000000.h5 for example)

can be extracted using MATLAB.

1 pos = h5read(’cap_000000.h5’,’//pos’);
2 tri = h5read(’cap_000000.h5’,’//tri’);
3 t = h5read(’cap_000000.h5’,’//t’);
4 F = h5read(’cap_000000.h5’,’//Fsave ’);
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